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Preface to the First Edition 


The discovery of supersymmetry is one of the most distinguished achievements 
of theoretical physics in the second half of the twentieth century. The 
fundamental significance of supersymmetry was realized almost immediately 
after the pioneering papers by Gol’fand and Likhtman, Volkov and Akulov 
and Wess and Zumino, Within a short space of time the supersymmetric 
generalization of the standard model was found, the supersymmetric theory 
of gravity constructed, and the approaches to supersymmetric string theory 
developed. It has also emerged that supersymmetry is of interest in certain 
quantum mechanical problems and even some classical ones. 

In essence, supersymmetry is the extension of space-time symmetry (Galileo 
symmetry, Poincaré symmetry, conformal symmetry, etc.) by fermionic 
generators and it serves as the theoretical scheme which naturally unifies 
bosons and fermions, Therefore, it is natura] that supersymmetry should 
form the basis of most modern approaches to finding a unified theory of all 
fundamental interactions. 

At present, the ideas and methods of supersymmetry are widely used by 
specialists in high-energy theoretical physics. The conceptions of supersymmetry 
play an important role in quantum field theory, in the theory of elementary 
particles, in gravity theory and in many aspects of mathematical physics, It 
is evident that supersymmetry must be an element of the basic education of 
the modern theoretical physicist. Hence there is a need for a textbook intended 
as an introduction to the subject, in which the fundamentals of supersymmetry 
and supergravily are expounded in detail. 

The present book is just such a textbook and it aims to acquaint readers 
with the fundamental concepts, ideas and methods of supersymmetry in field 
theory and gravity. It is written for students specializing in quantum field 
theory, gravity theory and general mathematical physics, and also for young 
researchers in these areas. However, we hope that experts will find something 
of interest too. 

The main problem which tormented us constantly while working on the book 
was the choice of material. We based our decisions on the following principles. 
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(1) The account must be closed and complete. The book should contain 
everything necessary for the material to be understood. Therefore we included 
in the book a series of mathematical sections concerning group theory, 
differential geometry and the foundations of algebra and analysis with 
anticommuting elements. We also included some material on classical and 
quantum field theory. 

(ii) A detailed exposition. Since the book is intended as an introduction 
to the subject we tried to set forth the material in detail, with all corresponding 
calculations, and with discussions of the initial motivations and ideas, 

(iii) The basic content of the subject. We proceeded from the fact that a 
book that aspires to the role of a textbook should, in the main, contain 
only completed material, the scientific significance of which will not change 
in the coming years, which has received recognition, and has already found 
some applications, These requirements essentially restrict the choice of 
material. In principle, this means that the basic content of the book should 
be devoted to four-dimensional N = | supersymmetry. 

It is possible that such a point of view will provoke feelings of 
disappointment in some readers who would like to study extended 
supersymmetry, higher-dimensional supersymmetry and two-dimensional 
supersymmetry. Although realizing the considerable significance of these 
subjects, we consider, nevertheless, that the corresponding material either 
does not satisfy the completeness criterion, is too specialized, or, because of 
its complexity, is far beyond the scope of the present book. As far as 
two-dimensional supersymmetry is concerned, its detailed exposition, in our 
view, should be carried out in the context of superstring theory. However, 
we are sure that the reader, having studied this book, will be well prepared 
for independent research in any directions of supersymmetry. 

(iv) The superfield point of view. The natural formulation of four- 
dimensional N = 1 supersymmetry is realized in a language of superspace 
and superfields—that is, this formulation is accepted for the material's 
account in the book. Initially we did not want to discuss a component 
formulation at all, considering that it is only of very narrow interest, But 
then we came to the conclusion that the component language is useful for 
illustrations, and for analogies and comparisons with conventional field 
theory: hence we have included it. 

At present there exists an extensive literature on the problems of 
supersymmetry and supergravity. Since we give a complete account of 
material here, we decided that it was unnecessary to provide an exhaustive 
list of references. Instead we use footnotes which direct the attention of the 
reader to a few papers and books. Moreover, we give a list of pioneer papers, 
basic reviews and books, and also the fundamental papers whose results we 
have used. 

The book consists of seven chapters. In Chapter | the mathematical 
backgrounds are considered. This material is used widely in the remaining 
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chapters of the book and is standard for understanding supersymmetry. 
Chapter 2 is devoted to algebraic aspects of supersymmetry and the concepts 
of superspace and superfield. In Chapter 3 the classical superfield theory is 
given, Chapter 4 is devoted to the quantum superfield theory. In Chapters 
5 and 6 the superfield formulation of supergravity is studied. Chapter 7 1s 
devoted to the theory of quantized superfields in curved superspace. This 
chapter can be considered as a synthesis of the results and methods developed 
in all previous chapters. The material of Chapter 7 allows us to see how the 
geometrical structure of curved superspace displays itself by studying 
quantum aspects. The subject of this chapter is more complicated and, to a 
certain extent, reflects the authors’ interests. 

The book has pedagogical character and is based on lectures given by the 
authors at the Department of Quantum Field Theory in Tomsk State 
University. Certainly, it cannot be considered as an encyclopedia of 
supersymmetry. As with any book of such extensive volume, this one may 
not be free of misprints. References to them will be met with gratitude 
by the authors. We are grateful to Institute of Physics Publishing for its 
constant support during work on the book and its patience concerning 
our inability to finish the work on time. We are especially grateful to V N 
Romanenko for her invaluable help in preparation of the manuscript. One 
of us (SMK) wishes to express his deep gratitude to J V Yarevskaya, the first 
reader of this book, and also to the Alexander von Humboldt Foundation 
for financial support in the final stage of preparing this text. 

We hope that the book will be useful for the young generation 
of theoretical physicists and perhaps will influence the formation of their 
interest in the investigation of supersymmetry. 


Ioseph L Buchbinder 
Sergei M Kuzenko 


Tomsk and Hannover, 
1994 


Taylor & Francis 
Taylor & Francis Group 


http://taylorandfrancis.com 


Preface to the Revised Edition 


The first edition of Ideas and Methods of Supersymmetry and Supergravity 
was published in 1995 and received positive reviews. It demonstrated the 
necessity for a detailed, closed and complete account of the fundamentals 
of supersymmetric field theory and its most important applications including 
discussion of motivations and nuances. 

We are happy that the first edition proved to be a success and are grateful to 
Institute of Physics Publishing for publishing this revised edition. The general 
structure of the book remains without change. N = | supersymmetry, which is 
the main content of the book, is still the basic subject of many modern research 
papers devoted to supersymmetry. Although field theories possessing extended 
supersymmetry attract great attention due to their remarkable properties and 
prospects, their description both at the classical and quantum levels is realized, 
in many cases, in terms of N = 1 superfields with the help of the methods given 
in this book. 

For the revised edition we have corrected a number of misprints and minor 
errors and supplemented the text with new material that fits naturally into the 
original content of the book. We have added a new subsection (3.4.6) which 
is devoted to the component structure of the massive vector multiplet. Of 
course, this model can be investigated by purely superfield methods given in 
the book, but as the component approach is more familiar to a great many 
practitioners of supersymmetry, we decided to present such a consideration for 
the massive vector multiplet; this point was not given in the first edition. We also 
included a new section (3.8) which deals with the non-minimal scalar multiplet 
being a variant realization of the superspin-O multiplet. The non-minimal scalar 
multiplet possesses remarkable properties, as a supersymmetric field theory, and 
is expected to be important for phenomenological applications, in particular, for 
constructing supersymmetric extensions of the low-energy QCD effective action. 
Since those supersymmetric theories involving non-minimal scalar multiplets are 
stil] under investigation in the research literature, we have restricted ourselves in 
section (3.8) to the description of a few relevant models and provided references 
to recent research papers of interest. 
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from many of our colleagues to whom we are sincerely grateful. While working 
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of Physics Publishing, Jim Revill, for his friendly support and encouragement 
on this project. One of us (SMK) is grateful to the Alexander von Humboldt 
Foundation for financial support and to the Institute for Theoretical Physics at 
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1. Mathematical Background 


Oh my children! my poor children! 

Listen to the words of wisdom. 

Listen to the words of warning, 

From the lips of the Great Spirit, 

From the Master of Life, who made you! 
Henry Longfellow: 
The Song of Hiawatha 


1.1. The Poincare group, the Lorentz group 


LJ, Definitions 
Space-time structure in special relativity is determined by the set of general 
principles: 

1. Space and time are homogeneous. 

2. Space is isotropic. 

3. Inall inertial reference systems the speed of light has the same value c. 
From the mathematical point of view, these principles mean that the 
space-time coordinates x" and x™ of two arbitrary inertial reference systems 
are related by a linear non-homogeneous transformation 


x" = A", x" +b” (1.1.1) 
leaving the metric 
ds? = Na dx" dx” (1.1.2) 


invariant. We have used the following notation: x"=(x°, x1, x?, x°), x° =ct, 
where t is the time coordinate (in what follows. we set c= 1), X=(x?, x?, x°) 
are the space coordinates and fmn is the Minkowski metric 


-1 000 
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The requirement for invariance of the metric ds? is equivalent to the equation 
AnA =). (1.1.3) 


Here A7 is the matrix transpose of A. 

Equation (1.1.3) is not the only necessary restriction on the parameters 
A", On physical grounds, two additional conditions are to be taken into 
account. Using (1.1.3), we find 


detA=+1 
(A%g)?—(A* 0)? —(A?,)? —(A3,)? =|; 


It is now easy to show that in order to preserye the direction of time one 
must demand 


A% >] (1.1.4a) 
and to preserve parity (spatial orientation), one has to choose the branch 
detA=1. (1.1.45) 


The transformations (1.1.1) with parameters A”, constrained by the relations 
(1.1.3, 1.1.4) are called the ‘Poincaré transformations’. In the homogeneous 
case, when b”=0, they are called the ‘Lorentz transformations’, We shall 
denote the Poincaré transformations symbolically as (A, b) and the Lorentz 
transformations simply as A. 

The union of all Poincaré transformations forms a real Lie group under 
the multiplication law 


(Aj, b2) x (Ay, by) =(AzAq, bz + A2b,). (1.1.5) 


This is the ‘Poincaré group’, denoted below the symbol TI. Analogously, the 
union of all Lorentz transformations forms a rea] (semisimple) Lie group, 
This is called the (proper orthochroneous) ‘Lorentz group’, We denote it by 
50(3, 1). 

Note that the set of all homogeneous transformations (1.1.1) constrained 
by the relation (1.1.3) forms a real Lie group denoted by O(3,1) which 
consists of four disconnected pieces 


O(3, 1)={SO(3. 1)", ApSO(3. 1}. ApSO(3, 1)', AppSO(3, 1)*}, 


where 
l 0 0 0 —-! 00 90 
hess 0 -i 0 0 ioe je CEE Wy eae +! ArcA 
0 0 =l 0 001 0 
0 0 0 =! Pegg I 


hence it includes the transformations of spatial reflection Ap, time reversal 
Ay and total reflection Apr. The set of all homogeneous transformations 


Mathematical Background 3 


(1.1.1) constrained by the equations (1.1.3) and (1.1.44) also forms a Lie group, 
50(3, 1), which consists of two disconnected pieces 


$O(3, 1)={SO(3, 1)", AppSO(3, 1)"), 


1.1.2. Useful decomposition in SO(3, 1) 

Now we shall give a deeper insight into the structure of the Lorentz group, 
To begin with, note that an arbitrary element A e SO(3, 1)' may be represented 
as 


A=RA,(W)R (1.1.6) 
where R and R are space rotations: 
T B 0 0 

R= : 5 5 s RĪR=1 detR=1 (141.7) 
0- Rr, -R3 KR, 


and A, is a standard Lorentz boost in the x°, x’ plane 
cosh sinhy 0 0 


sinhw coshy O 0 
As)= (1.1.8 
() å T E ) 

0 0 0 1 


There is a strict mathematical proof of equation (1.1.6), but it can be most 
easily seen by considering the following physical argument. The transformation 
(1.1.8) corresponds to the situation where the x?- and x°-directions of two 
inertial systems K and K’ coincide, and the system K’ moves along the x!-axis 
of the system K. If A+A (Wọ), we can rotate the spatial axes of systems K 
and K’ att=0 soas to obtain just such a situation. This gives equation (1.1.6), 

Let us also recall a well-known fact about the rotation group SO(3). Namely 
that an arbitrary element ReSO(3) may be represented as a product of 
rotations around the coordinate axes: 


R=RAG,)R(P2)RAPs) 


1.0 0 0 1 D 0 

0 1 0 0 cosy 0 -—sing 
RAg)= f Rg) = 

0 0 coso sing 0 0 Í 0 

0 0 -sing coso 0 sing 0 cos 
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l 0 0 


0 
coso sing QO 
0 


RAg)= (1.1.9) 


0 
0 -—sin@ cose 
0 0 0 l 


].1.3. Universal covering group of the Lorentz group 
From equations (1.1.6, 8, 9) it follows that the Lorentz group is connected. 
But SO(3,1)' is not simply connected. Let us recall that a connected Lie 
group G is termed simply connected if any closed path in G can be shrunk 
down to a single point. The main property of simply connected groups is a 
one-to-one correspondence between representations of the group and the 
corresponding Lie algebra. Namely, any representation of the Lie algebra 
of a simply connected Lie group G is the differential of some representation 
of G. But this is not true for non-simply connected Lie groups. 

However, to any connected Lie group G one can relate a (unique up to 
isomorphism) ‘universal covering group’ G with the following properties; 


1. G is simply connected. 

2. There exists an analytic homomorphism p: G +G such that G=G/Ker p, 
where Ker p is a discrete subgroup of the centre of G. Since the homomorphism 
p is locally one-to-one, the group G and its universal covering group G have 
isomorphic Lie algebras. 

In quantum field theory, one needs to know representations of the Lie 
algebra so(3,1) associated with SO(3,1)' rather than representations of 
SO(3, 1)" itself. As is seen from the discussion above, to construct representa- 
tions of the Lorentz algebra so(3, 1), it is sufficient to find a universal covering 
group for $O(3, 1)', denoted by Spin(3, 1),and to determine its representations. 

The main property of Spin(3, 1) is given by the following theorem. 


Theorem. Spin(3, 1)=SL(2, C), where SL(2,C) is the Lie group of 2x2 
complex unimodular matrices. 


Proof. Introduce in the linear space of complex 2 x 2 matrices the basis 


Tm: M=O, 1, 2, 3, 
65> = 
PAR! D 0 =I 


aeli Y o) 
FONG AA rN. S 


where a are the Pauli matrices. It is convenient to define the one-to-one map 
of the Minkowski space on the set of 2x 2 Hermitian matrices 


x°+x3 es 


xti x9 x3 


starman (1.1.10) 


+ 


x" =x det X= — Muay X™X". 
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Here nmn is the Minkowski metric. 
Let us now consider a transformation of the form 


xx =x""a, = NxN* N € SL(2,C). (1.1.11) 


Since det N = 1, this transformation preserves the interval mrX” X” =N mrX "xX". 
Thus x™ =(A(N)" x", where A(N)e€O(3, 1). 
From relation (1.1.11) we see that the map 


n: SL(2, C) > O(3, 1) 
defined by the rule 
N= A(N) 


is an analytic homomorphism. In fact, we shall show that n({SL(2, C)) =SO(3, 1)’. 


First, note that 
Kern=2(, N (1.1.12) 
0 +} 


Indeed, N e Ker r ifand only if NxN * =x for any 2 x 2 matrix x, In particular, 
the choice x=] gives NN~ =], hence N~ =N" t. So, our condition takes the 
form NxN~' =x for any x. This is possible if and only if N ~l. 

As the next step, we reconstruct elements of SL(2,C), which are mapped 
into rotations R,(~), R,(g), Rg) defined in expressions (1.1.9). It is a simple 
exercise to check that 


nr” '(Rp)= tern] i$o, |= +N (o) 
n-(R,()) = exp] i£o: |= +Nx(Q) (1.1.13) 


n~ (RAQ))= exp: Sos |= = N3(¢). 


Analogously, the Lorentz boost A,() defined in equation (1.1.8) and the 
Lorentz boosts A (W), Ay) (ie. Lorentz transformations in the planes 
x°, x? and x°, x3, correspondingly) are generated by 


nm HALY) = sep] So, |= =M,\W) 
n” (A\(W)) = E n |= +Miy) (1.1.14) 


nm Ady) = TE s |= EM). 
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The expressions (1.1.13, 14) show that the one-parameter subgroups N (9), 
MA). i= 1, 2. 3. in SL(2, C) are mapped into $0(3, 1)’. But these subgroups 
generate SL(2, C). Hence, all elements of SL(2, C) are mapped into $O(3, 1)", 
so m(SL(2.C))c SO(3, 1). On the other hand, the identities (1.1.6,9) mean 
that the rotations R dọ), R (ø), Rp) and the boost A,(w) generate the Lorentz 
group. Then equations (1.1.13, 14) tell us that x(SL(2, C))=S0(3, 1)’. From 
this and equation (1.1.12), we see that 


$0(3, 1)! =SL(2, C)/Z; 


~ 2 felts 
zf! 9} aus 


So, SL(2, C) is a double-covering group of S0(3, 1)’. 
Finally, we briefly prove that SL(2,C) is simply connected. Every element 
N e SL(2, C) can be represented uniquely in the form 


N=gz (1.1.16) 


where g is a unimodular unitary matrix and z is a unimodular Hermitian 
matrix with positive trace: 


ge€SUu(2) zt=z detz=1 Trz> 0. (1.1.17) 


The group SU(2)is simply connected. Indeed, any g e SU(2) can be written as 


P a 2 


Thus topologically, SU(2) is a three-sphere S° ((u')? +(w?)? + (u° +u)? = 1, 
where p=u' +iu*, g=u?+iu*), which is a simply connected manifold. 

Now consider the manifold of Hermitian 2 x 2 matrices z constrained by 
(1.1.17). If we parameterize z as z=2"c,,, (z”)* =z”, then the constraints 
(1,1,17) imply that 


(2°? -—(2'? (2? -(8F=1 0 2° > 0. 


This manifold is evidently simply connected. 

So, we may represent SL(2,C) as a product of two simply connected 
manifolds, and hence it is also simply connected. Due to relation (1.1,15), 
SL(2, C) is the universal covering group of the Lorenz group. This completes 
the proof of the theorem. 


1.1.4, Universal covering group of the Poincaré group 

Our goal now is to construct a universal covering group of the Poincare 
group. For this purpose, we return once again to the space of 2 x 2 Hermitian 
matrices (1.1.10) and consider a new class of linear transformations over it 
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by adding a non-homogeneous term in the right-hand side of equation (1.1.11): 
x >x'=x'"o,,=NxN~ +b 
NeSL(2,C) b=b*=b"c,,, 


Such a transformation associated with a pair (N, b) looks in components like 
x'™=(A(N))™,X" +5", ie. it coincides with the Poincaré transformation 
(AUN), b). 
The set Ñ of all pairs (N. b), N and b being as in relations (1.1.18), forms 
8 ten-dimensional real Lie group with respect to the multiplication law 
(N>,b)x(N,, by)=(N2N,, Nabi N3 +b). (1.1.19) 


Evidently, this group is simply connected. The above correspondence (1.1.18) 
constitutes the covering mapping 


o: ->II 
P(N, b))=(A(N). b) (1.1.20) 


(1.1.18) 


of the simply connected group f on to the Poincaré group, Since the 
correspondence N-+A(N) is a group homomorphism, and by virtue of 
equations (1.1.5) and (1.1,19), the mapping (1.1.20) is an analytic holomorphism 
of fi on to the Poincaré group. Its kernel consists of two elements, 
Ker o={(+1,0)}. The above arguments show that [I is the universal 
covering group of the Poincaré group. 


1.2, Finite-dimensional representations of Spin(3, 1) 


1.2.1. Connection between representations of SO(3,1)' and SL(2, C) 

A linear represenation T of a Lie group G in an n-dimensional vector space 
Vz is defined as a homomorphism of G into the Lie group of non-singular 
linear transformations acting on this vector space, 


T:g7T(g) geG 
T(9;)Ti92)=T(9:92) Ju 92 €G. 


Let T: A> T(A) be a representation of the Lorentz group $0(3, 1)’. Then 
we automatically obtain a representation T of its universal covering group 
SL{2, C) by the rule 


T N= T(x(N)) (1.2.1) 


where z is the covering mapping constructed in subsection 1.1.3. For example, 
the vector representation 


T: A>A 


E T (1.2.2) 
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or the covector representation 
Ta: A> (AT)! 
Va > Vn = Am, (1.2.3) 
An” =N A" Mn" = Spl! 


of the Lorentz group immediately generate representations of SL(2,C). In 
equations (1.2.2, 3), V” and V,, are the components of some Lorentz vector and 
covector correspondingly. 

Any representation T of SL(2,C), associated with a representation T of 
$0(3. 1)’ according to expression (1.2.1), satisfies the property 


TIN)=T(—N) NeSL(2,C). (1.2.4) 


But there exist representations of SL(2, C) for which this property is not true. 
As we shall see. one can construct irreducible representations (irreps) of 
SL(2, C) for which 

T(N) = —T(—N). (1.2.5) 


Any such SL(2, C) irrep is not a representation of $O(3, 1)’. However, it may 
be treated as a double-valued representation of the Lorentz group. 


1.2.2. Construction of SL{2, C) irreducible representations 
In what follows, we denote SL(2,C) indices by small Greek letters, In 
particular, components of a matrix N e SL(2, C) are N,°, «, B=1, 2. Com- 
ponents of the complex conjugate matrix N* are denoted by dotted 
indices, N*;” 

Define the fundamental representation of SL(2, €) 


Tg NON 
Wa Wy =N fp, 


An object wy, transforming according to this representation is called a 
‘two-component left-handed Weyl spinor’. The representation T, is called 
the (left-handed) Wey] spinor representation of the Lorentz group. It is denoted 
by symbol (4. 0). 

Taking an n-fold tensor product of T, n=2, 3. .... T,@7,@...@1,, we 
obtain new representations of SL(2, C) of the form 


Paman tian Na N, F N Pipete (1.2.7) 


The representation contragradient to the representation T, (1.2.6) is given 
by 


(1.2.6) 


Ta: N= (NT)? 
Ya p= pA g (1.2.8) 


This representation is equivalent to T,. Indeed, the condition of unimodularity 
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for N e SL(2, C) can be written in the form 
Eap=N N p E 

or (1.2.9) 
e* = EAN TIAN Y 


where &,, and e”! are antisymmetric tensors defined by 


Eo = — Epa £;2=—1 
eh — ft lta] (1.2.10) 
steg = 5%. 


Equation (1.2.9) means that (N7 *)p* =e” N „eap and hence the representations 
T, and T„ are equivalent, 

The identities (1.2.9) imply that ¢,, and ef are invariant tensors of the 
Lorentz group. Hence we can use them for lowering or raising spinor indices, 
which will be done in this text according to the rules 


W= by a= Exp’. (1.2.11) 

Now consider the complex conjugate representation of the representation 
yk 
T; N=>N* 


(1.2.12) 
Ver Wee N" Php 


An object Wz transforming according to this representation is said to be a 
‘two-component right-handed Weyl spinor’. The representation T; is called 
the (right-handed) Weyl spinor representation of the Lorentz group. It is 
denoted by the symbol (0, 4). 

Taking the tensor product of T; with itself m times, T;@...@ T; 
m=2, 3,..., one obtains new representations of SL(2, C) of the form 


Was... > Wits te = N*, Pine, Pe -N*a Pap pe 1213) 


We can also consider the more general situation 
T,®...@T, ORO... OR 
— amam — Lm 
n m 


obtaining, as a result, Lorentz spin-tensors with dotted and undotted spinor 
indices 


Mazs: . Bi Bs. Bo > Pain.. san Ai Bs. ' Bn 
= N,/" Nii ee Na" N*p SN * gA Ak N” Ome, 7 sha hes { 1.2.14) 
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The representation contragradient to the representation T; (1.2.12) is 
Ta: N>(N*)7? 
Wit =N ye (1.2.15) 


This representation is equivalent to T; since antisymmetric tensors ¢,4 and 
l, where 


Ey = — Eh e3=—1 
gta ight = gt (1.2.16) 


are invariant Lorentz tensors and can be used for lowering or raising dotted 
spinor indices by the rules 


Wi=eMy, pa= eath (1.2.17) 


Representations of the form (1.2.14) with unconstrained tensors 
Waas.. a fh. -A are reducible when n> 1 or m>1, For example, an arbitrary 
second-rank tensor with undotted indices W, may be decomposed in a 
Lorentz invariant way as 


Wap =5 Wap cj Wega) + 3 (Wap s W pa) = Vizp “9 Eagle Wya) 


where (a $...) denotes symmetrization in indices x, B,.... In general, a tensor 
of the form (1.2.14) turns out to be irreducible if /,,4,...+4,4,A5...p, iS totally 
symmetric in its undotted indices and independently in its dotted indices. 
Thus irreducible representations are realized on tensors 


Wises, ži x, fi) Bs. ‘ ha = Vinas: EMALE «Bal (1.2.18) 


The corresponding irrep is denoted as (n/2,m/2). Its dimension is 
(n+1)(m+ 1), Note that (n/2,m/2) is a single-valued representation of the 
Lorentz group if (n+) is even, otherwise, it is double-valued. 

Let Wx,95...2,fifs...f, De a (n/2,m/2)-type tensor. Taking the complex 
conjugate of equation (1.2.14), we find that (W..2.,+,8,4....,)* transforms as 
a (m/2,n/2)-type tensor. Therefore, the following mapping 


*. 
p V ini2.mi2) > V imi2:m2) 


Vaa -ahha By Vip ni Buyside. it, = (Ways. ayfhrfls--- Ba)” (1.2.19) 


is defined and w is said to be the complex conjugate spin-tensor of w. 
Evidently, its square coincides with the identity operator. If n#m, 
the (n/2, m/2)-representation is complex. But with every (n/2, m/2) representa- 
tion, 1 #m, one may associate a real representation of the Lorentz group in the 
following way. Taking the direct sum representation (n/2, m/2)@(n/2, m/2) 
we consider within the space of this representation V w 2.m2)® V m2.n/2) (Which 
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is mapped on to itself by *) a Lorentz invariant subspace denoted by Vi./>.m2) 
and selected by the condition that * coincides with the identity operator on 
this subspace. Arbitrary pairs 


(Wea. agit. Aue VET MRY À 
Wa, ri ENI ri shee rt Wis . mth t Bud 
span Vii2.m/2y 


In the case n=, we can define real tensors. By definition, they satisfy the 
equation 


Wi an. «Su haves Bn = Ways ce taf Bs Boat (l .2.20) 


1.2.3. Invariant Lorentz tensors 
Invariant tensors of the Lorentz group are useful for lowering, raising or 
covariant contraction of indices. Up until now, we have found the following 
invariant tensors: the Minkowski metric my, and its inverse 7", the spinor 
metrics £p, £s} and their inverse 2”, æf, and the Levi-Civita totally 
antisymmetric tensor £a (€9123= — 1). Now we find one more invariant 
tensor carrying Lorentz as well as spinor indices. 

Let us rewrite the relation (1.1.11) in the form 


(A(N))",, X" Om =X" Na, N ~ 


or 


Om=No,N*(A(N)~*)",,, (1.2.21) 


Here A(N) is the Lorentz transformation corresponding to an element 
N e SL{2, C). The identify (1.2.21) shows that, denoting components of G „as 


(m)a5 (1.2.22) 


we obtain a Lorentz invariant tensor with one space-time index m, one 
undotted spinor index « and one dotted spinor index %, We may also introduce 
o-matrices with upper spinor indices 


@ jes theha dph 


Öm =(+1. — 5). (1.2.23) 
One can check that the o-matrices satisfy the useful identities 
(0455 + aða) = —2M ap! (1.2.24) 
(504+ 6,04) p= —2nNasd" (1.2.25) 
Tr(a) = -2na (1.2.26) 


(0%),s(6,)?° = — 26468 (1.2.27) 
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O að KO -=(NacTh —MreFa —MNabFe) + iE agea" (1.2.28) 
6,0,0- = (NacTp NoeFa = Nabe) -E TET, ( 1 .2.29) 


It is seen from these relations that the Minkowski metric and the Levi-Civita 
tensor are expressible in terms of the o-matrices. 

The o-matrices are usually used to convert space-time indices into spinor 
ones and vice versa according to the general rule: one vector index is 
equivalent to a pair of spinor indices, dotted and undotted, 


1 ; 
Vox a (a°) K Vs = > (a) Viz ( l 2.30) 


In many cases, the conversion of vector indices into spinor ones leads to 
some technical advantages. Moreover, conditions of irreducibility are much 
simpler when working with two-component objects. 

For example, let us consider a second-rank tensor X,,. Convert the 
space-time indices a, b into spinor ones according to relation (1.2.30): 


Xab -7 X apah = (o*),s(0") 9X ap: 


The spin-tensor X.,;4 can be decomposed into irreducible components as 
follows 


X ps =X apy spy + X (aps t Xiph + X (apy apy 


where [#f] denotes antisymmetrization in indices x, f. The irreducible 
components of Xzpeh are X(apyap, X =46 PX non, Xap= tX apap 
X (aay = — 4°" X pia Here we have used the identities efe g= et e p= —2. 
If X,, is a symmetric tensor, X,,=X,,, then the first and second terms in 
equation (1.2.31) vanish. If, in addition, X,, is traceless, X?=0, then the third 
term in equation (1.2.31) is also zero, In the case when X,,= — Xba: only the 
first and the second terms in equation (1.2.31) are non-zero. Hence, an 
arbitrary antisymmetric tensor X,, is equivalent to a pair of symmetric 
bi-spinors. To write down explicitly this correspondence, introduce the 
matrices i 
(Ca) = +i (aað — Opa)" 


` yè la = 
(Gas) p= — F (4,0 5— 6504) 


(Cabla = ER;(Cab)a = (Far) px (1.2.32) 
(Fap)sp = 84:0, ila = (an) fa 
Then We obtain 
X at= laaa X —(Gasdap X ag 
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X gap h = (0 aal) hX ap =2E xg X ap Hah X ap 
l NE 
X p= 5 (OM ap Xan Xip= ~ JO hX a (1.2.33) 


X p= — X bq Xap =X pa Xah =X ha 


If Xa is a real tensor, then X,, and X,4 are complex conjugates of each 
other, X= X 5). 

Now consider another example. Let Casa be a tensor subjected to the 
constraints 


Caved = — Chaca = — Cabae = C edab (1.2,34a) 
C" sae =O (1.2.34b) 
BNC pag = 0. ( 1.2.34c) 


The corresponding spin-tensor is seen to be 
Cxpreaitsd =(F)ax(O")ap(O)y3(0")58 Canca = Exped Capys + Enpe Cxpyd 


where tensors C,.3 and Cxg,5 are symmetric in all their indices. Note that 
equations (1.2.34) are the algebraic constraints on the Wey] tensor in general 
relativity. 


Remark. In what follows, by representations of the Lorentz group we mean 
both the single- and double-valued representations, i.e. arbitrary SL(2, C)- 
representations. Analogously, by representations of the Poincaré group we 
mean its single- and double-valued representations (both being infinite- 
dimensional, in general), i.e. arbitrary [-representations. 


1.3. The Lorentz algebra 


The Lorentz group and its universal covering group SL(2,C) are locally 
isomorphic. So, the Lie algebra so(3,1) of the Lorentz group (the ‘Lorentz 
algebra’) and the Lie algebra si(2, C) of the Lie group SL(2, C) are isomorphic. 
Nearly all elements N e SL(2, C) can be expressed in the exponential form 
N =exp(26)=exp(z) zesl(2,C) (1.3.1) 


where Z=(z,,23,2,) is a complex three-vector, and ¢ are the Pauli matrices. 
The exponential from sl(2, C) covers SL(2,C) apart from only a (complex) 
two-dimensional surface in SL(2, C) consisting of elements 


—1l—ab a 5 TN nc 
(oe eat) 9 0 Ha iiia 


Where (a, b) is a non-vanishing complex two-vector. The union of all SL(2, C) 
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points, given in the form (1.3.1), is an everywhere dense set in SL(2,C), On 
these grounds, we shall later write SL(2, C) elements in the form (1.3.1) without 
comment. Note that if N e SL(2, C), then at least one of the matrices N and 
(—N) admits the exponential form (1.3.1), 

Considering SL(2,C) as a complex Lie group, the parameters 2 from 
equation (1.3.1) play the role of local complex coordinates, and the Pauli 
matrices form a basis in the corresponding Lie algebra. Since we treat SL(2, C) 
as the universal covering group of S$O(3,1)', a real Lie group, we must 
understand SL(2,C) as a real six-dimensional Lie group. Introduce real 
local coordinates in SL(2, C) using the following parametrization: 


1 
N=exp( EKo) NeSL(2,C) 


(K*%)*¥=— K® Ke — —~K™ (1.3.2) 


The matrices o® were defined in equation (1.2.32). The complex (2) and real 
(K*") coordinates in SL(2, C) are related by the rule 


a=5(K° iK?) — 2y=5(K?+iK™) 23=5(K™-+iK™) 


By virtue of equation (1.1.11), the infinitesimal Lorentz transformation 
corresponding to an infinitesimal SL(2, C) transformation 


N=1+> Kay, (1.3.3) 


is given by the expression 
9 Se ee eh eK, (1.3.4) 


When deriving equation (1.3.4), we have used the identities (1.2.28, 29). 

Recall one important result from group theory. If fiG—+H is a 
homomorphism of Lie groups, df: $ + X is the corresponding homomorphism 
of Lie algebras, then f(exp X¥)=expdf(X), where Xe@ and expX is the 
exponential from ¥ into G. 

In accordance with equation (1.3.2), the matrices o,, form a basis of the 
real Lie algebra of SL(2,C). Let T be a representation of SL(2, C). Then, 
using equation (1.3.2) and the above result, we deduce that 


TWN) =ex0\ 5 KM) N e SL(2, C). (1.3.5) 


Here the ‘generators’ M,,=dT(o,,) define a representation of the Lorentz 
algebra. Note that M as = — M pa 

The commutation relations for the generators can be easily obtained by 
noting that dT is a Lie algebra homomorphism, so that 


[Mass Mea] =[dT (64), IT(F.4)]=AT (Loam Fea) 
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Recalling the explicit form (1.2.32) for the o-matrices, one finds 
Laam Fea] =NadF ne —MacTha > Mpc Fad — Mra Fac: (1.3.6) 
This gives 
CM am Med) =Naa M pe— MacM na + Ne] aa — MraM ae (1.3.7) 
These commutation relations define the Lorentz algebra and its representations. 


In the cases of the representations (4,0), (0,4) and (4,4), the Lorentz 
generators are 


Ml) =(Fos)a Wp (1.3.8a) 
5M al) = (Gan) pV? (1.3,8b) 
YM al V) =V — òV, (1.3.8¢) 


The matrices ‘Ma form a basis of the Lie algebra so(3,1) of the Lorentz 
group SO(3, 1)’. Recall that any element A e S0(3, 1)! can be written as 


A=A(N)=A(—N) 
for some N e SL(2, C), with respect to the covering map r: SL(2, C) SO(3, 1)’. 


As was pointed out above, N or (—N) or both can be represented in the 
exponential form (1.3.2), therefore we deduce that 


Anex(K* 'Ma) 
for every Lorentz matrix Ae S0(3, 1}, 
Let us introduce a new basis for the Lorentz algebra, replacing the 


generators M,, with vector indices by operators Mag and Mag with spinor 
indices defined as follows 


1 
M 85 (o™)zgM os 


(1.3.9) 
= tE 
Mah = a) (EP) Mar 
After this redefinition, equation (1.3.5) takes the form 
T(N) =exp(K**M, y+ REM ap) 
(1.3.10) 


li 
Kag=Kp=3 (a) Kat 


Using the commutation relations (1.3.7), it is not difficult to obtain the 
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commutation relations for generators M,, and My». These are: 
[Mj Mos] =. (EM yas FEM p+ Ep Mas HEpa M a) 
[Mam Mp] =0 (1.3.11) 
[M ai M:a]= ; {e M gat Ead M jy + ep Maat eps Mis}. 


It is now a simple exercise to check that the commutation relations of the 
operators Map (M 11, M12= Mz; and M33) coincides with those for standard 
generators of sl(2, C). The same assertion is true for the algebra of generators 
M} So, the Lorentz algebra is isomorphic to a direct sum of two (mutually 
conjugate) sl(2, C) algebras. 

By virtue of equations (1.3.8) and (1.3.9), the generators M,, and My, act 
on undotted and dotted spinors according to the rules 


l 
Mlb.) ea 3 (Ept p + Epia) 
Mis) =0 Mag.) =0 (1.3.12) 
4 1 
MỌ) = 5 (Esap p+ Epia). 


These relations serve as the main motivation for the introduction of 
generators (1.3.9), We see that the undotted generators M,, move undotted 
spinor indices only, while the dotted generators M,, give non-vanishing 
results only when acting on dotted spinor indices. 

Let us consider operators 


C,=M*Mig  Ca= MP Map (1.3.13) 


Using equation (1.3.11), we find [C,,M,s]=0 and [C,, M.)=0. On the 
other hand, C, trivially commutes with Mas and C, commutes with Map. 
So, C, and C, are the Casimir operators of the Lorentz group. We are going 
to calculate values of these operators in the (n/2, m/2) representations. It is 
sufficient to find C, in the case of some (n/2,0) representation. Given a 
totally symmetric tensor Wx.. z, from equation (1.3.12) we obtain 


n 
Mislam a=, Li (64. ss «cathe fxg ls es E, 


where å; means that the corresponding index is omitted. Raising the indices 
x and $ in the first relation (1.3.12) gives 


Meh, = = 5 (WE + atu") 
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Taking into account that ¢,, is a Lorentz invariant tensor, we then have 


A 1 `; k 
MM 6Way95.0.2.=5 lex, M” Wass, P R e +6,6M po, Bina) 


3 I 
= Cay | -5V oat s T 7 Y (0h W" sa, Oy. 8) ty 


t=1 ii jži 


5 
PIX W bey iyi atte) | 


The last term here vanishes since Y,a, is totally symmetric. On the same 
grounds, the first two terms give the following contribution 


3 Ds 1 
-(Gn45 (n ee = Mt Wai, ay 
The above calculation leads to the final results: 


1 
MPM aplina.m2) == 5 n(n+ 2)4 
(1.3.14) 
TELET l 
MIM | (n/2,m/2) 7 -5 m(m-+ 2)0. 


Our final comment concerns the fact that the set of (n/2,m/2) 
representations, where n, m=0, 1, 2, ..., actually embraces all irreducible 
finite-dimensional representations of the Lorentz group. As is well known, 
finite-dimensional representations of s(2,C) are parametrized by an integer 
n=0, 1, 2, .... The dimension of the corresponding representation is equal 
to (n+ 1). Since the Lorentz algebra is the direct sum of two conjugate s/(2, C) 
copies (generated by M,, and Mp) its irreducible representations are 
parametrized by pair of integers n,m=0, I, 2, ..., and have the dimensions 
(n+1)(m+1), But the (1/2, m/2)-sequence is characterized by just the same 
property. 


1.4. Two-component and four-component spinors 


Following P. Dirac, half-integer spin particles are usually described in terms 
of four-component spinor fields. However, when working with field theories 
in a superspace, one has inevitably to break the habit of using the 
four-component spinor formalism and to develop the habit of using the 
two-component spinor formalism. The reason is in the fact that all operations 
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with two-component spinors are, as usual, much simpler than with the 
corresponding four-component ones. Now, we are going to show how 
two-component and four-component spinors are related, as well as how to 
translate two-component expressions into four-component language. To 
begin with, we list the main facts about two-component spinors. In 
accordance with the spin-statistics theorem, we shall assume all spinors to 
be anticommuting (odd elements of some Grassmann algebra), i.e. 

wotn= 4n Vip = zia Walp = —T pz (1.4.1) 


for any spinors W, and 7,. The detailed treatment of ‘anticommuting numbers’ 
will be given in Section 1.9. 


/.4.1. Two-component spinors 
Let y, be an arbitrary undotted spinor, and 7* be an arbitrary dotted spinor. 
Infinitesimal Lorentz transformations act on them by the rule: 


1 


õp, = KH) Wp = KP Wy 


K”) = -R 47h. (1.4.2a) 
Index raising and lowering gives 


j l = 
by* = -wi(; Kou) = —WhK,* = —K* pý” 


= et ee i. oe Ae 
ô% = ~ul5 K’ ôa) 54K =K," Zp (1.4.2b) 
where we have used the observation that (¢,,),9 and (Gas)ap are symmetric 
in their spinor indices. Finite Lorentz transformations are given by 
Wi=(expK)fup — %=(exp K)f 7p: (1.4.20) 
We define spinor bi-linear scalar and vector combinations 
PrEP k= p= 
z= =- Val (1.4.3) 
WoZ=(dal7*% 76.0 = ZÈ Ya. 
By virtue of equation (1.4.1), the following identities 
Wz=x% V7=7) Wo Z= - 75. (1.4.4) 


hold. The difference in the definitions of wy and yy is reasonable since we 
wish to have a conjugation rule of the form: (wz)*=(7. But spinor 
conjugation should be understood as Hermitian conjugation (conjugation 
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and transposition of places), so (Y 7)* =(W7z,)* =(z4)*(w7)* = 74%. Due to this 
difference, we have 

Wakp=Whlateaply 
WF p= pla — ei V7. (1.4.5) 


The product of two spinors can be reduced by the rules: 


l l 
Wat = 3 ExpWZ > (o ayha 


WO and = Wap)" va ( l 4.6a) 
] I 
7 = — A 7— -(6°) Sanz 
Wazh > +407 3 ap bh (1.4.66) 
Van =VslFa) pi! 
1 
Wala = =5 (0° ha Voa}: (1.4.6c) 


To derive equation (1.4.6a), one has simply to write 
i| 1 
Vake=5Wake—W pha) + 5 Wake t+ VBX) 


and then use equation (1.2.33). Equation (1.4.6c) is a trivial consequence of 
equation (1.2.27). In group theoretical language, equation (1.4.5a) means that 
(4, 0) @ (4, 0) =(0, 0) @(1, 0), while equation (1.4.5c) means that (4, 0) @(0,4)= 
(4, 4). 

Finally, we list the Fierz rearrangement rules. For arbitrary spinors 1/7, 
W3, W3 and wi we have 


(Wit absba) = “(WW sb aba)—(Widalrws) 
7 2 efit => 1.4.7 
CRAVATA Es ERATARA ( ) 


One can easily prove these identities with the help of equations (1.4.5) and 
(1.4.6c), 


1.4.2. Dirac spinors 
Let Y, be an undotted spinor, and 7* be a dotted spinor. We incorporate 
these spinors into a four-component column 


w=(¥2), (1.4.8) 
z 


This double spinor is called a ‘Dirac spinor’ (here and later, four-component 
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spinor objects are denoted by boldface letters), By virtue of equation (1.4.2a), 
an infinitesimal Lorentz transformation acts on ¥ by the rule 


was Ke(% » w (1.4.9) 
5^ \o 


- 


Gap 


Now. recalling the explicit form of o,, and G,), (equation (1.2.32)), it is natural 


to introduce 4x 4 matrices 
0 a 
„= a |, 14.1 
! H s) igi 


Then. the transformation law (1.4.9) takes the form 


: | 
ov -3 KEY 


Ì (1.4.11) 
Lab F 4 Cfa Fyk: 
The matrices (1.4.10) satisfy the algebra 
{Yas tb} = —2Mapla (1.4.12) 


$o 7, are the usual Dirac matrices (in the special representation). Equation 
(1.4.11) is the standard transformation law of Dirac spinors. 

Given a Dirac spinor (1.4.8), we conjugate y, to obtain Y, and conjugate 
7 to obtain y*. Let us combine the resulting two-component spinors in a 
four-component row 


P= Ja). (1.4.13) 


Its transformation law, using equations (1.4.2b) and (1.4.10, 11), is 


JP = -¥(5 KE) (1.4.14) 


What is more, ¥ satisfies the equation: P=¥~y,. So, P is the ordinary 
Dirac conjugate spinor of Y. 

One more four-component object is obtained from ¥ by transposition of 
i and y. Namely, let us consider the spinor 


r(e) 


Evidently, it transforms as a Dirac spinor, 


ET (1.4.15) 
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What is more, it satisfies the equation 
p= CHT (1.4.16) 


where C and its inverse matrix C7! have the form 


cme 0 ) E A 0 ) 
0 gi 0 Exp 


It is easy to see that C is a unitary antisymmetric matrix obeying the identity 
CC =t, 

So, C is the ‘charge conjugation matrix’, and Ye is the ‘charge conjugate 

spinor’ of Y. 


1.4.3, Weyl spinors 


We introduce the Lorentz invariant matrix y= —i797;)2)3 With the 
properties 
4 -(72 0 ) =] Pee ee 
15 is 4 [Sim imi s 
0 -l 


and define operators P, and Pp as follows 
! | 
PL=z (la+ 7s) Paz (lays) 


Here 1, is the 2x 2 unit matrix and J, is the 4x4 unit matrix. 
Due to the identities 


Pi=P, Pi=P, P, Pp=P,Py=0 


these operators are Lorentz invariant projectors, Acting with P, and Pg on 
an arbitrary Dirac spinor ¥, one obtains four-component objects 


w=r¥-(") w= Pat=(°,) (1.4.17) 
i 


which transform as Dirac spinors and satisfy the Lorentz covariant 
constraints 


ys#L= Yi y: Yr=- Ye (1.4.18) 


The relations (1.4.17) show that ¥, and Y, are the Dirac forms of 
two-component left-handed and right-handed Weyl spinors wy, and 7* 
correspondingly. Very often, the spinors Y, and Yg are called Weyl spinors 
too, 


1.4.4. Majorana spinors 
In our combinatorical exercises of subsection 1.4.2, we have not considered 
one interesting possibility; Y, = x+ If WY, is an undotted two-component spinor, 
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then the four-component object 


wu=( (1.4.19) 


transforms as a Dirac spinor, 
= l 
Fy =a KESTo 


Its main property is that ‘Wy, coincides with its charge conjugate spinor, 
Yu= CPi (1.4.20) 


So Wy is called a ‘real’ (or ‘Majorana’) four-component spinor. 
Any Dirac spinor (1.4.8) can be represented as a sum of two Majorana 
spinors ®,, and Ay by the rule: 


W=Oy+iAm = Ya = Pa Hiho Xa =Pa— ire (1.4.21) 


1.4.5. The reduction rule and the Fierz identity 
The set of 4x 4 matrices 


Ya= {Las iya ZiZa Yass 7s} 


forms a basis in the linear space of 4 x 4 matrices. Defining the corresponding 
set with upper indices, 


34 i: fH AD san yd 
7 ={I,, 17", 2i=* ’ 9s, i } 


we have the identities 
l " 
gO» =ô" “ya = la (no sum). 
In accordance with these identities. if IT is a 4x 4 matrix, then 
1 
T=) t C4=—Trl)*T) 
A 4 
or, in components, 
1 
T=- LOA aay 
45 
Since F is arbitrary, one obtains the following completeness relation 
. } 
5,9 jx -3 D Jaltaly (1.4.22) 
A 


This relation is a four-component version of equation (1.2.27). 
Now let ¥,, Y, Y, and W, be arbitrary Dirac spinors. Using equation 
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(1.4.22), one can easily show thal 


ae 
PPs E Pir Yaran (1.4.23) 


1 = 
(P PPY.) = — gli PF s74¥ 2) (1.4.24) 
A 


Equation (1.4.23) is a four-component generalization of the two-component 
reduction rules (1.4.6). Equation (1.4.24) is a four-component version of the 
Fierz identities (1.4.7). After some practice, one can find that working with 
equations (1.4.6, 7) is much simpler than with equations (1.4.23, 24). 


1.4.6. Two-component and four-component bi-linear combinations 
In conclusion, we consider the connection between two-component and 
four-component bi-linear combinations. Given two Dirac spinors 


we have 
F, Y= y+ 
Pijs P=- 
PaPa = 0al W200 
P, pays P= — X102 — 20a 
P EaP =: Fala t+ Ia 
P Ears Yi =a iData 


These relations show how to express an arbitrary bi-linear combination of 
Dirac spinors in terms of two-component bi-linear combinations and vice 
versa. 


1.5. Representations of the Poincaré group 


1.5.1. The Poincaré algebra 
To begin analysis of the Poincaré group, we give its realization as a matrix 
Lie group. Let us associate with every element (A, b) of the Poincaré group 
a 5x5 matrix <A, b> defined as follows: 
b™ 
Pye F (1.5.1) 
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Since the multiplication law in the Poincaré group is given as 
(Az, bha) x (A,. by) =(A2A,. ba + Azb,), the correspondence (A, b) — <A, b> is an 
isomoprhism of the Poincaré group on the subgroup of GL(5, R) consisting 
of matrices of the form (1.5.1), where A”, is restricted by equations (1.1.3,4) 
and b™ is an arbitrary four-vector. So, the Poincaré group can be identified 
with this matrix group. We denote it by TI. Minkowski space can be identified 
with the hyperplane x*=1 in Rî (with coordinates x°, x',..,, x*). Then, the 
linear operator (1.5.1) acts on this hyperplane as the corresponding Poincaré 
transformation (A, b). 
The Lie algebra of the Lie group I consists of 5 x 5 matrices of the form 


r 
o |a (1.5.2) 
Kg = Kyy 


where K,,,, is an arbitrary antisymmetric Lorentz tensor and 6” is an arbitrary 
four-vector. We identify this matrix Lie algebra with the Lie algebra of the 
Poincaré group (the ‘Poincaré algebra’ will be denoted by #). The 
multiplication law in the Poincaré algebra is 


[<K3, ba). (Ri, 6,>]=<[K2, K] Kb, -Kb (1.5.3) 
(K36,)"= 3,64. 


It is useful for later applications to introduce a basis (jas Pa), Jas = —Joas for 
the Poincaré algebra by the rule 


K, y =; Kja ibp 


j al | (5.4 
Jab 0 0 (1.5.4) 
i 0 
0 0 
0 0 0 0 
Po= 0 ` > Pa j ‘ 
o|o 0 | 0 


Here “M „ are the Lorentz generators in the vector representation (equation 
(1,3.8c)). Using rule (1.5.4), we obtain the commutation relations in the 
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Poincaré algebra: 
[Pa PrJ=O 
Liam Pel =iacPe— MePa (1.5.5) 
Ljave Jea] = Nachod — Madde + iMbabac— iMbcJad 
Note that every element <A, b> from II can be represented as 


<A, by=exn( 5 Kin i6'p) 


| ae m 
= A", =(exp K", wn -("s) BY (1.5.6) 


Now, let T be a representation of the Poincaré group, and T(A, b) be some 
representation operator, In accordance with equation (1.5.6), we have 


TIA, b= exo( 3 Ke. (1.5.7) 


where the Poincaré generators J,,=dT(j,,) and P,=dT\(p,) provide a 
representation of the Poincaré algebra. Here P, are the generators of 
translations and J,,are the generators of Lorentz'transformations.Asa result 
of equation (1.5,5), the generators satisfy the following commutation relations: 


[Pa P,]=0 
[Jao PJ=inaP,—inp Pa (1.5.8) 


[Jas J.a] = Nad ba , Madd pe + p45 oc re ined aa- 


These commutation relations define an arbitrary representation of the 
Poincaré algebra, 

The Poincaré group has two Casimiar operators (commuting with P, 
and J,,) 


C,=—P*’P, C,=W'W, (1.5.9) 
where W, is the Pauli-Lubanski vector 
l 
wes wed PE (1.5.10) 
Using equation (1.5.8), one can prove the following properties of the 
Pauli-Lubanski vector 
Ww’P,=0 [W,, P,J=0 (1.5.1 1a) 
(Juss WJ = ina W eina W, (1.5.11b) 
[W,, Wa] = itsa W Pi: ( 1.5.1 lc) 
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1.5.2. Field representations 


Let ®(x) be an arbitrary Lorentz tensor field on Minkowski space (indices 
are suppressed). By definition, its components in two different coordinate 
systems, related by some Poincaré transformation (1.1.1), are connected by 
the rule 


D(x) = TIA) (x) (1.5.12) 


where T(A) is a finite-dimensional representation of the Lorentz group. 
Proceeding from the transformation law (1.5.12), we construct a representation 
of the Poincaré group acting in a linear space of tensor fields as follows 


D(x) + D4 4)(X) 
Dan x)= TADA !(x—5)). 


This representation is infinite dimensional. The corresponding Poincaré 
generators are 


(1.5.13) 


P,= —ið, 
athe wt gt (1.5.14) 
Jan = (Xp6q—Xalo)—iM ay 
where Ma are the generators of the Lorentz representation T(A), 
T(A)=exp(4K*"M,,). 


1.5.3. Unitary representations 
In quantum field theory, Poincaré invariance means that any Poincaré 
transformation (A, b) induces a unitary transformation 


U(A, by=exo| i( -6P +3 Kia) | (1.5.15) 


acting in a Hilbert space of particle states. The union of operators U(A, b) 
provides us with a unitary representation of the Poincaré group. Operators 
P, and J,, are the corresponding generators. The generators P, are identified 
with the energy-momentum operator, P,=(— H, È), where H and P are the 
Hamiltonian and the momentum of some quantized field. Therefore, the first 
Casimir operator (1.5.9) coincides with the squared mass operator. In any 
irreducible representation of the Poincaré group, all particle states are 
eigenstates of this operator with the same mass, P?P,= —m?°1, m?>0. Note 
that there exist Poincaré representations with negative mass squared. 
However, physically, such representations are not admissible. Under the 
supposition of non-negativity of mass, the Poincaré group has one more 
Casimiar operator in addition to the operators (1.5.9), namely sign (Po). 
From a physical point of view, we should consider only positive-energy 
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representations, characterized by the condition 
CFIP Y> <0 (1.5.16) 


for any non-zero state |Y). 

The second Casimir operator (1.5.9) describes the spin of the particles: To 
clarify this assertion, we introduce one auxiliary notion which will be useful 
also when constructing irreducible representations of the (super) Poincaré 


group. 


1.5.4, Stability subgroup 
In a Hilbert space of one-particle states with a given mass m, we consider 
the substance V, of particle states having a given four-momentum 4q,, 


Pala) = qalq) 
for any state |q)e V, The four-vector q, lies on the ‘mass-shell’ surface 
p’p,=—m> ~— pp <0 (1.5.17) 


in momentum space. We define the set H, of group elements (A, b) such that 
the corresponding operators U(A, b) transform V, onto itself. Evidently, H, 
forms a subgroup of the Poincaré group. It will be called the stability 
subgroup for Vy 

To find H, note that, according to (1.5.8) an operator exp[(i/2)KJ5] 
transforms some state |q into another state |g’>, where q’*=(exp K)*,q”. 
Demanding q’ =q, we obtain the equation K*,q”=0, which has the following 
general solution: 


n d 
Kab = Eabed qn 


where n“ is an arbitrary vector. Therefore, the stability subgroup consists of 
elements of the form 


exp i —b'P, +5 emanda) | (1.5.18) 


for arbitrary vectors b, n. Being restricted to V,, elements of H, can be 
expressed in terms of the Pauli-Lubanski vector, since operator (1.5.18) 
coincides (on V,) with 


exp(— ix) exp( —in, W°) (1.5.19) 


where x=b°q, It is worth now recalling the identify (1.5.11c) This 
indicates that components of the Pauli-Lubanski vector form a Lie algebra 
(so(3) in the massive case and so(2) in the massless case, see below) restricted 
to V, So, the stability subgroup acts on V, as the U(1) x SO(3) group in the 
massive case and as the U(1) x U(1) group in the massless case. 

All vectors from V, describe particle states with the same momentum. On 
physical grounds, any two linearly independent states {1>, |2>¢V, should 
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correspond to different spin polarizations to be transforming into each other 
under the action of H,. In accordance with expression (1.5.19), the stability 
subgroup is generated (up to phase factors) on V, by the Pauli-Lubanski 
vector, Hence, the spin properties of the particles are characterized by the 
Pauli-Lubanski vector. 

For a given particle, the spectrum of its spin polarizations contains only 
a finite number of values. This means that in any physically admissible 
irreducible representation of the Poincaré group all subspaces V, are finite 
dimensional and H, acts irreducibly on V,. 

Now one could ask about the coset space [1/H, of the Poincaré group over 
some stability subgroup H,. It is clear that Il/H, may be parameterized by 
a set of Lorentz transformations Q[ p] transferring the four-momentum q* 
into another four-momentum p“ from the same ‘mass-shell’ surface (1.5.17), 
p*=(QLp])*,q”. Given some such family {Q[p]}, we find that a unitary 
operator U(Q[p], 0) transforms V, on to V,. In the massive case, the most 
useful choice for the test momentum g° is the momentum of a particle at 
rest. Then, a useful candidate for the role of {Q[p]} is the family of Lorentz 
transformations 


E,/m|p'/m p?/m p3/m 
p*/m 
in 
Apj=| pm| P4 (1.5.20) 
m(E,+m) 
p?/m 


p°=(E, p'. p p) E= yP +m’. 


In the massless case, the test momentum is usually chosen in the form 
p°=(E, 0,0, E). The corresponding family {Q[p]} is 


Pht a) 0 0 1l 


l 
EEA re, 
2E 2E' a) 


1p! i ua TE 
Woks a) n'(p) m’(p) SE (+a) 
Q(P]=|. , ip (1.5.21) 
aes 2 rai Est 
5 g" x) n*(p) m*(p) 5 E +a) 


3 3 
sü- n`(p) mẹ?(p) SE (+a) 


p°=(|pl, p’, p% p°) x= E*/p?, 
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Here ñ(p) and ñ(p) are three-vectors such that the set {ñ, ñ, p/|p|} forms an 
orthonormal basis in the space. 

Now we are in a position to describe the main steps in the construction 
of unitary irreducible Poincaré representations. Since P*P, is the Casimir 
operator, irreducible Poincaré representations are classified by mass, Let us 
fix some mass value m and choose a test momentum q° from the ‘mass-shell’ 
surface (1.5.17). Then one has to find all (finite-dimensional) unitary 
irreducible representations of H,, characterized by the condition that any 
operator (1.5.18) acts in accordance with rule (1.5.19). Suppose that T, is a 
given representation (with the described properties) of H, acting on a space 
V,, and let |q. 0; m?» be an orthonormal) basis in V,; here the variable a runs 
over a finite number of values (spin variable). Further, we formally associate 
with any point p*#q* on the ‘mass-shell’ surface (1.5.17) a vector space V, 
of the same dimension as F, Let |p, a; m?» be a basis in V, As the next 
step, we define a Hilbert space of one-particle states as a formal direct sum 
H = @, V, (for all p°, including q*) with the following inner product 


<p, a; m?| p', a’; m?>=E,6,¢(p—P’). (1.5.22) 


Finally, let us define a unitary Poincaré representation on # by four 
requirements: (1) for any (A, b)e H, the unitary operator U(A, b) restricted 
to V, coincides with the operator T,(A, b); (2) each subspace V, carries the 
momentum p°, 


P, |p, o; m?)>=p,|p, o; m°) (1.5.23) 


(3) for a given family of Lorentz transformations Q[p], which parameterizes 
the coset space I1/H,, we have 


|p, o; m°» = U(Q[p], 0) |g, o; m*> (1.5.24) 
(4) for every Lorentz transformation (A, 0), we have 
U(A, 0)| p, a; m?> = U(QLAp], O)U(Q-*[ApJAQLp], 0) (g, o; m?> (1.5.25) 


where (Ap)’=A*,p’. Note that Q~'LApJAQ[p]le H, so the action of the 
operator U(Q™*[Ap]AQ[p], 0) on the subspace V, is given by requirement 
(1). It is a technical matter to check that we have indeed obtained some 
unitary representation of the Poincaré group. Evidently, this representation 
is irreducible. 

What we have described above is simply Wigner's method of induced 
representations as applied to the Poincaré group. 


1.5.5. Massive irreducible representations 

We proceed by finding massive irreducible representations of the Poincaré 
group. As explained above, it is sufficient to construct all (unitary) irreducible 
finite-dimensional representations of the stability subgroup H, corre- 
sponding to an arbitrary four-momentum on the ‘mass-shell’ p?= —m?. 
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Po <9. For simplicity, we choose the momentum 


qa=(—m, 0, 0, 0) (1.5.26) 


of a particle at rest. 
Being restricted to the subspace V,, components of W,=42,,,g/"°P* should 
have the form 


W,=0 W,=mS, s=1, 2,3 
1 


and satisfy the algebra 
[S,, Sy] = iessxSx. (1.5.28) 


The algebra (1.5.28) coincides with the angular momentum algebra su(2) 
(or so(3)). As is well known, finite-dimensional irreducible representations of 
su(2) are characterized by the condition 


(S,)? +(S2)? +(S3)? =s(s + 1h (1.5.29) 
where possible values of s are: s=0, 4, 1, 3,..., For a given s, the dimension 
of the representation is (2s+ 1). Equations (1.5.27, 29) give 

WW, =m?s(s+1)l s50 1/2; 1535/4 s:: (1.5.30) 


This relation determines the spectrum of values which the spin operator can 
take in unitary irreducible massive Poincaré representations, The quantum 
number s is called a spin. Hence, in the massive case, irreducible 
representations of the Poincaré group are classified by mass m and spin s. 


1.5.6. Massless irreducible representations 
Now we are going to discuss the massless case, where 


PP, =0. 
On the upper light-cone surface 
P*Pa=9 = po 
we choose the four-momentum 
ga=(—E, 0,0, E) E#0 (15,31) 
and analyse unitary finite-dimensional representations of the stationary 


subgroup H, 
When acting on the subspace V,, the components of the Pauli-Lubanski 
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vector are 
Wo= —EJi2 W3;=E£J,2 


W, =El(J23+ J20) = ER; (1.5.32) 
W,=E(Jj,+J,.)=ER, 


where we have used equations (1.5.10) and (1.5.11a). As a result of equation 
(1.5.11¢), the operators J,;, R; and R, satisfy the algebra 


[Ri R:]=0 
[Jiz R,J= —iR, (Jia R,]=iR,; 


which is simply the Lie algebra of the group E, of translations and rotations 
on a two-dimensional plane. The Casimir operator of E, is 


(1.5.33) 


(Ry)? +(R2) 
and in any unitary irreducible representation this operator looks like 
(RP +R} =l SO. (1.5.34) 


If u?>0, a basis in the space of representation consists of states 
P> = R= lh RalF) =r) 
labelled by points ¥=(r,,7) of the one-sphere 
(ry)? + (ra)? =p. 


Thus, if u?>0, the operators R; and R, have a continuous spectrum, and 
the representation is infinite-dimensional. 

On the other hand, the subspace V, should have a finite dimension. 
Therefore, no other possibility is available, but n?=0 and R,, R, are trivial 
on V,, hence 


W,=W,=0. (1.5.35) 


Recalling equation (1.5.19), we see now that H, acts on V, as the product of 
a U(1) phase group and an Abelian group generated by the only operator 
Jiz Since the action of H} on V, should be irreducible, this space includes 
only one non-trivial state, 


Jy |A>=AIAD (1.5.36) 
where / can takes values 
A=0, +1/2, +1, +3/2,... (1.5.37) 


The quantum number 2 is called ‘helicity’, Sometimes, the quantity |4! is 
called the ‘spin of a massless particle’. 

The restriction (1.5.37) is quite understandable. Indeed, operators 
exp(igJ,2) describe space rotations along the direction of particle motion. 
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Making the rotation on o=2z, we obtain 
erty = e774175, 


The resulting phase factor must be equal to +1 depending on whether our 
representation of the Poincaré group is single- or two-valued. 

The set of relations (1.5.32. 35, 36) means that, in the reference system 
(1.5.31) the equality 


W,=AP, (1.5.38) 


is fulfilled. Since W, and P, transform as Lorentz vectors, equation (1.5.38) 
is satisfied in any coordinate system. Hence, the helicity is a Poincaré invariant 
characteristic of massless particles, Our conclusion is that massless irreducible 
representations of the Poincaré group are classified by helicity. 


1,6. Elements of differential geometry and gravity 


1.6.1. Lorentz manifolds 

In general relativity, space-time is a four-dimensional connected smooth 
manifold, i.e. a connected topological space M covered by a set of open 
charts {Urle for each of which a homeomorphism 


Xý U; — Rt 
of U; onto an open subset of R4 is defined, such that the transition functions 
Fig=xiexy © xU nU) > xU nU; 


are smooth whenever U;nUj# Ø. The functions x7(p)=({x?, xi, x7,x?}, 
peU; are called the local coordinates of p in the chart U, Orientedness of 
the manifold M means that local coordinates may be chosen in such a way 


that the transition functions satisfy the condition 
det(éx?"/éxj)>0 


for any two charts U; and U; with non-empty overlap. The orientedness is 
needed to define an integration over the manifold. 

We anticipate that the reader is familiar with the concept of tensors and 
tensor fields on manifolds. In particular, a vector field is defined in any chart 
U by smooth functions v”(x),such that the operator v(p) = v™8/ð3x" |p P EM, 
does not depend on the choice of chart. The set of vectors {é/éx"|,} forms 
a basis (holonomic basis) in the tangent space T,(M) at pe M. A covector 
field is given in any coordinate chart U by smooth functions w,,(x), such that 
the one-form w(p)=w,,(x) dx”|, does not depend on the choice of chart. The 
set of one-forms {dx”|,} is a basis in the cotangent space T*(M) at point pe M. 

Any manifold always admits a globally well-defined smooth Riemannian 
metric but not, in general, a pseudo-Riemannian metric. It can be shown 
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that a manifold admits a metric of Lorentzian signature (—, +, +, +) if and 
only if there exists a global vector field, non-vanishing at each point of the 
manifold (global line field). In fact, any non-compact manifold admits a global 
line field and, hence, a Lorentzian metric. For a compact orientable manifold, 
existence of a Lorentzian metric is equivalent to the fact that the manifold 
has zero Euler—Poincaré characteristic. 

For definiteness, we shall assume through this text that our space-time 
manifold is a non-compact, topologically Euclidean manifold. This means 
that the manifold M, considered as a topological space, is homeomorphic 
to Euclidean space R*. In particular, M may be covered by a single chart 
with local coordinates x”, m=0, 1, 2, 3. 

The choice of local coordinates on M is usually a matter of convenience. 
So, the group of (invertible) general coordinate transformations 


x™—+x'™= f(x) det(¢f"/ex,) #0 (1,6,1a) 
or, in the infinitesimal form, 
x" x'"=x"— K(x) (1.6.15) 


naturally acts on M, Every general coordinate transformation changes 
components of tensor fields according to tensorial laws. For example, given 
a vector field v=v"(x)é,,, Ôm = 0/2x", its components in new local coordinates 
are 


im 


ox 
v(x!) =—— v"(x). 
ox" 


In the infinitesimal case, we have 


dv"(x)=v'"(x) —v"(x) = K" 6,0"—v" 0,K" (1.6.2) 
or, in terms of a Lie bracket, 
o” n= CK" va]. (1.6.3) 
Analogously, the transformation law 
D'(x)=0(x) 
of a scalar field ®(x) can be written in the infinitesimal case as 
bO(x) = O'(x) — O(x)=[K"6,, 0]. (1.6.4) 


When a space-time metric ds? =g,,,(x) dx" dx" has been introduced, one 
can define (in addition to the general coordinate transformation group) an 
action on M of the so called local Lorentz group by the following rule. In 
the tangent space T,(M) at some point pe M, we consider an orthonormal 
frame {@,}, @,=€,"Cm|p» Where a=0, 1, 2, 3, 


(Cas ep) = Y mnla ep" = Mab: 
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Then. an infinitesimal! transformation 
1 b — 
er >e =e,+ Ky Eh K= Kaen = — Kpa 


transfers the frame /e,} to another orthonormal frame {e,}, and therefore 
represents some infinitesimal Lorentz transformation in T,(M). Now let 
fe dp} él P)=e,"(x)e,, be a set of smooth vector fields on M, forming an 
orthonormal frame at each point pe M, 


Imal X)Eq™(X)C,(X) = Nas: (1.6.5) 
The set {2,(p)} is called a ‘vierbein’. Then, the relation 
eax) > e, "(x)= elx) Kel) (1.6.6) 
Kas = — Kpa 


defines an infinitesimal local Lorentz transformation. Here K,, are scalar 
fields on M. Exponentiating equation (1.6.6), we obtain finite local Lorentz 
transformations. 

In contrast to the holonomic basis {0/êx™}, the vierbein forms, as usual, 
an anholonomic basis in the sense that a commutator of basis fields does 
not vanish 


[ee ep] ~ € ay (X)e, 
ap + {(@.@,”) (een) Em 
where @,,° are the ‘anholonomy coefficients’ and e,,‘(x) is the inverse vierbein, 


Cmte" =n" ee,’ =d,’. (1.6.8) 


(1.6.7) 


By virtue of equations (1.6.6, 8), the local Lorentz transformations act on the 
inverse vierbein as follows 


em (X) em (X) = en (X) + K XE) (1.6.9) 
Owing to (1.6.5), the inverse vierbein satisfies the relation 
Gmn(X) = Ham (XE n(x). (1.6.10) 


It is clear that the local Lorentz transformations do not change the metric. 
So any two vierbeins connected by some local Lorentz transformation are 
physically equivalent. Note that the smooth one-forms {e*=e,,“dx”} 
represent a basis in the cotangent space T}(M) of any point pe M. 

Let v(p) be a vector field. In the tangent spaces T,(M) there are two natural 
frames: one with curved-space indices {é/éx™} and another with flat-space 
indices {e,}. Decomposing the vector field with respect to these two frames, 
one obtains 


u(p)=v"™ é/6x"=v*%e, 


=e, u™ =e. 
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The components &” with curved-space indices transform by the vector law 
(1.6.2) with respect to the general coordinate group and stay invariant with 
respect to the local Lorentz group. On the other hand, the components v° 
with flat-space indices are scalar fields with respect to the general coordinate 
group and transform by the vector law with respect to the local Lorentz group, 


v(x) v(x) =v%(x) + K%,(x)v"(x). 


This example illustrates the general situation. Namely, starting from a world 
tensor (a tensor with curved-space indices only) and using the vierbein and 
its inverse, one can convert all curved-space indices into flat-space ones, 
obtaining as a result an object which is a world scalar field and a Lorentz 
tensor field. Of course, we can also consider tensor fields which carry 
curved-space indices at the same time. The frame e,” gives such an example. 

Note that in this text we use the following notational conventions. Small 
letters from the beginning of the Latin alphabet are used for flat-space vector 
indices and small letters from the middle are used for curved-space indices. 

In principle, there is no great advantage in working with Lorentz tensors 
instead of world tensors, The main importance of the local Lorentz group 
structure on a space-time manifold lies in the fact that spinor fields, which 
are used for describing half-integer spin particles, can be defined only as 
(linear) representations of the Lorentz group. There is no way to realize 
spinors as linear representations of the general coordinate group. 

In conclusion, we write down the transformation law of a spin-tensor field 
Pax... With A undotted indices and B dotted indices with respect 
to infinitesimal general coordinate (1.6.1b) and local Lorentz (1.6.6) 
transformations: 


d®, gh -. gl *)= OY, cakir EE E e E EEUE, 
=( Ka+ Ke Mas) acne (1.6.11) 


where M,, are the Lorentz generators. 


1.6.2. Covariant differentiation of world tensors 
The prescription of how to covariantly differentiate world tensors is well 
known. One simply has to introduce the Christoffel symbols 


i x 4 
Pin = 5 g OnI + End pm — pgmn) (1.6.12) 


and to replace operators 4,, by ‘covariant derivatives’ V,, defined as follows: 


V nt = Omt +0 apt? 
i4 x (1.6.13) 


Vin n= mW y TP mn Wp 
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and so on, Given some world tensor, its covariant derivative is also a world 
tensor. The metric y,,,, is covariantly constant 

V pim = 0. 


The covariant derivatives commute only when acting on a scalar field. In 
the tensor cases. we have 


[Vn Vat = A and? 
EV m Vil Wy = ~ 2km p 
and so on, where Bis is the ‘curvature tensor: 
Reig SED ay Bl age ial sal et oe (1.6.14) 
and has the following algebraic properties: 


Mi omn a Rien == Rerum =R mikp 


Sg (1.6.15) 
R" pm AR" mnp t npm=0 
where Ay omn= Yki pma aS Well as satisfying the Bianchi identities 
VR mn + VR pnr + VB prm =0. (1.6.16) 


Extracting from #*,,,, the Ricci tensor Ry, = 2" mee Rmn = Ram and the scalar 
curvature #=g""Z,,,, one obtains the Weyl tensor 


1 5 1 r; 
ead = RB ns Fx E te Rr pom Tr mpn 4 InpAm) TS (3,9np i NG mp) 2. 
2 6 


(1.6.17) 


The Weyl tensor is traceless in any pair of its indices and has the same 
algebraic properties (1.6.15) as the curvature. 


1.6.3 Covariant differentiation of the Lorentz tensor 

To obtain a covariant differentiation rule moving some Lorentz tensor to 
another one, it is sufficient to introduce a spin connection W,,,,(X), 
Omah = — Ompas taking its values in the Lorentz algebra and transforming by 
the law 


SW mab 7 R°C Oman + (OK "YO na — OmK ab + K O mcb + Kp Omac (1.6, l 8) 
with respect to the general coordinate and local Lorentz transformations. 
Then the operators 


1 
=e nH OME =e,"¥,, 
2 (1.6.19) 


Dobe = e," W mbe 
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have the following transformation law 
3 l 
=| Krant KM pes a] (1.6.20) 


when acting on tensors with flat-space indices only. Recalling equation 
(1.6.11), we see that the operators Ẹ, transfer any Lorentz tensor to another 
one (with an additional vector index). So, V, are ‘Lorentz covariant 
derivatives’. 

The covariant derivatives satisfy the algebra 


Sy gE ae: 
[Vas Vi] = T a V: t3 Ra Mea 
F a = Cat + Dani — Ora (1.6.21) 
Rpt = 0p — eng — Gay) W 4 +O (Wy fa =z OO 


where the anholonomy coefficients @,,° were defined in equation (1.6.7). The 
field strengths 7 „° and #,," are called the ‘torsion tensor’ and the ‘curvature 
tensor’, respectively. In general, the vierbein and the spin connection are 
completely independent fields. This is clear from their physical interpretation: 
the vierbein is a gauge field for the general coordinate group, while the spin 
connection is a gauge field for the local Lorentz group. However, one can 
consider a geometry in which the vierbein and the spin connection are related 
to each other in a covariant way, due to some constraints on the torsion. 
For example, the torsion-free condition 


Ff =0 (1.6.22) 


determines, by virtue of (1.6.21), the spin connection in terms of vierbein as 
follows 


Wabe = : (E bea + Coch — E abe): (1.6.23) 


In this case, the curvatures (1.6.14) and (1.6.21) appear to be the curved-space 
form and the flat-space form of the same tensor, 


R pea = EK Eep e ed" R gmn (1.6.24) 


Sometimes, it seems reasonable to consider tensors with both flat-space 
and cuved-space indices. Then one has to modify the definition of covariant 
derivatives (1.6.19) by including terms with the Christoffel symbols acting on 
curved-space indices. For example, if Y3, is a Lorentz vector and world 
covector field, then 


VS = Og PS + Cy BP — TP ag A 
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In the torsion-free case (1.6.22), the vierbein is covariantly constant, 
Ô nen =0 


as a consequence of equations (1.6.12, 23). Now, the derivatives V,, (1.6.13) 
and Ẹ, (1.6.19) are consistent in the sense that they represent the curved-space 
form and the fiat-space form of the same operator. For example, for a vector 
field t° =e," we have 


Vint” = enie T yt", 
Equation (1.6.24) is a consequence of the last assertion, 


From now on, we consider only torsion-free covariant derivatives and 
denote operators V and V by the same symbol V, 


1.6.4. Frame deformations 
We are going to discuss a rather technical question—how to transform 
geometrical objects (the covariant derivatives and curvature) with respect to 
an arbitrary variation of the vierbein 

e," >e," +ôe"  de,%(x)=H,)(x)e,™(x) (1.6.25) 
where H is a second rank Lorentz tensor field. For this purpose, it is useful 
to decompose H into its symmetric and antisymmetric parts: 

H,)(x) = K,'(x)+ A(x) 
Ky= — Kyo Aas=Aya 

The frame deformation de,"=K,’e," corresponds to a local Lorentz 


transformation, under which the covariant derivatives change as in equation 
(1.6.20), or, expanding the commutator, as 


(1.6.26) 


1 
ov, = K.V, a 2 (Va K™)M s: 


and the curvature changes as a fourth-rank Lorentz tensor. We must now 
study the case of a symmetric H. 
Let us consider the frame deformation 


ĝe,” = Å te," (1.6.27) 

Ĥ being a symmetric tensor field. In accordance with equation (1.6.19), we 
can represent the corresponding changing of covariant derivatives in the form 

bs 
Var Va= Vat Ay V+ Âa My. (1.6.28) 
where ©,” is a ‘connection deformation’. To determine it, one must impose 
the torsion-free condition on the derivatives V}. This leads to 

@arc= Vah ac— VA ar (1.6.29) 
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Commuting the derivatives V,, we find the change in the curvature, the Ricci 
tensor and the scalar curvature; 


DF area = VV Apa pan Vah pe) a VV A aa ak, Vaĝ a) + AP oca > AB cca = 
5A» =V V.A aVV Ay VVA ae + VVA + 2A Raa (1.6.30) 
ÒR =2VV Ae -2V°V,, HA Rp 

Note that the vierbein deformation (1.6.27) induces the following (in fact, 

arbitrary) metric variation 
59a = —2Å m= — 2eme Hap: (1.6.31) 

A particular transformation of the type (1.6.27) 
e,” >e" +e" = 
(1.6.32) 
Imn > Ima — 269 mn 


is known as a “Weyl transformation’. Making the specialization of equations 
(1.6.28-30) to the case A,,=«n,», we find how the Weyl transformations 
change all geometrical objects: 


V,7V,+0V,—(V°s)M,» 
ÒR abed = Nba V aV e0 —Nge-WagVaF + NaV pV aO — Nad VVO +20 Raa (1.6.33) 
ÒR = Hab V V0 +2V,V,0 +208, 5 
ÒR =6V'V 0+ 202. 
The Weyl tensor (1.6.17) is seen to transform homogeneously: 
SC ated = 20C grea (1.6.34) 


1.6.5. The Weyl tensor 

The Weyl tensor is an important characteristic of space-time. Namely the 
Weyl tensor measures whether our space-time is conformally flat or not, 
Recall that a space-time M is called ‘conformally fiat’ if there exists a 
coordinate system on M in which the metric has the form 


Imal X) = P(X) mn (1.6.35) 


for some positive-definite scalar function œ on M, It can be shown that a 
space-time is conformally flat if and only if the Weyl tensor vanishes, i.e. 


Capea = 0. (1.6.36) 


Now we give a deeper insight into the structure of the Weyl tensor. Recall 
that it is traceless in any pair of its indices and has all the algebraic properties 
(1.2,34a,c) of the curvature. Let us decompose Casa into its self-dual and 
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antiself-dual components using the Levi-Civita tensor: 


1 i 
C, x rd ach et, F- PAO rd 
2 4 
l p 
> oe, °C + we =r iC, + ns ( l 6.37) 


Cabea= Cy + sated Y Ci- saber 
Using equations (1.2.34b,c), one finds 
C+ "haa =O BC ie (1,6.38) 
and therefore 
Cit yabed = Citicdab (1.6.39) 


We see that C4 abeg iS (anti) self-dual in the first and the second pairs of its 
indices. Further, making use of equation (1.6.37) and the properties of the 
Levi-Civita tensor, one can prove the identities 


Gi + jahéd C4 S ARES = 0 
(1.6.40) 


| 
b 2 
C = jabed C t r ‘ -7 Ci t O47 
Where 
Ci. += Cit sara i+ ie - 


Algebraically, the Weyl tensor and the Ricci curvature are independent. 
But they are connected by some differential relations. Indeed, based on the 
identities 


VIR, dabe = Vba “a VBas 
(1.6.41) 


l 
ViR =- V2 
2 
which are consequences of the Bianchi identities (1.6.16), one obtains 


l 1 
V’ Ciad = 3 (Vi®ae—V Rav) + T (HabV AR — Na V p2). (1.6.42) 


1.6.6. Four-dimensional topological invariants 


In four dimensions, there exist two functionals, quadratic in curvature, with 
purely topological origin: the Pontrjagin invariant 


p= fatx e7'(C2,,—C?_,)  e=det(e,") (1.6.43) 
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and the Euler invariant 
2 > 
r= faxe (chci ataata) (1.6.44) 


Being explicitly constructed from a metric gm» P and y do not change under 
its arbitrary variations 


4=0. (1.6.45) 


Therefore, the Pontrjagin invariant and the Euler invariant depend only on 
the topological structure of space-time. To prove relations (1.6.45), we employ 
the results of two previous subsections. 

As usual, we represent the metric in the form (1.6.10) and consider an 
arbitrary vierbein variation (1.6.25). The functionals P and x are scalars with 
respect to the general coordinate and local Lorentz transformations. Thus, 
they are evidently invariant under the deformations (1.6.25) with any 
antisymmetric H,,. It is convenient to start with the Weyl transformations 
(1.6.32) which leave invariant the functionals 


a= [ate Cis) 


by virtue of the transformation laws (1.6.34) and 6e=4ae. Analogously, the 
functional 


J = [ats e (tants a?) 


is Weyl invariant as a consequence of equation (1.6.33). We see that the 
Pontrjagin invariant and the Euler invariant do not react to the Weyl 
deformations, On these grounds, it is sufficient to consider only the 
deformations (1.6.25) with a traceless symmetric H,,. This is a tedious exercise, 
involving employment of the relations (1.6.30, 37—42), to show that 


ôl,- =ô], -=J 
i 
=2 far am A) VV An S VVA -$ RR y+ TON (1.6.46) 
A ab— A ba A a=0. 
This completes the proof. 
1.6.7. Einstein gravity and conformal gravity 
We now recall two gravity models based on different gauge groups, The 


first one is Einstein gravity describing (as a field theory) propagation of a 
spin-two massless particle (the gravition). The theory is characterized by the 
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action 
Sensis | at e'R (1.6.47) 
2k 


where x is a gravitational coupling constant. The gravitational field can be 
treated in terms of the vierbein or the metric. In the vierbein approach, the 
symmetry group of Einstein gravity is a product of the general coordinate 
group and the local Lorentz group. The vierbein transformation law is 


de,"=K"0,e,"—e,K"+K,e,”. (1.6.48) 
It is instructive to rewrite this deformation in the form (1.6.25). Using the 
torsion-free condition, one finds 
õe" =H be," + R te," 
f= —VuKy  <K*=K*e,! (1.6.49) 
R p= Kao K Oan ViaK oy 
In the metric approach, the symmetry group of Einstein gravity is reduced 


to the general coordinate group. The metric transformation law can be easily 
obtained from equations (1.6.31, 49): 


5Gnn=VinKn+VnK me: (1.6.50) 


The equations of motion for Sg are 


1 
Ras = Nav R=0, => &,=0. (1.6.51) 


To derive them, one must use equation (1.6.30). Recalling equation (1.6.42), 
we see that the Weyl tensor satisfies the on-shell equations 


WC. =0. (1.6.52) 


The second gravity model we would like to discuss is conformal gravity. It 
is characterized by a larger gauge group with respect to Einstein gravity 
since the corresponding action 


Şal f dfx e7! CHC yea (1.6.53) 


r 


is invariant, as has been shown above, under the Weyl transformations. The 
price for this additional symmetry is that Sc is a higher-deriyative model, In 
the vierbein approach, Sc is invariant under the general coordinate, local 
Lorentz and Weyl transformations: 


be,"=K"C,e,"—e,K"+K,'e,"+0¢,". (1.6.54) 
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In the metric approach, the transformation Jaw is given in the form: 
89 mn = Vinkn T VpK m = 209 mn: (1.6.55) 
The equations of motion for Sç are 


VY Aa -; A -; RR p +R Regs 


(1.6.56) 
-7 Nal VV R- R? +3R R )=0 


as a consequence of equation (1.6.46). Any conformally flat metric is a solution 
of these equations. 


1.6.8. Energy-momentum tensor 

Let S[®,e,] be a model of some field ®©={'} coupled to a gravity 
background. All information about coupling to gravity is encoded in the 
variational derivative of the action with respect to the vierbein 


T(x) = —6S/de,"(x). (1.6.57) 
Note that the variational derivative is defined as follows 
ôS 


bS= [os e`! de," 


The symmetric part of T „° 
åS 


To» =; (e ra ye" Tn?) =e; (1.6.58) 


mn 
is known as the ‘energy-momentum tensor’. 

We anticipate the model to be invariant under the transformations (1.6.48) 
supplemented by general coordinate and local Lorentz transformations of 
matter fields ®©. What are consequences this invariance leads to? Let the 
matter fields be on-shell, 


8S/5@=0, (1.6.59) 


Then, the Lorentz invariance means that 
fasem K,’e,"T,,°=0 
for any antisymmetric field K,,(x). So on-shell, T* has no antisymmetric 


part, and hence T” coincides with the energy-momentum tensor. The 
invariance under the general coordinate transformations, by virtue of 
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equations (1.6.48, 49), means 
os e ' VK y,T? =0 


for any vector field K(x). Therefore, the on-shell energy-momentum tensor 
satisfies the equation 


V,T* =0. (1.6.60) 


Suppose, in addition, that the action S[®, e,”] is invariant under the Weyl 
transformations 


ĝe," =0e," d0'=ad,,0' =a(do)' (1.6.61) 


where d are constants. Then, the on-shell energy-momentum tensor is 
traceless, 


T’=0 (1.6.62) 


as a consequence of conditions (1.6.61). 


1.6.9. The covariant derivatives algebra in spinor notation 
For completeness, we now rewrite the algebra (1.6.21) of the torsion-free 
covariant derivatives in two-component SL(2,C) notation, This notation 
happens to be very useful when working with field theories in superspace 
which will be analysed in detail later. 

Recalling the one-to-one correspondence (1.2.30) between Lorentz vectors 
and SL(2, C) bi-spinors with one dotted and one undotted index, we introduce 
the bi-spinor derivatives 


Vaa =(0) 25 V a (1.6.63) 


Then the algebra (1.6.21) under the constraint 7,,°=0 takes the form 


1 DA — ty 
[Vaz Vna] = 3 Ras pp M cd 7 Ray phos M°+2 za hhg M = (1.6.64) 


1 
Raz thes aze Jaslo pila ys Raned 


where we have used equation (1.2.33). Because of algebraic curvature 
constraints (1.6.15), Zz pfa and Fazni Can be decomposed in terms of 
their irreducible components as follows: 
Res. hha = Fa pC apa + apE saht Cxpllax€ps t+ Exen) E (1.6.65) 
Rey pp. ph = Exp Capes + eap Enpa + Enple Epa + ease pn) F. 
Here C,,,5 is a completely symmetric tensor, and E..5,3 is a tensor symmetric 
in its dotted and in its undotted indices. The spin-tensors from equations 
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(1.6.65) are connected with the curvature components by the rules: 


1 


— 2R 
12 


F=F= 
l PEAS 
Ezgai = app =5 (O° Jalo pA Ra- Nab 
1 
Cap;à = 6 {(o*”),,a(o° a + (o) laia + la”) ala py } Cy-jarea (1 6.66) 


l 4 a < 
Cah = UEP hap Nhi HE aE a + (G0) 5354) bs | Cy + abet 


To derive the last two relations, we have used the observation that the 
matrices a” and &® are (anti) self-dual: 


soto —ia® 


(1.6.67) 
$ etg =i”. 
2 
Finally, the Bianchi identities (1.6.41, 42) take the form 
A 1 
V Erpa = “> Vip (1.6.68) 


3V"; Cfp = yä E; pap + V Ezo + y E paap 


1.7. The conformal group 


1.7.1. Conformal Killing vectors 

Let M be a space-time manifold with local coordinates x” and metric 
ds? =g,,,(x) dx" dx” (of Lorentzian signature). Given a vector field č = č" (x) m 
we can define an infinitesimal general coordinate transformation 


x™— x "=x" + E(x) (1.7.1) 
which changes the metric as follows 
ÒI mnlX) = Gran) — Iml) = — VinEn— VnE me (1.7.2) 
A vector field (x) is called a ‘conformal Killing’ vector if it satisfies the 
equation 


TENES 5 dma) (1.73) 


Any conformal Killing vector induces the general coordinate transformation 
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which locally scales the metric 
= n ha 1a ' 
ÖY mn = — 20 [E] mn olt]=7 Vie". (1.7.4) 


It is convenient to introduce some vierbein e,”(x) for the metric and to convert 
curved-space indices in equation (1.7.3) into flat-space ones in standard 
fashion: one has to change č" to €*=é"e,,* and V,, to the Lorentz covariant 
derivatives V,. Then equation (1.7.3) takes the form 


| 
Voči +r Vba “3 hasl Več"). (1.7.5) 
Equation (1.7.4) is now equivalent to the identity 


1 
-| ev.+ 5 KEJ” Mpe v, |=oteav, +(V6oLE])M ea 


(1.7.6) 
K[E}* = yes me vee 
me See 
where M,, are the Lorentz generators. This identity means that the composition 
of the general coordinate transformation 
xy x! = yt E(x) 
(1.7,7a) 


m z 


e" = ge," ea" 
the local Lorentz transformation 
de," = K[E],’e,"—&w,.°e,” (1.7.76) 
and the Weyl transformation 
ðe," =o [$] e," (1.7.70) 


where é” is a conformal Killing vector, do not change the vierbein, and hence 
the metric. 


1.7.2. Conformal Killing vectors in Minkowski space 

Not every manifold admits conformal Killing vectors because of global 
restrictions on the curvature and topology of the manifold. Minkowski space 
admits non-trivial solutions of equation (1.7.5). Now we find all conformal 
Killing vectors in Minkowski space, where equation (1.7.5) takes the form 


1 
lao ta = abl ek"). (1.7.8) 
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It has the evident consequences: 
I 
o E z ~ > ĉes) c= aA, ( 1,7,9) 


n(é.¢)=0. 
After applying the master equation (1.7.8) once more, we find 
OG oe, + Oba) =0 
AEA (1.7.10) 
€,0,(€,€°)=0. 


Keeping in mind the last identity, we differentiate the master equation twice, 
resulting in 


C076 ,6,+6.6,6,6,=0 => 
G.6,0rE4 + €,0,046,=0 
60,045, + 66,664 =0. 
These three equations have the general solution 
6,6,6,€, = 0. (1.7.11) 


We see that conformal Killing vectors in Minkowski space are at most 
quadratic in space-time coordinates. This observation along with the master 
equation, leads to the final expression for conformal Killing vectors: 


ča x)= bY + Ax + Kex? + fx? —2x%(x, f) 
Kay= — Kia (x, JJ=x"f, 


where b°, A, Kam J? are arbitrary real constant parameters. Evidently, the 
parameters b° and K,, correspond to the Poincaré transformations. The 
parameters A and f° induce infinitesimal space-time transformations of the 
form (1.7.1) known as ‘dilatations’ (or scaling transformations) and ‘special 
conformal boosts’, respectively. 


(1.7.12) 


1.7.3. The conformal algebra 
Let ča) = čia and ¢,2,=¢7,)6, be two conformal Killing vectors in Minkowski 
space. Their Lie bracket 


[ny TEN = Čia) = Ciao 
Šia =e Si 2) p ElndEin 


gives the vector field €,,, which also satisfies the master equation (1.7.8). 
Therefore, the set of all conformal Killing vectors forms a Lie algebra called 
the ‘conformal algebra’. 
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We introducea basis { P,, Jap: D, Va} for the conformal algebra by the rule: 
E=E%(x)e, nif oP, —-~K* J ,,—AD+ f°V, 4 


for any conformal Killing vector &°(x) of the form (1.7.12), where 
P,= —i0, Jab =i(X,6q— X alr) 
D=ix"ô, Fre ee 
The basis vector fields satisfy the algebra 
[D, P,)/=—iP, [D, V,J=iV, 
LV. Pe] =2in.,D — 2J 55 
[Jan Pl=iMacPs—iNyPa (1.7.14) 
Lass Vl = iMa Vo — inoc Va 
[Jabs Jea] = Mac) ba — Maad be + Mead ae — Moed aa: 


All other commutators vanish. These commutation relations define the 
conformal algebra. So we can forget about its explicit realization (1.7.13) and 
postulate the conformal algebra as an abstract real Lie algebra subject to 
two requirements: (1) it has a basis {p,. jaa = — joas 4, Ya} with multiplication 
law as in (1.7.14); (2) its general element X is of the form 


X= i(- bp.+ 5K ‘jan + Ad — =f.) (1.7.15) 


where b°, K®=— K*, A, f° are real parameters. 
The ‘conformal group’ is formally obtained by exponentiation of the 
conformal algebra, So, nearly all its elements can be writien as 


g=exp| (p+ i Kint ad= v) | (1.7.16) 


This definition is rather formal. Now we give two realizations of the conformal 
group. 


1.7.4. Conformal transformations 
The conformal group can be formally realized as a group of nonlinear 
transformations in Minkowski space 


x= x =g xÀ, 


For infinitesimal group elements 


i 1 x 
gæl ti(=ro ti Kitada) 
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we define the corresponding transformations as follows: 
x>g’ x =x" + C(x) (1.7.17) 


where €(x) is the conforma! Killing vector (1.7.12), Exponentiation leads to 
the transformations; 


l. Translations 


eR 0 Mie + BP (1.7,18a) 
2. Lorentz transformations 
elt 2K jn. x*=(exp K} x’ (1.7.18b) 
3. Dilatations 
eisd. xt edye (1,7. 18c) 
4, Special conformal transformations 
gi Bo FTA (1.7.18d) 
1+2(f, x) + f?x? 


The only comment required concerns the derivation of equation (1.7.18). 
For this purpose, let us consider the inversion transformation defined on a 
domain of Minkowski space: 


R: x*=x""=x"/x? R?=]. (1.7.19) 


lt is an easy exercise to show that the inversion locally scales the metric 
ds? =, dx? dx’, 


ds? + ds’? =ds?/(x?)?. 
Hence, the inversion is a discrete conformal transformation. Now, one can 
check that the transformation 
Re fA R+ x" 


coincides with the right-hand side of equation (1.7,18d), On the other hand, 
in the case of infinitesimal parameters f”, we have 


RO — if pa) Rx" = x" + (f4x? —2x*(f,x)) = (1 —if*v,)-x", 
So, we obtain the identity 
R e7 Y"a R =e (1.7,20) 
which proves the relation (1,7.18d). Note that the following identities 
R c'i R = emid R DK jo R a gil 1 /2)K jus 


also hold, 
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Remark. The inversion transformation (1.7.19) turns out to be indeter- 
minate for the points of the light-cone surface x*=0 in Minkowski space. 
This leads to the fact that the special conforma! transformations (1.7.18d) 
are not defined globally on Minkowski space. Thus, the conformal group is 
not a true transformation group of Minkowski space; its global action can 
be constituted only on a compactified version of Minkowski space. When 
considering below finite conformal transformations on Minkowski space (or 
finite superconformal transformations on a superspace, see Chapters 2 and 
6), our discussion will be rather formal. The reader should keep in mind that 
only infinitesimal conformal transformations prove to be well defined on 
Minkowski space; finite conformal transformations are well defined in general 
on some domains in Minkowski space. 


1.7.5. Matrix realization of the conformal group 

We now give an exact realization for the conformal group as a group of 
linear transformations acting in a six-dimensional space RÉ with coordinates 
y'=y°, y',..., y$ and the metric 


dS? = Ay P +(y!P +... + (94? U8)? = srt (94 —(98)? (1.7.21) 
Let us consider the group O(4, 2) of linear homogeneous transformations 


y! + y= A' y" preserving the above metric. All O(4, 2)-transformations move 
the ‘light-cone’ surface 


yya + I —(*P =0 (1.7.22) 


onto itself, O(4, 2) is a 15-dimensional Lie group consisting of four connected 
components. We identify the conformal group with the component of unit 
in O(4, 2) denoted by SO(4, 2)’ (the matrices from SO(4, 2)' are specified by 
the requirements that their diagonal 2 x 2 and 4x 4 blocks labelled by the 
indices 0, 5 and 1, 2, 3. 4, respectively, have positive determinants). Let us 
comment upon this definition. 

It is useful to redefine the variables »* and y‘ by the rule 


l 
y=56-0. y=3e+A. 


Then equation (1.7.22) takes the form 
yyu= ah. 
We parametrize locally the ‘light-cone’ as follows 


f ya xx" 
x |s| ä& (1.7.23) 
B yx? 


where x° will be identified with the coordinates of Minkowski space. Now 


Mathematical Background 51 


consider particular SO(4,2)' transformations given with respect to the 
variables (\", x, f) by the matrices 


AY, | bt | o 

A= p 7 oe (1.7.24a) 
aala a 
ga | 0 0 

pala. |e | ag (1.7248 
fae | oy LS 
sf oO) i 

A= Se Fy y (1.7.24¢) 
ORTEN 


where A is an element of the Lorentz group. The transformation (1,7.24a) 
acts on the surface (1.7.23) by the rule 


gx" o(A*,, x° +b") 
x |= a 
a’x'? al Ax +b)? 


so we recognize here some ordinary Poincaré transformation in Minkowski 
space. Analogously, the operators A, and A, act on the space-time as a 
dilatation and a special conformal transformation, respectively. Matrices of 
the form (1.7.24a-c) generate SO(4, 2)'. Note also that the six-dimensional 
transformation 


Yuy a-f fa 


corresponds to the space-time inversion (1.7.19). 


1.7.6. Conformal invariance 
The conformal group turns our to be the space-time symmetry group of 


some massiess field theories. One possible way to understand this assertion 
is as follows. 
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Consider a field theory in Minkowski space and suppose that it can be 
extended to a curved space so that its curved-space action is invariant under 
Wey] transformations of the metric (1.6.32) supplemented by some cq- 
dependent transformations of the matter fields. In detail, let S[®] =f d*x. ¥(®) 
be an action describing the dynamics of some fields ®= {®‘} in Minkowski 
space. Let Yj,(x) be a curved space-time metric. If S[@] is a massless field 
theory, it is possible, as a rule, to define a generally covariant action 


Slo, dnal=| V- £(®, 9) (1.7.25) 
where g=det(g,,,). such that: 


1, In the flat-space limit, S[®, gma] reduces to the original action S[®], 
SED. Gren = Nm] = STP] (1.7.26) 


where Hmn is the Minkowski metric. 
2. The action S[®, gmn] is invariant under the following transformations 


59mn= —269m, 60! =ody0'=o(do)! (1.7.27) 


which have the form (1.6.61) in the vierbein approach. The constants d,,, 
are known as ‘conformal weights’ of massless fields 0’, 


We shall argue later that the local invariance (1.7.27) is possible in the massless 
case only. 

Due to the Weyl invariance and general covariance, the action S[®. gmn] 
does not change under the transformations 


< 1 
5O=6°V,0+—K”M,O + cd = 64,0 4 (K + éno, ®)M pD + odO 


6e,"= —(V,0°)e," +K te toe =fe,"—e,0"+(K,? HE Ope" oe 


where č”(x), K%%(x)= —K* and o(x) are arbitrary parameters (it has been 
supposed above that all ®t are Lorentz tensor fields). Now let €"(x) be a 
conformal Killing vector with respect to the metric gm» Then the composition 
of the general coordinate transformation (1.7.72), the local Lorentz trans- 
formation (1.7.7b) and the Weyl transformation (1.7.7c) do not change the 
vierbein and, hence, the metric 


ôe," = —(V,e")e," + K([E],"e," + a[E]Je,”" =0. 


So, the Weyl invariance (1.7.27) of S[®,4g,,,,] leads to the fact that every 
transformation of the form 


-30=27,04) K[E}"M,,@ + ofE]do 
2 (1.7,28) 
ôe" =0 = Jm, =0 


where £“ is a conformal Killing vector. preserves the action S[, gmn]. 
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Taking now the flat-space limit in equation (1.7.28) (gmn 4 mn Va — Gq and 
so on) and using the boundary condition (1.7.26), one finds the action S[®] 
in Minkowski space to be invariant under conformal transformations 


— 60 = 680,0+ KEMO + ofé]d0 
e (1.7.29) 


l LES ss 
= -Ač 
2 ga 
where č“ is an arbitrary conformal Killing vector (1.7.12). 
Consider scale transformations with č°= Ax" in equation (1,7.29): 


b= — Ax, D — AdO 
or in the case of finite transformations, 
P'(x)=e7 MD(e Pii) (1.7.30) 


It is clear now that the conformal weight d, coincides with the dimension of 
'. The action S[®] is invariant under (1.7.30). This invariance makes it 
possible to change arbitrary scales in the theory under consideration, and 
therefore anticipates the absence of fixed dimensional constants (otherwise, 
it implies an infinite number of dimensional constants). On these grounds, 
the conformal symmetry is admissible for massless theories only. To be more 
exact, a theory may admit conformal symmetry if it is massless or describes 
particles of all possible positive masses 0<m< æ. Indeed, at the quantum 
level, the conformal symmetry means that in a Hilbert space of physical 
states we have a representation of the conformal algebra (1.7.14) by Hermitian 
operators {P,, Ja» D, Va}, where P, and J,, are the Poincaré generators, D 
is the dilatation generator and V, are the generators of special conformal 
transformations. Due to the identity 


[D, P,J=—iP, 


the squared mass operator (—P*P,) is characterized by the following 
transformation law 


K(e]*= 


e-r)  oLEl= 


e72 —P*P,) eiAD =e IA PP.) 


with respect to the dilatations. So, if |) is some state of given positive mass 
m, then the state [Y> =e!4°/'P carries the mass m'=e~ 74m. Both states |’) 
and |> must belong, by virtue of the conformal invariance, to the same’ 
Hilbert space. Hence, conformally invariant theories describe only massless 
particles or particles with all possible positive masses, 


1.7.7. Examples of conformally invariant theories 
Our general consideration will be accompanied by three examples. The first 
example is the theory of a massless self-interacting scalar field n(x) with the 
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action 
Stl= —+ | dts} enint nt 17.31 
(nj= =e xdeé nent an (1.7.31) 


where 4 is a dimensionless coupling constant. The unique continuation of 
S[y]ina curved space-time, consistent with the above given requirements, is 


1 — 1 i 
SE: Ywl = —5 {ats V =a} 0" Emh enta main) (1.7.32) 


where # is the scalar curvature. Using the transformation law (1.6.33) of the 
scalar curvature, one can prove that the action Sn. Ymr] is invariant under 
the Wey! transformations 


ÖY mn = — 269 nn on =n. (1,7,33) 


Now equation (1.7.29) says that the action S[y] is invariant under the 
following conforma! transformations 


: | 
—on=SC n+ 3 (ôa M (1.7.34) 


where & is a conformal Killing vector. Making use of the master equation 
(1.7.8), one can explicitly check the invariance (1.7.34). 

Our second example is the theory of a free massless Majorana spinor field 
Yx) with the action 


s[¥]= -: | tx Py? eY. (1.7.35) 


Its continuation to a curved space-time is given by 


S[¥.e,™ = —+ [ats en pyy Y (1.7.36) 


2 


where e,” is the vierbein. This action is invariant under the Weyl 
transformations 


ée,"=ae,” òY =Ż oY, (1.7.37) 


Then equation (1.7.29) shows that S[¥] is invariant under the conformal 
transformations 


3 
—d¥=¢" e+ K”[E]E, P + A GA g (1,7,38) 
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Here we have used the Lorentz transformation law (1.4.11!) of four-component 
spinors. 

The last example is the Yang-Mills theory describing the dynamics of 
vector fields A, taking values in a compact Lie algebra, A,=iA,'T! and T! 
are the generators of the algebra, tr(7’T’)=6"”, The action is 


l 
S[A] -7 tr Jos FaF”. (1 .7,39) 
g’ 


The only continuation of this action to a curyed space-time, consistent with 
the gauge invariance of S[A], is 


SEA. dad = 25 fos JF mF u" 
j (1.7.40) 
F 3 VinAn =V An yr LAm A,]. 


Here A,, carries a curved-space index. The action S[A,g,,,] is evidently 
invariant under the Weyl rescalings 


| Rmn = — 20 Bmn zs | Se," =e" AAA 


Am =0 bAy = oA, 


where A, =e¢,"4,,, and e,” is some vierbein for the metric. Recalling equation 
(1.7.29), we conclude that the action S[A] is invariant under the conformal 
transformations 


l l 
—ĝA, =Ç, Aa + > (ač -—OE,)A,+ j (6.6) Aq (1.7.42) 


= 


1.7.8. Example of a non-conformal massless theory 

Now we present an example of conformally non-invariant massless field 
theory. This is the model of a second-rank antisymmetric tensor field B(x) 
with the action 


S(B] =; fases B)L,(B) 
(1.7.43) 


L(B)= 5 as ape, 


It is a simple exercise to show that the theory SLB] cannot be continued to 
curved space-time in a way consistent with Weyl invariance. Moreover, in 
the next section, we give a direct proof of the fact that the Poincaré group 
is the maximal space-time symmetry group of S[B]. 
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1.8. The mass-shell field representations 


In Section 1.5, the irreducible unitary representations (massive and massless) 
of the Poincaré group have been described. Now, we give their realizations 
in terms of tensor fields restricted by some supplementary conditions. We 
shall also consider irreducible massless field representations of the conformal 


group. 


1.8.1, Massive field representations of the Poincaré group 

Recall that the irreducible massive Poincaré representations are classified by 
mass and spin. For definiteness, we fix some mass value m>0. The irreducible 
massive spin-zero representation is seen to admit the only realization in terms 
of a scalar field (x) under the mass-shell equation 


P*P,O=—-m’b P, =i, (1.8.1) 


However, in the case of some non-vanishing spin s, the irreducible massive 
spin-s representation admits several realizations in terms of fields. 

Let us consider the linear space #4 ») of (4/2, B/2)-type spin-tensor fields 
Da aii. aX) totally symmetric in their A undotted indices and 
independently in their B dotted indices, A+B=2s, and satisfying the 
following supplementary condition 


OD a, iy debs, chy. 2) =0, (1.8.2) 
and the Klein—Gordon equation 
(mi? )\Do 3... 248s. 4g(X)=0. (1.8.3) 


Here 6,,=(0"),5C,. AS we shall show, the supplementary condition (1.8.2) is 
needed to select the spin-s representation. Note that this condition is absent 
in the cases A=2s, B=0 and A=0, B=2s. 

One more restriction should be added to obtain a positive energy 
representation. Namely that in the ‘momentum space’ decomposition for 
Dy 4. -x,44:..,4,(X) only positive frequency plane waves should be kept 


d'p . 
Dias: E ET 
P (1.8.4) 
pe=(p'. p) p= ym +p, 


This decomposition should be extended to include negative frequency modes 
when the discrete space-time symmetries (time reversal and parity) are taken 
into account. In momentum space, the restriction (1.8.2) takes the form 


D*O ase 45u (P)=O. (1.8.5) 
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Note that the supplementary conditions (1.8.2) and (1.8.4) and the mass-shell 
equation (1.8.3) are invariant under Poincaré transformations. 

Any field from #45, has (A+B+1) independent components. To prove 
this, it is useful to employ the momentum space decomposition and to make 
the transition into the rest frame, in which p,,= p"(o,)43 =m6,,; then equation 
(1.8.5) means that the rest-frame field components are totally symmetric in 
all their indices. There is another, more elegant, way to prove the above 
statement. Let us consider the following operator 


i 1 
Au, =—Pys =—C x4 (1.8.6) 
m m 


invertible through the equation (1.8.3), 
AJA, =s AAP =s, (1.8.7) 
Now, if B40, we can define a one-to-one map of %4 9, ON 44-1. 3-1) bY 
the rule: 
Dy 20 Ral XP Dy... yey PRE T i) 
W ad cal) EHan- (1:8:8) 
Applying this operation B times, we obtain the one-to-one map of 4, 
on Xias,op But all fields ®, ,, (x) from #2, 9) are totally symmetric in their 
indices, so they have (2s + 1) independent eer Rather beautifully, this 
shows that all spaces % 2.0). 4i2s-1.3): +++» Ho. describe equivalent 
representations of the Poincaré group. 
Now we are going to demonstrate that the spin operator W°W,, where 
W, is the Pauli-Lubanski vector, is a multiple of the identity operator on 


Hia sy Owing to the explicit expressions (1.5,14) for the Poincaré generators, 
the Pauli-Lubanski vecior is 


1 
W, = 5 Eara MEY. (1.8.9) 


It is worth changing here the Lorentz generators with vector indices to 
generators with spinor indices according to the rules (1.3.9) and (1,2.33): 


l = 
W,=+ 3 babeal’{ — (0) g MP +a ap MP). 


Making use of properties (1.6.67) for the o-matrices, we obtain 
W.=i(05)np MC? + iG aag M PE. 


Finally, we convert the vector index ‘a’ into a pair of spinor indices, dotted 
and undotted, resulting in 


Ws = — iô, M pa +i f M pas (1.8.10) 
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Then, the spin operator takes the form 


W.W, = -E WW — (MM + MP M p) + Map Mapa, 
(1.8:11) 


Here we have used the mass-shell equation (1.8.3). The values of M”May 
and MÊM, af in the (n/2,m/2) representation series have been calculated in 
Section 1.3 (see equation (1.3.14)). So, we only need to determine the last term 
in (1.8.11). Recalling how M,, and M) act on spinor indices (equation 
(1.3.12)), one obtains 


< B 
GOM, 5M yj... BTEC) ae x Os, COM ap, (rae PAB cee 


Here the first term vanishes due to the supplementary condition (1.8.2). For 
the same reason, the second term can be rewritten as 


< LS E a id oe TO M => ABm?,, 


Niet Y: ts sitan a 
2 gs Lk=1 


where we have used equation (1.8.3). The relation obtained together with 
equation (1.3.14) lead to the final result 
WW! v,,,= mst 1h = s=A/2+B/2. (1.8.12) 


To summarize, we have shown that the massive spin-s Poincaré 
representation can be described in terms of (4/2, B/2)-type fields, A+ B=2 
restricted by equations (1.8.2.3), Note that the irreducible integer spin 
representations are usually described by choosing A=B and considering in 
Xs the subspace of real spin-tensor fields 


Osx. E ETE on ANE Daia, aka (XD: (1.8,13) 


All spinor indices here can be converted into vector ones 
Daas. abl- l) zê, PAG. (a Ona, aiaa l) (1.8.14) 


obtaining a real tensor field which is totally symmetric and traceless: 
4,05. a. = Playas. a Oinas =A (1.8.15) 
The supplementary condition (1.8.2) is now 
aai AN (1.8.16) 
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The irreducible half-integer spin representations are usually described by 
choosing A—1=B or B—1=A, In the first case, we write any field from 
Hig 1p) aS 


Fazi -sanhi s(x) 


and then convert each pair (z; 3), i=l, ..., B, into a vector index, 
J > =. \ene, 
Faral) =l — IPG, PP | Fash ii A E RA 1B) 


obtaining a spin-tensor which is totally symmetric, traceless and a-traceless: 
Paas.. aa = Faas ama Pa. = 
(6°) Parie ag x =O: 
The supplementary condition (1.8.2) can now be written as 
OP oa, nag bo a (1.8.19) 


The second case, B—1 =A, is treated analogously. Any field from Haa- 
should be represented in the form 


Aja... 


(1.8.18) 


Fx latini 4X) 
and then each pair (x; å), i=1, ..., 4, transformed into a vector index, 
1 
24 


The resultant spin-tensor satisfies the following algebraic 


Y aS (64). (Gy) a, aa (1.8.20) 


= a —= 
paki Neen cae bf I a=0 


(67) 45 Paa, vera FQ 


(1.8.21) 


and differential 
OP aaj erally dX) = 0. (1.8.22) 


constraints. 
In conclusion, note that, if A#B, the Poincaré representation on Xi 4.9) 
is irreducible until considering the operation of complex conjugation, 


1.8.2. Real massive field representations 

We would like to continue analysis of the massive case and to consider real 
field representations. Each space 4, p is assumed here to describe massive 
fields possessing both positive and negative frequency modes in their Fourier 
decomposition. Recall that the operation of complex conjugation provides 
us with a one-to-one mapping * (1.2.19) of the linear space of 
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(A/2, B/2) tensors on the space of (B/2, A/2) tensors and, as a consequence, 
of the mass-shell space #49, On %g, 4. On the other hand, making use of 
operator A, (1.8.6), we can define, by analogy with (1.8.8), the one-to-one 
mapping A of %4.5) On %g.4) as follows 


®,, x jk). yl XD ®,, oo Mp E 4 AX) = A, ss Aa A, nae A”, D, 


Now we select a Poincaré invariant subspace WR a in Xa 5, which is 
characterized by the coincidence of the maps * and A on it. Any 
field from #7, 9, satisfies the equation 


Oy ach, rd (= S sep Ay tA” s, Ch AM; O, 


A AE yg X)- 


sa(X). (1.8.23) 


We shall call such fields ‘real massive fields’, 
To clarify what equation (1.8.23) means, let us consider some particular 
cases. In the case A= B=s, we have 


Da ai BUM) Og, ee Ag A Ag Dy, a 
= A. X ee A, As, eae A's Dy, ar yy A= Dy, a a (OX) 
where we have used the supplementary condition (1.8.2) and the mass-shell 
equation (1.8.3), So, if A=B, equation (1.8.23) gives nothing more than the 
reality condition (1.8.13). 
In the case A—1=B, equation (1.8.23) together with equations (1.8.2, 3) 
lead to 
P vo Apih. p(X) =A," H Aag AŽ Ai, E A? 44 E E rE ta(®) 
HALA ARAN, AM Be, coe oe (x) 
AO 55 dali. ale 
In terms of the spin-tensor field (1.8.17), this result is 
mË, ze an (x) T i ge T jou) > 
= mY, . aga) =, G A š- as (X)- 
The equations (1.8.24) are elegant in three respects. First, the Klein-Gordon 
equation (1.8.3) is a consequence of the first-order differential equations 
(1.8.24). Secondly, the fields ¥,, 4,2 and ¥, 4, under the Klein-Gordon 
equation, describe two different massive particles having spin (B +4). When 
equations (1.8.24) are imposed, however, we have only the independent field 


‘Y,....agas Which corresponds to a single massive particle with spin (B+4). 
Thirdly, let us make the replacement 


(3/4)ri —(3/4)ri 
Porccag ae i Fam ae eS p ARATE 


and incorporate the resultant fields into a four-component column 


a at 
= a ea T 1.8.25 
a ie ) ( ) 


(1.8.24) 


x 
a.. ag 
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which is a Majorana spinor and rank-B Lorentz tensor. Then equations 
(1,8.24) coincide with the Dirac equation 


üy it mY. a(x) =O (1.8.26) 


where the y-matrices were defined in (1.4.10). 

Finally, if |4— B| #0, 1, the reality condition (1.8.23) can be represented 
in the form of a differential equation independent of the Klein—Gordon 
equation but having the same or higher-order |A — B|. 


1.8.3. Massless field representations of the Poincaré group 

To describe the massless case, we consider a (4/2, B/2)-type spin-tensor field 
Gx,..1,%...4,(%) totally symmetric in its A undotted indices and in its B 
dotted indices, satisfying the following supplementary conditions 


av? = 
P Ga, QA- gl X) =O 


OG. agi. =O. 
As will be shown, the supplementary conditions are sufficient to select a 


single helicity state. The equations (1.8.27) can be rewritten in the following 
equivalent form 


(1.8.27) 


Bus Gans segs ov Hal X) = Cerys Grey... irati ta lX) 5 Opt, Ga iati odes deol) 


i? 


(1.8.28) 
where k=1...., A and /=1,..., B. If A#0 or B40, the on-shell equation 
OGa, ...a4%)...49(X)=0 (1.8.29) 


follows from the supplementary conditions. If A=B=0, there are no 
supplementary conditions, and we have only the on-shell equation 


OM(x)=0. (1.8.30) 


Note that the supplementary conditions (1,8,27) are invariant with respect 
to the Poincaré transformations. 
The massless analogue of decomposition (1.8.4) is 


d*p , 
Gay, E ose) = T CPE Gy, dah: tal P) 
p (1.8.31) 
p’=(p°,p) — p° =|). 
In momentum space, the conditions (1.8.27) take the form 
PPG»... x4_1%)...a(P) =O (1.8.32) 


PYG, asot.. tu (P)=0. 
It is now an easy task to prove that the fields under consideration have only 
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one independent component. Indeed, choosing a reference system, in which 
p°=(E, 0. 0, E). we have 


0 0 
ak = para 22E J 
p*=p"(G,) #4 S) 


Then equations (1.8.32) mean that the only non-vanishing component is 
G; „14..A(p): 


A B 


We now show that any of the fields under consideration carry a definite 
helicity. Using the Pauli-Lubanski vector (1.8.10) and recalling definition 
(1.3.12), one obtains 


Wahn.. ni- ay 


| 2 
n> eh pg 0 PAR ee E E a EE ae AE T, 
- k=l 


i B 
Eie 
+ Cg pe leas Ga. nha E EE E a Payor, S TA 


ZC gj 

i A i B 

5 pA Ca AG pa Bei tyky dey TZ 2 Cha Ga, eT: E AE T 
“k=! 2 K=1 


where we have used equations (1.8.27). Applying the second form (1.8.28) of 
the supplementary conditions, one obtains 


l 
WahGa. sa a55 (A— BYP gG, aa.. 


(1.8.33) 
Pap= —iegp. 


Therefore, we have found that any (4/2, B/2)-type field under the 
supplementary conditions (1.8.27) (or under the on-shell equation (1.8.30) 
when A=B=O) describes a massless particle having helicity A=(4—B)/2. 


1.8.4. Examples of massless fields 

It is our purpose now to demonstrate how massless fields, described in the 
previous subsection. arise in field theories. To start with, we consider two 
different field realizations of a spin-zero massless particle. The first realization 
is built in terms of a scalar field (x). The action 


S[y]= -5 fas MOF, (1.8.34) 


leads to the on-shell equation (1.8.30). So, the field g(x) carries helicity ¿ =0. 
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‘The second realization is described in terms of a second-rank antisymmetric 
tensor field B,,(x). Its classical dynamics are dictated by the action (1.7.43) 
being invariant under the following gauge transformations 


Bix) > Bix) = Beg + Oh ay (1,8.35) 


where 4,(x) is an arbitrary vector field. It is the field strength L,(B) that is 
invariant under these transformations. The equation of motion 


` Capea OLB) =0 (1.8.36a) 
and its consequence 
can be rewritten in two-component spinor notation: 
CL, {B)=0 ô“ La (B)=0. (1.8.37) 


To derive equations (1.8.37) from (1.8.36), one has to do the same steps as 
in deriving equation (1.8.10) from (1.8.9), The equations (1.8.37) mean that 
L,;(B) is a massless field. In accordance with (1.8.33), L,,(B) carries helicity 
2=0. So we may conclude that the field models (1.8.34) and (1.7.43) are 
equivalent, since they describe the same Poincaré representation. The 
equivalence can be seen also as follows. The equation (1.8.36b) means that 
L,{B)=6,@, where (x) is a scalar field satisfying, by virtue of (1.8.37), the 
on-shell equation (1.8.30). Therefore, the models (1.7.43) and (1.8.34) lead to 
the same dynamics. 

Now consider the model (1.7.35) describing the dynamics of a massless 
Majorana spinor field ¥. It is useful to rewrite the Dirac equation 


sa =O 
in two-component spinor notation: 
a*p,=0 ep, =0. (1.8.38) 


It is seen that Y¥,(x) and P,(x) are massless fields. Recalling equation (1,8,33), 
we conclude that our model describes two massless particles having helicities 
A=+h 

One more example is given by electrodynamics. The action 


1 
S[A]= -i [ats FoF, 


(1.8.39) 
F= C,Ap— OA, 


is invariant under the gauge transformations 


dA, =6,4 
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where A(x) is an arbitrary scalar field. So the only physical observable is the 
field strength F,» We rewrite the first 


l bed > 
~ 4 OF 4=0 
a ech 


and the second 


OF, = 0 
Maxwell’s equations in two-component spinor notation: 
F Fa =0 hFas 0 (1.8.40) 


where 
Faank = (0°) 0”) phF ap = 2e,pF xp + 26, 4F ap 


The equations (1.8.40) imply that F(x) and F(x) are massless fields carrying 
helicities A= +1, respectively, 
Our next example is the Rarita~Schwinger model 


1 
STY] = | dix PP yp 50 (1.8.41) 


where (x) is a Majorana spinor and Lorentz vector field, 


In terms of the two-component spinors, the action is 


1 
S[¥,] es | d*xe oF, 
(1.8.42) 
Poda = OV an Ta aY oa: 


This model is a gauge theory since S['¥,] is invariant under the following 
transformations 


Pax) -> Pia X) ie P aalX) + lE X) 


where €,(x) is an arbitrary spinor field. Evidently, these transformations do 
not change the field strength Ysa: To analyse the equations of motion 


ettd(G PPP 14 =0 (1.8.43) 
it is useful to rewrite Ya» in spinor notation introducing the spin-tensor 


Psia = (0° hala hid Y can = 26,52 oho + 2658P 55 
77882 = (OA O56 Pea = 28,5 P 982+ 265 P y5 (1.8.44) 
P.da =P 355 P50 = oye 


Lj 
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Then equation (1.8.43) is nothing more than the following two equations 
Y3.,=0 Y*=0 => 
; (1.8.45) 

Pats = Fraps) 


Therefore, Y+, vanishes on-shell, and Yp, is totally symmetric under the 
equations of motion. What is more, Yp, satisfies some differential constraints. 
Indeed, starting from the obvious relation 
to. =O 

and using (1,8.44, 45), one obtains 

EPP gp (x)=0 = 
sas x (1.8.46) 
BP 41x) =O, 


Therefore, ¥,.(x) and P,4:(x) are massless fields and, in accordance with 
(1.8.33), their helicities are +3, respectively. 

In conclusion, let us consider linearized gravity. Its action is obtained from 
the Einstein gravity action (1.6.47) by representing the metric in the form 


Omn\X) =m 3 H mal X) 


where H „„ is a small fluctuation, and keeping in Sç only terms quadratic in 
H m This gives 


S[H]=— ; ors OH” 0 Hp — ôH, H! + 26,H°"(0,H‘—6°H,,)}. (1.8.47) 


The action does not change under the linearized gauge transformations 
Hal) > Hal x) = Hal X) + 6 adey(X) 
where é,(x) is an arbitrary vector field, Linearized field strengths, invariant 


under these transformations, are obtained from (1.6.30) by keeping only H,, 
terms and setting V,=¢,. Then one obtains 


Phares = 6,0 Aya -~ 6,6 Hog + C,64H oc e 0,0 aA pe 
Roy = DOH gy — 0 (aH pe + pH a) + Âa HE (1.8.48) 
=20H1 20° H p 
Imposing the equations of motion 
R,,=0 (1,8,49) 


we work with the linearized Weyl tensor Časa. In two-component spinor 
notation, this is described by totally symmetric spin-tensors Cpys and Cy p18 
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which satisfy. by virtue of equations (1.8.49) and (1.6.68), the constraints 


Ey. =0 T E 


Therefore, Č zg; and Č zġsá are massless fields describing, due to equation 
(1.8.33), the helicity states +2, respectively. 

The given examples illustrate the general situation: having some gauge 
theory S[®], the dynamical fields ® do not belong, as is usual, to the family 
of massless fields described in Section 1.8.3, What is more, the original fields 
® cannot be treated as physica] observables because of gauge arbitrariness 
in their choice. Rather, it is the gauge invariant field strengths G(®) built 
from the dynamical fields which play the role of physical observables. Namely 
these objects satisfy the usual criteria imposed on massless fields. To clarify 
the spin content of a theory, one must analyse the corresponding field 
strengths. 


1.8.5. Massless field representations of the conformal group 

Let S[®] be a massless field theory invariant with respect to conformal 
transformations (1.7.29), This transformation law defines a field representation 
of the conformal group. The corresponding generators {P,, Ja» D, V,} are 
introduced by the rule 


30(x) = i —b°P, + K*J,,+AD— BACE 


and their explicit expressions are 
P, == GA Jas -> (x50, Tz XaÔs) fw iM a 
D=ix"¢, +id (1.8.50) 
V= i(2x,x°6, —x?6,) +2ix°M,, + 2ix,d. 
They satisfy the commutation relations (1.7.14) with arbitrary conformal 
weights d. 
One can construct, with the help of the dynamical fields ®, different 
secondary fields: 6,0, @,¢,® and so on. In general, their transformation laws 


have a structure other than that of equation (1.7.29). For example, considering 
6,®. one finds 


~ (0,0) = ELO) +5 KLE}*Myl0.0)+ LEI C, 
+O OLEM yo + rand} (1.8.51) 


where d’=d + |. The difference from equation (1.7.29) is the presence of some 
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non-homogeneous terms. But gauge invariant field strengths G(®), being 
secondary fields, should transform, at least on-shell, homogeneously 


— 6G(®) = Eê GIO) +5 K[Z]"M,,G(®)+o[2]dgG(®) (1.8.52) 


where dg are the scale dimensions of G(®), This assertion may be considered 
as a principle. But there are some obvious physical arguments. Indeed, let 
us anticipate that the gauge transformations (internal, as a rule) in the theory 
S[®] commute with transformations from the conformal group (space-time 
group). Then any conformal transformation should transform G(®) into a 
gauge invariant object. So, the right-hand side of equation (1.8.52) should 
be represented in the form of some operator acting on G(®), Under this 
assertion, the right-hand side of equation (1.8.52) is restored uniquely. 
Now one has to clarify what the requirements are for the off-shell 

transformation law (1.8.52) to be consistent with the on-shell equations 
(1.8.27). The consistency conditions are 

a òG x)= 

ô PEE E A E3 0 (1.8.53) 

ar OG a.. takis. 4al X)=0 


for any conformal transformation (1.8.52). Note that the Poincaré 
transformations satisfy these requirements. So we are to study the dilatations 
and the special conformal transformations. As applied to these two cases, 
the conditions (1.8.53) can be rewritten in the form: 


FP DG ys... 244 4X) =O 


(1.8.54a) 
DG, ERE EA E =O 


EVV AG s,2, itd. 4,(X) =0 


s4 (1.8.54b) 
é 'V ppGx,. ve Rg Kika (X= 0 


where the generators D and Vj,» are the same as in (1.8.50) but with conformal 
weight dg: 


] 
D= “3 Pegg EP + idg 
(1.8.55) 
Vig = ~ix))x® sag T 2idoX ph — 2i(x pM ns RA xp? M pa). 


Here we have converted all vector indices into spinor ones. 

It is not difficult to check that equations (1.8.54a) are fulfilled identically 
(under equations (1.8.27)). A more interesting situation arises when 
considering the restrictions (1.8.54). To start the analysis, let us suppose 
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that 4 #0, Using equations (1.8.55), one obtains 
Vohla oe E E T 
= IX pax apt Ga, gy, án t Bid XppGay, 243.0%, 


A A 
, 7 ; 6 
=l pA E AG E aE cong t OER py En pG ETIE: E T: TEE T 
k=1 k=1 


B B 
4 - = = i i = é 
a A X pi, Gayah Sy.) xy PRS Ma EN. I ae ee ' 
k=1 k=1 


Taking into account equations (1.8.27), one then finds 
CPV AG a0... hs rkey = 4A (2+ 1 — dadh G pas... 


B 
+21 ¥ QS G gaz o AAs ia 
k=1 


B 
—2i px 65, AG pay...a4% ie: ae Sy 
ket 


where we have used the identity @,gx**= — 25455. Since A 40, this expression 
vanishes if and only if 
dg=1+A/2  B=0. (1.8,56) 


Then, the second equation (1.8.54b) is absent since B=0, Otherwise, in the 
case B#0, one obtains the following restrictions 


dg=1+B/2 A=0. (1.8.57) 


Finally, in the case where A=B=0 one can find dg=1. 

We conclude that admissible tensor types for field strength, arising in a 
conformal field theory, are (A/2, 0) or (0, B/2) only. The corresponding scale 
dimensions (1.8.56) and (1.8.57) are known as ‘canonical dimensions’, 

The main results (1.8.56, 57) show, in particular, that the antisymmetric 
tensor field model S[B] (1.7.43) is not a conformal theory, while the model 
S[®] (1.8.34), classically equivalent to the first one, is a conformal theory. 
The statement about equivalence of these theories does not contradict the 
fact that S[®] possesses conformal symmetry but S[B] does not. The 
equivalence means coincidence of the two dynamics. But we have seen that 
L,(B)=2,® on-shell. Hence, since ® is a conformally covariant field with the 
transformation law (1.7.34), L,(B) transforms in a non-covariant way 
(equation (1.8.51)). 


1.9. Elements of algebra with supernumbers 


Supersymmetric field theories (as well as all fermionic field theories) are 
formulated most naturally in the language of supermathematics based on 
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the concept of Grassmann algebra. Now we are going to describe the main 
ideas of supermathematics and obtain some results which will be explored 
in the following chapters. 

To make our consideration self-contained, it is worth starting by recalling 
some trivial definitions from algebra theory. A linear space ./ (complex or 
real) is said to be an ‘algebra’ (complex or real) if .«/ is provided with a binary 
operation of multiplication (*) 


(a, b) abe. Yabe 


which satisfy the axioms 
b =gab 
alab + Be)=xab+ Bae Wrath ence 
(ab + Bc)a=xba+ fca 


where « and $ are arbitrary numbers (complex or real; for the time being, 
we restrict outself to the complex case only). If the multiplication law is 
characterized by the property 


ab=ba va bes 


the algebra is called commutative. If the multiplication law is characterized 
by the property 


a(bc)=(ab)c Va, b, ceg 


the algebra is called associative. If </ contains a unit e with the property 
ea=ae=a Vace 


the algebra is called a unital algebra (or algebra with unit). 

An example of associative commutative algebra with unit is the algebra 
C*(M) of smooth functions on a manifold M. The multiplication law is 
defined as the product of functions: if f, p€ C”(M), then (f+ @)p)=f(p)e(p), 
peM. An example of an associative non-commutative unital algebra is the 
algebra Mat,(C) of n x n complex matrices. The multiplication law in Mat,(C) 
is the matrix multiplication. All Lie algebras are non-associative algebras 
(without unit). 

Let . be an associative algebra with unit e and Bc. be some set of 
elements, The algebra is said to be generated by B if every element ae. 
can be represented as a finite-order polynomial of elements from B: 


P 
a=xe+} YO Cina tb"b®... b" 
ik 


k=1 ipin- 


where x and Ci... are complex numbers, and ail b’ lie in B. Then, B is 
called a ‘system of generating elements’ for .o% 
Now we are in a position to define Grassmann algebras. 
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1.9.1. Grassmann aigebrus Ay and A, 

The ‘"Grassmann algebra’ A, is an associative unital algebra generated by a 
set of N linearly independent elements £', i=1, 2...., N, which anticommute 
with each other: 


COAN hjal N (1.9.1) 


In particular, (“F =0. 
Every element ae A, can be represented in the form 
N° , ; 
a=2+ ny ad ST fe) GA fo (1.9.2) 
k=1 k! > 

where summation over all repeated indices is to be understood, « and C;,;.___, 
are complex numbers. and the Cs are totally antisymmetric in their indices (it 
has been supposed that the unit element coincides with the number | €C). 
It is clear that elements 


form a basis for Ay. So, the algebras Ay are finite-dimensional, dim Ay =2". 

We shall mainly be interested in an ‘infinite-dimensional Grassmann 
algebra’ A. By definition, this is an associative unital algebra generated by 
an infinite set [¢'}, i=1, 2, ..., of linearly independent, anticommuting 
elements ¢! 


0+ 00=0 i, j=1,2,... (1.9.3) 


Elements of A, are called ‘supernumbers’ and A, is called the ‘space of 
supernumbers’. Every supernumber ze A_ can be represented in the form 


x 1 : 
z= FC Get gn (1.9.4) 
1 k! ji 
Zas Cis... EC: 
Here the coefficients C; are totally antisymmetric in their indices, and 


only a finite number of them do not vanish. Following B. De Witt, za will 
be called the ‘body’ and z, the ‘soul’ of z. Because of equation (1.9.3), (z5)"=0 
for some integer n. If {'z=0, for all {‘, then z=0. 

Every supernumber z can be decomposed into the sum of its ‘even’ z, and 
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‘odd’ =, parts defined by 


zat a AT R t ed (1.9.5) 
k=1 ` 


os py aes 


If =,=0, z is called a ‘c-number’; if 2,=0, z is called an ‘a-number’. By virtue 
of equation (1.9.3), c-numbers commute with all supernumbers. The set of 
all c-numbers is denoted as C, and forms a commutative sub-algebra in A... 
By virtue of equation (1.9.3), a-numbers anticommute among themselves and 
commute with c-numbers. Given two a-numbers, their product is a bodiless 
c-number. For every a-number z, we have z*=0. The set of all a-numbers 
is denoted as C,. We shall call c-numbers and a-numbers pure supernumbers. 
Our consideration shows that pure supernumbers are characterized by the 
following properties: 


Se 


Piksi 


piiri 
Cih. shihe 5 rer 


QCC, tc, 
C,°C,=C€,-C,=C,,. 
These properties mean that A,, isa Z,-graded associative algebra (see Section 
2.1), 


Together with the algebra A, one can consider its extension (closure) A, 
with respect to the norm || | defined as 


l 

l2l?=|zal?+ y x gg Creal? (1.9.6) 
k=l hisss i,k . 

The elements of A, are arbitrary linear combinations of the form (1.9.4) 

having finite norms. Since 


|z+e9|| < |z| + oI) 

and 

Wabia 0,21 lll = 

= |z'a <|I2} lol 
for any elements z, wE A, the set A. is an algebra. It is clear that A, cA p 
and every element z¢A, may be given as the limit of a sequence {z,}, 
a=1,2,..., of supernumbers z,€A, such that lim,_., ||z—z,||=0. The 
elements of A, are also called supernumbers, and A, is said to be the ‘full 
space of supernumbers’, For every ze A,,, one finds lim, + (zs)"=0. In this 


book we deal with A, and formally extend results to the case of A. 
It is useful to connect with every pure supernumber z its ‘Grassmann 
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parity e(z) by the rule 


0 izet. 
(z)= 4 19.7 
ala) $ WEC, (E33) 


Then, the properties of pure supernumbers described above are encoded 
in the relations 


1. e(z-w)=elz)+e(e) (mod 2) 
JEEN) 


(1.9.8) 


2. 2:w=(-1 wiz. 


To define real supernumbers, we introduce the operation (*) of ‘complex’ 
conjugation (involution) in A, as follows: 


(c*#=c! ERATE 
(xz)=x*"z* zeC (1.9.9) 
(z +o)" =2* +w* (z@)* =w*z* 


where z and w are arbitrary supernumbers. Then for every supernumber 
(1.9.4), we have 


x 
| * “i vpi 
- matte > — CS. Ce. EX 


x l A r 
=it+ p [A HE T Chieh Eseg, (1.9.10) 
k=l C; 


A supernumber z is said to be ‘real’ if z“ =z, ‘imaginary’ if z*= —z, and 
‘complex’ otherwise. The set of all real supernumbers in C, will be denoted 
by R- The set of all real supernumbers in C, will be denoted by R,. Having 
two real c-numbers, their product is a real c-number. The product of a real 
c-number and a real a-number is a real a-number. The product of two 
a-numbers is a bodiless imaginary c-number, 


1.9.2. Supervector spaces 
Supervector spaces are linear spaces in the usual sense, but supplied with 
the additional operations of left and right multiplication by supernumbers. 
Following B. De Witt, we define a ‘supervector (superlinear) space’ as a set 
¥ of elements, called ‘supervectors’, together with a binary operation of 
addition (+), operations of left and right multiplication by supernumbers, 
and a mapping of complex conjugation (*), which satisfy the axioms: 

1. X¥+Y=Y+X¥ yý řež 

2. (X+Y)4+Z=X4+(¥+Z) VX Ze 

3. There exists an element Ge ¥ such that 


X+0=¥ YXeF 
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4. For every Xe Z there exists an element Ye such that 
X¥+Y¥=0 
5. For every 4, BeA., and every X, Ye & we have 
(a+b) =% +p% X(a+p)=Xa+XP 
a(X+¥)=aX+a¥ (X+ľ=%a+ľx 
(ap)X=a(BX) — X(aB)=(Xw)B 
X¥=X X1=X, 
Then one finds 
OX=X0=6 2x0=0«=6 
X+(-1)X =X+ X(-1)=06. 


6. Left and right multiplications are related as follows: 
(a) (xX)B=a(XB) Yabe, VXEL 
(b) aX=Xa VaeC, VXE¥ 
(c) For every XeY there exist unique supervectors °X, e7 
such that 


eoX=9Ko at X=-'Xa VaeC, 
The °X is called the ‘even’ part of X, and 'X is called the ‘odd’ 
part of X. If ¥=°X or X='X, it is called a ‘pure’ supervector, of 
‘c-type’ in the first case and of ‘a-type’ in the second case. Associated 


with every pure supervector X is its Grassmann parity «(X) defined 
by 


z 0 if Ý even 
-f if ¥ odd. aide 
For any pure « and X, we have 
aX =(— 12 Xy, (1.9.12) 
7. For arbitrary xe A„ and X,Y eZ we have 
X**=X 


(X¥+¥)*=X*+ ¥* 
(aX )* = X *o* (Ka)*=a*X*. 


It is not difficult to see that if X is an even or odd supervector then xX* 
is also an even or odd supervector, respectively. A supervector X is called 
‘real’ if X* = X, ‘imaginary’ if ¥* = — Ñ and ‘complex’ otherwise. The product 
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of a real c-number and a real supervector is a real supervector. The product 
of a real a-number and a real c-type supervector is a real a-type supervector. 
Finally, the product of a real a-number and a real a-type supervector is an 
imaginary c-type supervector. 

The set of all c-type complex (real) supervectors in ¥ will be denoted by 
oP (02), and the set of all a-type complex (real) supervectors by 'Y CA). 
Each of °¥Y and '¥ is a linear space in the usual sense, but supplied with 
the operation of multiplication by c-numbers and the mapping of complex 
conjugation. Each of °% and '& is a linear space in the usual sense, but 
supplied with the operation of multiplication by real c-numbers. 

Associated with a supervector space ¥ is the 2- -parity mapping 7: Ya 2 
acting on an arbitrary supervector ¥ =°X +'X by the law 


POX +X) =X 1X, (1.9.13a) 
In the case of a pure supervector X, the formula reads 
AK) =(—1, (1.9,13b) 
Basic properties of the ¥-parity mapping are: 
P=] (1.9.14a) 
AX + YV)=AX)+ AY) (1.9,14b) 


P(aX)=(—1)" aA X) PA Ka)=(—1)AX)s. (1.9.14¢) 


Here ¥ and Ý are arbitrary supervectors, æ is a pure supernumber. 


1.9.3. Finite-dimensional supervector spaces 

Let {ë} be a set of elements of a supervector space ¥ These supervectors 
are said to be linearly independent if and only if the requirement that a finite 
linear combination X™é, (or êX”), X“ eA, vanishes is equivalent to 
X™“=0. for all X™. The space ¥ is said to be finite dimensional 
if it possesses a finite system of linearly independent supervectors {êy}, where 
M=1,2,...,d. such that every ¥ e ¥ can be expressed in the form 


K=2,XM =X eu XMjeNa (1.9.15) 


Then, the system {@,} is called a ‘basis’ for & eg each of the 
decompositions in equation (1.9.15) is unique. The XM, (X}t,) are called the 
‘left (right) components’ of X with respect to the basis {ê}. 


Any two bases of a finite-dimensional supervector space ¥ have an equal 
number of elements, which is called the ‘total dimension’ of ¥ To ground 
the assertion, it is useful to introduce the notion of supermatrices. A 
‘supermatrix’ is a matrix with elements being supernumbers. Given a 
supermatrix F, one can decompose its matrix elements onto their bodies and 
souls, resulting with the body F, and the soul F; of F. F=F,+ Fs. Fy is an 
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ordinary complex matrix. The ‘rank’ of F is defined to be the rank of its 
body Fp. If F and G are mxn and nx p supermatrices, then the body of 
their product FG coincides with the product of their bodies, (F*G)g= Fy" Gz. 
This implies that all statements about matrix rank transfer to the case of 
supermatrices. In particular, if F and G are mxn and nxm supermatrices 
such that 


FG=\,  GF=1, 


J, (l) being the unit m x m (n x n) matrix, then m=n and G=F~'. Obviously 
the former relation can be rewritten as 


F,Gyt FsGp+FpGs + FOs = lm 


Since !,, has no soul, we deduce that FgGg= lm Similarly, the latter relation 
leads to F,G,=1,, which confirms our assertion. An n xn supermatrix F is 
said to be ‘non-singular’ if its body Fa is non-singular. Every non-singular 
supermatrix has a unique inverse. We can write 


F=F,(l,,+ Fg‘ Fs) 


where supermatrix Fg Fs has no body, hence (Fg 'F;)’=0 for some integer 
p (recall, for every supernumber z there exists an integer q such that (z.)* =0). 
Now one obtains 


x 
F-'=Fg*+ > (— 1) (FaF) F5: 
k=1 
the power series being terminated at some finite order. It is clear that a 
square supermatrix has an inverse if and only if its body is non-singular. The 
inverse supermatrix is unique. 
Let {@,;},M=1,2,...,d, bea basis in ¥ It is readily seen that supervectors 


X =G Mey a=1,2,....d' 


are linearly independent if and only if the supermatrix G,™ has rank d’, in 
particular, d'<d. As a result, any two bases in ¥ have the same number of 
elements. 


Remark. ^, is a one-dimensional supervector space. Every supernumber 
with non-vanishing body can be taken in the role of a basis for A,,. 


Remark. In contrast with ordinary vector spaces, not every subspace of a 
finite-dimensional supervector space Y has definite dimension. As an 
example, one can consider a subspace z£ where ze C, 

Given a d-dimensional supervector space Z we may always choose a basis 
{È} consisting of pure supervectors only. Indeed, let {ëu} be some basis. 
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We decompose every @,, into the sum of its even and odd parts 
Èm = a + ly. 
On the other hand, each of °2,, and tê, can be decomposed with respect to 
(em) 
es = fy Ëy u= Ëy SM Oy EAL. 

One can easily see that the rank of 2d x d supermatrix (fy*. @,*) is equal 
tod. Therefore, there are p supervectors from the set {ży} and q supervectors 
from the set {'é,,}, p-+q=d, that form a basis which will be denoted by {En} 
and called a ‘pure’ basis. It is convenient to label c-type elements 
of the basis by small Latin letters and a-type elements by small Greek letters, 
E,, =(E,.E,). where m=1, 2, ..., p and p=1, 2, ..., q. Together with the 
total dimension, the numbers p and g turn out to be invariant characteristics 


of the supervector space and are called the ‘even’ and ‘odd dimensions’ of 
& respectively. Then ¥ is said to have dimension (p, q). 


Remark. A,, is a supervector space of dimension (1,0). Any c-number with 
non-zero body can be taken in the role of a pure basis. 
Every c-type supervector X ¢ ¥ can now be written as 


X=y"E,+@E, y™eC, GEC, (1.9.16) 


Therefore, the set °Y of c-type supervectors in X is in one-to-one 
correspondence with points of the space C?! =C? x C4: 


CrS fyt, yen PO, O,.... 0%), yE Ca HEC}, (1.9.17) 


This implies, in particular, that the numbers p and q are invariants of the 
supervector space, 

Every finite-dimensional supervector space ¥ proves to have a pure basis 
{E,,}, which at the same time is real, (Ey)*=E,, With respect to such a 
basis, real c-type supervectors are given in the form 


X=x™E,+iOE, x"eR, OMER, (1.9.18) 


Hence, the set °%, of real c-type supervectors in ¥ is in one-to-one 
correspondence with points of the space R?!?=R? x Ri: 


Rei {M(x}, x? a, x? 01, 02... 0), xER, OXER,}. (1.9.19) 


Looking at equation (1.9.18), it would appear more convenient to exchange 
the pure real basis {E, m} with the basis {Eu}. where &,,=E,, and &,,=iE,,. 
Every pure basis (By) with the properties (4,,)*=6,, and (é,)*= “&, is 
known as a ‘standard basis’. 

Supernumber space C?'*, defined by (1.9,16), is known as a ‘complex 
superspace of dimension’ (p, q), supernumber space R?™. defined by equation 
(1.9.18), is known as a ‘real superspace of dimension’ (p, q). 
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Pure supervectors from ¥ are characterized by the following properties 
X=E WX" =XM Èu 
(XM )=(XM JH X) toy (1.9.20) 


XM =(- jma bles ea 
where we have introduced the notation 


0 ifM=m 
a ja 1.9.21 
eu = AE wy) F ifM=p. aan 


As may be scen, the right components of every a-type supervector coincide 
with the left ones, but this is not the case for c-type supervectors, 

Let {Ey} and {Ey} be two pure bases. Each supervector Ey, may be 
decomposed with respect to {E,,}: 


Ey=Gy" Ey (1.9.22) 

where 
oyte( m Pe.) Am» D, eC, 
Cc -D Bni Cp Co 


Supermatrix Gy“ should be non-singular, that is its body 


is a non-singular matrix, hence A, and Dy are invertible matrices. As a result, 
the supermatrices A and D are invertible, and the unique inverse of G can 
be expressed in the form 
o-t=( (A—BD~'c)"! —A~'B(D—CA™'B)"! 
—D~'cC(A—BD~'c)7! (D—CA~'B)~* 
It is worth pointing out that, because of relation (1.9.22), the supermatrices 


BD~'C and CA~'B are bodiless, therefore (4— BD~'C) and (D—CA™'B) 
are invertible. 


) (1.9.23) 


1.9.4. Linear operators and supermatrices 
Let Y be some supervector space. A mapping F: Z —> ¥ is called a ‘left 
linear operator’ on 2 if 


l. AX+VY=A(X)+FAlY) VX, Veer 
s 4 ~ (1.9.24a) 
2. A(Xa)=F(X)x VaeA, VXEL 
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A mapping F: F — ¥ is called a ‘right linear operator’ on ¥ if 
L. (X +Y =F +F, WX VeL 
2, aX )F=4 KF. Yace, VKXEL 


The set of all left (right) linear operators on ¥ will be denoted by End! Y 
(End‘~'), As will be shown, the spaces End'*)¥Y and End‘)¥ have 
non-empty overlap but do not coincide in general. Now, we are going to 
discuss in detail the properties of End'*)Y Specific features of End LS will 
be commented upon later. 

The simplest elements in End‘~) are linear operators of left multiplication 
by supernumbers: given some supernumber z, the corresponding operator 
że End‘*)¥ is defined as follows 


aX)=zX WXEL (1.9.25) 


End‘~)¥ is naturally provided with the operations of 


(1.9.24b) 


1. addition 
(F+ FX) = F(X) + F,(X) (1.9.26a) 
2. multiplication 
(FFX) =F (F(X) (1.9.26) 
3. left multiplication by supernumbers 
oF =F =(zF\X)=2F(X) (1.9.26¢) 
4. right multiplication by supernumbers 
FraF3>(F 2 X)=F(2X) (1.9.36d) 


Introduce a pure basis {Ér} in 2 and decompose every supervector Xe ¥ 
with respect to this basis in two different forms 


r= ee (1.9.27a) 
ME, (1.9.27b) 


introducing the left and the right components of X with respect to {Ey}. 
The former decomposition in expression (1.9.27) will be used when dealing 
with left linear operators on & the latter when dealing with right linear 
operators. 

To any left linear operator F on ¥ we associate a supermatrix FẸ by 
the prescription 


M 
XH EAs 


F(Ey)=EykF™y  (#F My Egy!) 


Am BM 
| eo n y M 
F a(i ay F“ eA. 


(1.9.28) 
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Then, in accordance with (1.9.24a), the operator F acts on every supervector 
(1.9.27a) according to the rule 


F(R) =EN XMF KAN (1.9.29) 


Note that the operators (1.9.25) of multiplication by pure supernumbers are 
characterized by supermatrices 


e(Te : )=tha. zeC, (1.9.30a) 
q 

(i= F pe : ) =b zet (1.9.30b) 
-tq 


The supermatrix Î,p „ will be called the ‘graded unit supermatrix’. The above 
results can be combined in a compact expression, 


(2) y=2(— 1)" My, (1.9.30¢) 


Our consideration shows that every left linear operator on # is uniquely 
determined by its supermatrix with respect to a given pure basis in Z 
Conversely, having a supermatrix Fy, the prescription (1.9.29) provides us 
with a left linear operator on £ Thus End'™’ Z is in one-to-one 
correspondence with the set of all supermatrices of the type (1.9.28), denoted 
by Mat'*(p, qjA,,). If F, and F, are left linear operators on ¥ and F; and 
F, are the corresponding supermatrices, then the operators (F, +73) and 
FF, lead to the supermatrices 


A,+A, B,+B 
Fi+F=( LEA E ) (1.9.31a) 
C;+C, D,+D, 
and 
E tebe poe (1.9.316) 
C,A,+D,C, C,B,+D,D, 


respectively. If a left linear operator F on Y is characterized by the 
supermatrix F, then the operators z7 and Fz, with z being some pure 
supernumber, lead to the supermatrices 2F and F2, respectively, where the 
supermatrix 2 is defined by equations (1.9.30). Explicitly, we have 


2A zB 
a ee Fate i (1.9.31¢) 
and 
> (—)e' Bz 
2a aM (1,9.314) 
Cz (—1)Dz 


These relations determine the operations of left and right multiplication by 
supernumbers in Mat'*'(p, q|A,,). 
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Now, we are going to describe even and odd elements in End'*'# and 
Mat'*\p.q|A.,), Given a left linear operator F on & we represent it as 
F=FANF 


l (1.9.32) 


F=- 
2 


(F+PF FPF) Z= (F -2F2) 


# being the #-parity mapping (1.9.13), and show that °F (F) is a left 
linear operator commuting (anticommuting) with all a-numbers. Choosing 
an arbitrary X € ¥ and pure xe A „ and using equation (1.9.14c), one obtains 


PF PAX x)= (1) PF (P(X = 1)! PAF (P(X))x) = (PF PR) 
which implies that °F | ¥ e End'~'Y Next,°¥ and} F possess the properties: 
oF. "£92 1g. "Lat L 
J Lpa ie iu PIP à 


Let us prove, as an example, the former relation, If°X e02 and'X e 2 then 


(1.9.33) 


FOR) => FOR) + PFC =UFCI L 


F(R) => F(R) PFU R=NFCK C1 


Using relations (1.9.33), it is easy to prove that 
F= "Fy LF =(—-1fP Fx (1.9,34) 


where x is an arbitrary pure supernumber. In the case of 1.7, for example, 
we have 


(Fal X)='F (aX) =(— 128" F(X) =(— 1)" F(X) 
X being a pure supervector. 
In accordance with the relations (1.9.33, 34), a linear operator F e End 


is said to be of c-type, if it does not change supervector type, and a-type, if 
it changes supervector type: 


e-type: a F(X))=0(X) 
a-type: eF(X))=1+e(X) (mod 2) 


for every pure X e ¥ Linear operators of definite types will be called ‘pure’ 
and endowed with the Grassmann parity 


(1.9.35) 


0 for c-type F 


(1.9.36) 
l for a-type F 


AF)=} 


Every left linear operator on ¥ is uniquely represented as the sum of its 
c-type and a-type parts by the law (1.9.32). 
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Equations (1.9.28) and (1.9.35) show that a pure operator F on ¥ is 
characterized by a supermatrix F with the following entries: 


a" „D“ eC 
ayp 4“ "Yee (1.9.37 
he ee Cec, a} 
Am, D',eC 
sype: r S 1.9.37b 
a-type sai Ch eC. ( ) 


Making use of the notation (1.9.21) and the Grassmann parity function 
(1.9.36), these properties may be collected in a compact expression: 


oF!) =e(F) + ey +£y (mod 2). (1,9.37e) 


It is instructive to check explicitly that equation (1.9.37c) guarantees the 
desired properties (1.9.35) of F. Let X =E,,XM, be a pure supervector, XM, 
as in equation (1.9.20). Then, from equation (1.9,.37c), we obtain 


XM =e FMV XN, =F) + eu +E tev +4X)} (mod 2) 
= {eF) + ey +e(X)}(mod 2)={aF)+e(XM)} (mod 2) 


which is in agreement with relations (1.9.35). 

A supermatrix Fe Mar'*(p,q| A.) is said to be of c-type (a-type) if it 
satisfies the conditions (1.9.37a) ((1.9.376)). Supermatrices of definite types 
are called pure. A left linear operator F on ¥ is pure if and only if the 
corresponding supermatrix F is pure and of the same type as # The 
Grassmann parity (F) of pure supermatrix F is defined to be equal to the 
Grassmann parity e(#) of the corresponding linear operator F. From 
equation (1.9.34) we obtain the following important identities: 


$F =(— [OAF F? (1.9,39a) 
2F =(—1f "OF 2 <> F(2X)=(—1)"2F(X) (1.9.39b) 


for any pure zeA, Fe Mat'*(p,q|A,.) and FeEnd'*’¥ So, c-numbers 
commute with all supermatrices (linear operators), while a-numbers commute 
with c-type supermatrices (linear operators) and anticommute with a-types. 
The equations (1.9.26a,c,d) and (1.9.39b) show that End‘ +! ¥ is a supervector 
space (with an undefined operation of complex conjugation); the set 
°End'*) ¥ (' End'*!) of even (odd) supervectors in End'*)¥ coincides with 
the set of c-type (a-type) linear operators defined by relations (1.9.35). 
Analogously, equations (1.9.31a,c,d)and (1.9.39a) show that Mat'*(p,q| A.) 
is a supervector space (with an undefined operation of complex conjugation); 
the set °Mat'*(p,q|A,.) ('Mat'*p, q|A,,)) of even (odd) supervectors in 
Mat'*'(p,q| A,,) coincides with the set of c-type (a-type) supermatrices defined 
by relations (1.9.37), Each of End'*)Y and Mat'*p,q|A,,) has dimension 
(p? +q°, 2pq). Finally, Endt F and Mat'*(p, q| A) form a unital associative 
algebra with respect to the operations of multiplications (1.9.26b) and 
(1.9.316), respectively. The product of two c-type supermatrices is a c-type 
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supermatrix, the product of c-type and a-type supermatrices is an a-type 
supermatrix, the product of two a-type supermatrices is a c-type supermatrix. 
Analogous results take place for linear operatons on £ 

In fact, there is a natural way to introduce operations of complex 
conjugation in supervector spaces End'~’Y and Mat'*(p,q|A,.). For the 
former space this is done as follows. To every pure operator F e End l2 
we associate the mapping F *: ¥Y > ¥ acting on pure supervectors X € ¥ as 


FAR) =l 1 FX) F(X"). (1.9.40a) 


Ín the case of arbitrary F e End! 2 and X eZ one is to represent F and 
X as superpositions of their c-type and a-type parts and then to apply the 
above definition, assuming that 
(1.9.40b) 
F*(X +Ž =F*X )+F*(X,). 


Let us show that the operation *™*' is a complex conjugation in End‘*'Y If 
x is a pure supernumber, then 


F*(Xx)=(— 14 FAA +42 F (qe X*))* 
=(— 1) FX) (op F(Z) =F*(X)x 
therefore F* e End'*'Y Next, one finds 
(Fuj*(X) =| — 17+ ANAR) xy X*))* 
=(— 1178) F(X*)x)* =a" F(X) 
which implies 
(Fa)* = gt F#* 


for every F eEnd' tZ and every xeA,. It is also easily verified that 
(F*)* =F, for every left linear operator on ¥ As a result, the operation 
(1.9.40) satisfies all the properties of complex conjugation. We take this 
operation in the role of complex conjugation in End'*)& The linear operator 
F e End) Z is said to be real if ¥* = F imaginary if F * = — F, and complex 
otherwise. As is seen from equation (1.9.40a), these are real c-type operators 
which map every real supervector on to a real one. 

Operation (1.9.40) induces a lot of complex conjugations in Mat'*'(p,q| A.) 
depending on the pure basis chosen in ¥ to identify End'*)Y and 
Mat'*p,q|A,,). Let us choose, for convenience, a standard basis {£y} in 
Z &*,=(—1)"&y. If F is the supermatrix of a pure operator F, with respect 
to {Eu}, then the supermatrix of #* will be denoted as F** and called the 
supercomplex conjugate of F. From the definition, we have 


FE y)=Fy Pry F*(E y) =E F *)" y: 
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On the other hand, the use of equation (1.9.40) gives 
FUG w= (—] ku #(Ge))* =(— jji HUFNF (Ë u)” 
=(-1 yet +H EMG F~" = ( >z] JAF NENEN) + an EMEN EnF” yt. 


Therefore, we obtain 


(Ft), =( a 1 JAF Nis THA) Oy TRNEM id (1.9.41a) 
Suppressing indices, this definition can be rewritten in the form: 
c-type 
* _ pe 
pra? i: ) (1.9.41b) 
c* D* 
a-type 
A* B* 
pea 4 Bal (1.9.41¢) 


A supermatrix F is said to be real if F**=F, imaginary if F**=—F, and 
complex otherwise. Pure real supermatrices satisfy the equation 


(FM y)* =(— 1AE Mew + Ov) HEN + een FM, (1.9.42a) 
In the e-type case, this means 


(F™,)* =( ani j FEMEN TN 


P n 


m l m u 
my( 2 " oe) eer nee (1.9.42b) 
ce. pF B,C“, ER,,. 
In the a-type case, we have 
(F* y)*=( pm Je tewen FM, 
m m m H 
rafi n E ') Ees (1,9.42c) 
ice DY B" s C4 E Re 


Operation ‘s*’, being rather unusual, proves more acceptable than the 
naive operation ** defined by(F*)”, =(F™,)*, since the latter does not respect 
axiom 7 of supervector spaces while the former does: one finds 


(:Fy*= Fe (Fea tF (1.9.43) 


for arbitrary zeA, and Fe Mar'*p,qg|A,). An important property of 
supercomplex conjugation is that 


(F F)* =(— 1 AP Fa) pres Free, (1.9.44) 


This relation shows, in particular, that the product of two real c-type 
supermatrices is a real c-type supermatrix, the product of real c-type and 
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a-lype supermatrices is areal type a-supermatrix. and the product of two 
a-type supermatrices is an imaginary c-type supermatrix. Analogous results 
hold for left linear operators on # The set of all real c-type (a-type) elements 
in End? and Mat (piq | A) will be denoted by °End)*'Y (‘End"'#) 
and "Mark (p.q A) C Matk (p.q| AJ). respectively, 

Now, we briefly comment upon End’ Z and its connection to End +Z 
Let 4 be a right linear operator on ¥ In contrast to equation (1.9.28), its 
action on the basis is represented as 


(Ey) = GyNEx 


TAn By! 
Gut=(* a Gy” E Aa. (1.9.45) 
Ht 4 


M 


Then %4 acts on every X e & written in the form(1.9.27b), by the rule 
(Aah =x M EG xa GM (1.9.46) 
Then G,,” is said to be the supermatrix of 4 in the basis {E,}. It is clear 
that every right linear operator is uniquely determined by its supermatrix. 
So, End! ~’) 2 is in one-to-one correspondence with the set of all supermatrices 
of the type (1.9.45), the latter being denoted by Mart” '(p,q|A,). 
Supermatrices from Mat'~'(p,g|A,,) and Mat'~(p,q|A,) differ in the 
position of indices enumerating columns and rows. The supervector space 
structure on End’ Z or Mat'~\p,q|A,,) is introduced in perfect analogy 
with the cases of End> Z or Mar'*\(p,q|A.). In particular, c-type 
supermatrices from Mat'~(p,q|A..) look like those in equation (1.9.22). 

It follows from equation (1.9,39b) and its right analogue that every left 
c-type linear operator on ¥ turns out to be a right c-type one and vice versa. 
But this is not the case for a-type operators. Nevertheless, there exists a 
simple way to associate with any left a-type linear operator a right a-type 
operator. The point is that every operator of the form 


FP =—PF F e'End HF (1.9.47) 
# being the #-parity mapping (1.9.13), proves to be right linear, 
FA¢X\=0F AX) YueA, VKXEF (1.9.48) 


Setting x and X to be pure, one obtains 
FPA aX) =(— 1)! 4) F (aX) =(-1)°PMaF(X) = oF A(X). 


It is evident that ##e'End'’Y As a result, the correspondence 
È: End'*)¥ — End’ Z defined by 


F =F F WFANGFP (1.9.49) 


OF and F being the c-type and a-type components of F, determines a 
one-to-one mapping of End‘*'¥ on to End'~’)#, Now, for every left linear 


Mathematical Background 85 


operator F =" 7 +'F we can define its right action on ¥ by the rule 
(X)F =9F(X)t' FAX) WXEL (1.9.50a) 
When # and X are pure, this definition reads as 
(X)F =(—1)"7 4" F(X). (1.9.50b) 


Since every element of °End'*)¥ is at the same time an element of End Z 
and vice versa, these spaces coincide and can be denoted simply as "End Z 
However, we shall not identify the c-type supermatrix spaces °Mar'*"(p, q| A.) 
and °Mar'"\p.q|A,,) used to represent operators from °End'*)¥ and 
End!) Z The reason for keeping this difference will be described in the next 
subsection. 

Up to now we have studied the operator spaces End'*)¥ associated with 
some supervector space & Given two supervector spaces ¥ and ¥ one can 
associate with them not only the spaces End'+!¥ and End‘*)Z but also the 
spaces End'*\¥% #) of all left (right) linear operators from Z to Ž and the 
spaces End'*(¥ 2) of all left (right) linear operators from ¥ to Z Let us 
briefly discuss, as an example, End'*(¥% Lf). By definition, a mapping 
F,: LF is called a left linear operator acting from ¥ to if it satisfies 
the properties (1.9.24a). A supervector space structure on Endt Z £) is 
introduced with the help of the operations (1.9.26a,c,d). In particular, pure 
linear operators from End‘ Z P) are characterized as follows: 


c-type a-type 
PF (7 nE E77 

F: x NIE (1.9.50) 
LFF PIP, 


The operation of complex conjugation in End'~(¥ 2) can be introduced 
through rule (1.9.40). Finally, the transformation (1.9.49) maps End (2 2) 
on to End Y2 F). The overlap of End (Z Z) with End ON 2 Z) is given 
by the set ofall c-type linear operators from ¥ to FZ denoted by "End £ Z), 


1.9.5. Dual supervector spaces, supertransposition 

Consider some supervector space £ Supervector spaces * Z = End (EZA) 
and #*=End'"\& A,,) are said to be the ‘left dual’ and the ‘right dual’ of 
Æ respectively. Elements of *¥ (#*) are called ‘left (right) super 1-forms’ 
on # (or ‘supercovectors’). In the remainder of this section, we label super 
l-forms by capital Latin letters in boldface and use the notation 


J(XHsW|XeA, VIE wWXe#) 
(XW,=<X|DCA, VJe% Ve). 


86 Ideas and Methods of Supersymmetry and Supergravity 


Basic properties of left super !-forms are: 
¿J+ Y= +i X= 4 | Xa 
CJLL|XD=CI|XD+KLIXD Kad | XD =XKI/ XD (1.9.51) 
(Ja|X> =< /4X> 


for all J, Le*¥ and X, Ye ¥ and ze A„. To obtain their right analogues, 
one replaces supervectors by right super I-forms and left super I-forms by 
supervectors. Pure super 1-forms are characterized as follows: 


c-type a-type 
°F 4C °P+C 
: . J: sf 1.9,52 
'Z >C, th =C, ( i 
Similarly to (1.9.40), complex conjugation in *# and #* is defined by 
C5* |X) =(— 1p y (1.9.53a) 
CX | I*5 =(— 1) 2) 0H # | J*, (1.9.53b) 


Given a pure left super {-form J, one can obtain a right one through the 
prescription 
CX | J =(— 7) X), (1.9.54) 
The set of all c-type super 1-forms 
0 pt =") 9 Yr) 
is said to be the ‘dual’ of ° Z The set of all real c-type super 1-forms 
0 pe =" P) = E) 


is said to be the dual of °¥,. Every Je°* is a c-number-valued function 
on °¥ every Je°¥% is a real c-number-valued function on °%. 

When ¥ has dimension (p, q), the same is true for both *¥ and #*, If 
we introduce a pure basis in Z {Ey}, then every super 1-form is completely 
specified by its values on Ey: 


(HX) = (NEw) xX", (X) = XM (Ew id). 


In particular, there exist a unique set of left super 1-forms {(E™|} and a 
unique set of right super 1-forms {|E”>} such that 


CE“ | Ey) =M, (Ey | EX>=5,". (1.9.55) 


The {<E™|} prove to form a pure basis in *.¥ called the ‘left dual’ of {Ey}. 
Similarly, the set {JE >} forms a pure bases in #* known as the ‘right dual’ 
of {E,,}. It follows from equation (1.9.53) that the left (right) dual of a real 
pure basis in ¥ is a standard basis in * 7 (#*) and vice versa. 

Let F be a pure left linear operator on ¥ It can be considered as a right 
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linear operator ¥ on *Y defined as 
AIFI X > =<I| F(X)> 
or as a left linear operator F*T on *¥ defined as 
CFI X) =(— 170I F(X). (1.9.56) 
Evidently, if x is a pure supernumber, one obtains 


(FT (Jax) | X> =(— 1) +421) (Jy | F(X) 
=(— 147) J| F (aX) =F TIa XD. 


The operator F“ is said to be the ‘supertranspose’ of F. Given an arbitrary 
left linear operator on L F=°F +'F its supertranspose is defined as 


FT at (LFT ne ( LFT, 
Now, the operation of supertransposition determines a one-to-one mapping 


of End‘*'!¥ on to Endt (* 2). Its inverse mapping is defined to be the 
supertransposition on End‘* (* 2). Basic properties of supertransposition are: 


(Fit Fy =F T+ FT 
(FFM =(- YMA TF] 
lF =L FT (Fa =F Ty (WV aEA,) (1.9.57) 
( F*)* -a ( F*)T ( FT =F 
The correspondence #-—#*' described induces an operation of 
supertransposition which maps every supermatrix F from Mat'~\(p,q|A,,) 
into the supermatrix F*™ in Mat (p, q| ^) and vice versa. Introduce the 
supermatrices of F and F*' with respect to a pure basis {E,,} in Z and its 
dual {E™} in *.Y respectively, 
F(Eyy=EyF y 
FT (EM) A EN (FT) y™. 
Note, supermatrices from Mat'*(p,q|A,,) are used as left linear operators 


on & while supermatrices from Mat'~(p,q|A,,) are used as left linear 
operators on *¥ The use of equations (1.9.55, 56) leads to 


RESP) gM a = Lye Rem lee EER FN (1.9.58a) 
It is instructive to rewrite this definition in more detail: 
c-type 
( a) =(— (ji imen Fry 


AT cT 
rea 4 ou (1.9.58) 
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a-type 
(Fj =( cae 155 +6 ‘FNS 
A’ —ct 
Tez 
j “(i mn (1.9.58c) 


The supermatrix F*" is said to be the ‘supertranspose’ of F. Supertransposition 
can be extended in an obvious way to the full Mat'~(p,q|A.,) resulting in 
a one-to-one mapping of Mat'*(p,q|A,,) on to Mat’~(p,q| A). Its inverse 
mapping will be taken in the role of supertransposition on Mat'~(p,q|A,). 
One readily deduces from (1.9.58a) that the supertranspose of a pure 
supermatrix Gy,‘ e Mar'~(p,q| A,) reads 


(GT) y =(- 19EG Venten stew FEM EN Gy™. u 9,59) 


Comparing equations (1.9.58) and (1.9.59), one finds that supertransposition 
is sensitive to the positions of indices! That is why we do not identify 
°Mat'*(p,q| A.) and °Mat'~"(p, q| A). Basic properties of supertransposition 
are: 

(F +F SFP +F] (PTF 


(F -FT =( i 1) FES pet. pst 


(Fy =2 FT (Fest =F T (WV ze Ay) (1.9,60) 
pla? 
This can be supplemented by the relation 
(FAT * T siaa (1.9.61) 


provided complex conjugation in Mat'~(p,q|A,) is defined in the manner 
(Gt), =(— [jian Han) + ret earn Go Nye (1.9.62) 


different from equation (1.9.41). The point is that the dual of a standard basis 
in ¥ is a real pure basis in *£ 
Let X“ be components of a c-type supervector, &X™)=e. One readily 
finds that 
lS = XM FMM y Fe°Mat'*p,q\A,) 
XG” = (GT) yX" YG €°Mat™'(p, q| Moo) 


These relations will often be used below, 


(1.9.63) 


1.9.6. Bi-linear forms 

Bi-linear forms on supervector spaces may be introduced in different ways. 
For example, associated with every right linear operator #: Z +*# is the 
following bi-linear form on # 


(X, Y)w =UX)H Ý (1.9,64) 
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which possesses the property 
(xX, ¥B) yw =X, Vy h (1.9.65) 
for arbitrary supernumbers x and $. When # is pure, we easily construct 
its supertranspose #*" as the left linear operator °T, Z > Y* defined by 
éX | (¥))=(-1)0" MARHA + AMY CH) | xX) (1.9.66) 
X and Y being pure supervectors, thus obtaining another bi-linear form on ¥ 
(X, Wyre (Xia (¥)) (1.9.67) 


possessing property (1.9.65). The latter bi-linear form is called the 
supertranspose of the former. Bi-linear forms (1.9.64) and (1.9.67) are said to 
be c-type or a-type or mixed depending on the type of # A c-type bi-linear 
form (1.9.64) is called ‘supersymmetric’ if it coincides with its supertranspose, 
that is 


(X, Y)y =(— DPF FY, (1.9.68) 
and ‘antisupersymmetric’ if 
(X, Voy =- Ry. (1.9.69) 


It is worth pointing out that every c-type bi-linear form takes c-number 
values on even supervectors, 


iet, RE ¥OL (1.9.70) 
Next, if #: Y>*Y is a real c-type linear operator, 
(9¢(X))*=9(X*) vře? 


(see also equation (1.9.40)), then the corresponding bi-linear form takes real 
c-number values on real even supervectors, 


(Š, Yesek. WX, YEZ. (1.9.71) 

A real c-type linear operator W: Z +*¥ is said to be ‘self-adjoint’ if the 
corresponding bi-linear form is supersymmetric. Below we discuss only c-type 
bi-linear forms and consider their values only on even supervectors. 

Let us fix some standard basis {£y} in # and its left dual {E”}, which is 
a real pure basis in *% and introduce left components for supervectors in 
°¥ and right components for super 1-forms in °¥*: 

X=8yX" of X")=ey 

As a result, we have 


CI |X HJ yy X™ =(—1)"" XS, EC, (1.9.72) 
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for all Je°Y* and Xe°¥ Real supervectors and super l-forms satisfy the 
constraints 


(XM)*=X4 (Ty)? =(—1)"Jy: (1.9.73) 
Given a c-type linear operator #: # —* Z£ we represent its action as 
(Ey)o# =(—1)"H yyE* (1.9.74a) 
hence 
(X)W =X™ HyyE® (1.9.74b) 
H uy being some supermatrix under the conditions 
CH yw) = Ex + Ey: (1.9.75) 
Then, the induced bi-linear form reads 
(X,. Vg =X Hy’. (1.9.76) 


Is supertranspose (1.9.67) is given by 
(X, Yy =X H yey YÀ 
(H*) ny =( facs 1” +éNn shad: SPR 


If our bi-linear form is supersymmetric, then its supermatrix satisfies the 
equation 


(1.9.77) 


Hy =(— LMT OKT H yy- (1.9.78) 


Such supermatrices are called ‘supersymmetric’. 
Finally, the reality condition (1.9.71) means that 


(Hynt =(— 1PM NTE H yy: (1.9.79) 


Suppose the operator # is invertible. Introducing its inverse . 
+F — L we define the bi-linear form on *#: 


(J, L): =<I|(L)~*). (1.9,80) 


It is instructive to obtain its explicit form. Since the supermatrix Hwy is 
non-singular, there exists a unique inverse (H7 +)“, 


HMR 3), 5M, (AO gH =". (1.9.81) 
Resolving equations (1.9.74) gives 
(EM =(—1)'(H-*)#*E 
(JH ~'=EyJ (HH 
therefore the expression (1.9.80) takes the form 
(J, L) y= uL (1.9.82) 
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which should be compared with equation (1.9.76). In conclusion, we note 
that the inverse of supersymmetric supermatrix (1.9.78) is characterized by 
the property: 


(HIMN = ( — yore py Ly (1.9.83) 


1,10, Elements of analysis with supernumbers 


1.10.1. Superfunctions 
We are going to introduce a generalization of the usual smooth and analytic 
functions in R" or C" to the case of supernumber-valued functions. Instead 
of R", we consider a real superspace R”! = R? x R@ (1.9.19) parametrized by 
p c-number coordinates x”, m=1, 2. -.-, p and q a-number coordinates 6, 
Kak Zora 

We start by generalizing the concept of analytic functions of ordinary real 
variables. A supernumber-valued function on R?!? 


fRA 


is called ‘superanalytic’ if it can be expanded in a Taylor series in 2™: 


f= fixt a x? OY... 9 


=> Pra ntsc. ee A TE i Sums.mcEA,- (110.1) 
k=0 


To see what this definition leads to, we consider some particular cases, First, 
when p=0, g=1, we deal with functions of one real odd variable 8. Since 
a-numbers anticommute between themselves, 8*=0, and equation (1.10.1) 
means 


f@=0+ye p, peng (1.10.2) 


On the same grounds, in the case of g#0, 1 odd variables 8” only, every 
product of more than g @s vanishes, and the most general expression for a 
superanalytic functions on R°? is 


a 
F, 8?, dta =fot 2 Pred a 8" 0. OM fos Suja eA, 


(1.10,3) 


with fuu. u being totally antisymmetric in its indices. It is clear that the 
set of all superanalytic functions on R°'?=Ré forms a supervector space of 
dimension (297 !, 2971), 

Life is not so simple when p#0. In particular, in the simplest case p=1, 
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q=0 all terms in the Taylor expression 
fines fix* sen. (1.10.4) 
k=0 


survive and we are faced with the problem of finding restrictions on fy 
providing existence of the expansion. But for a wide class of superanalytic 
functions, it is really a problem of ordinary analysis. Indeed, let us split the 
variable x into its body and soul, x=x,+Xs, and let $ R—R(C) be an 
analytic function of an ordinary real variable, 


T= S Tea JERO) 
k=0 


Then, the supernumber-valued function on R, 
=. 
A= flxg + xs)= Flxa+ ¥ z JOs)" (1.10.5) 
k=1 K; 


where J™ denotes the kth derivative of f, is superanalytic on R,. Since (xs)"=0 
for some integer n, only a finite number of terms in the expansion (1.10.5) 
are non-vanishing. Then f(x) is said to be the super extension of f(x,). A 
remarkable result is that the general form of a superanalytic function on R.is 


f (x)= x fia. (1.10.6) 


where ¢' are the generating elements of A, and all the f;, (x) are functions 
of the type (1.10.5). 

Another important observation is that equation (1.10.5) may serve as a 
prescription for constructing ‘supersmooth’ functions on Re Having a smooth 
function J on Ñ, we introduce its super extension using rule (1.10.5) resulting 
in a supersmooth function on R,. The nth derivative of f(x) with respect to 
x is defined to be 


- 7 


fM"x)= M+ af MM xp) xe) (1.10.7) 
k=). 


By definition, the general form of a supersmooth function on R, is given by 
equation (1.10.6), where all the f; ;,(x) are super extensions of a smooth 
function on R. Every supersmooth function f(x) is smooth on the body and 
analytic on the soul of the c-number variable x. 

Our previous consideration is easily extended to the case of supernumber- 
valued functions of c-number variables. In particular. the most general form 
of a superanalytic function f: R> A, 


f aP iae MXXX Sammon EAs (1.10.8) 
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with the fs being totally symmetric in their indices. Finally, if p40 and q 40, 
every supersmooth or superanalytic function f: R?!?-+ A, can be expressed 
in the form 


FE XO. = falx! <- x?) 
q 
+2 7 Siimaa Ra « eau SOMO” 
ka:i K- 


(1.10.9) 


with the fs being supersmooth or superanalytic functions of R?. Note that 
all supersmooth functions f: R! — A, are supersmooth with respect to their 
c-number variables and superanalytic with respect to their a-number 
variables. 

Let f: R?'?-—A,. be some superfunction. For every point z* e R”", the 
image f(z) may be decomposed into its even and odd parts 


S= f+) SAEC falzveC,, 
Thus, it is reasonable to consider purely even 
J.R >C, (1,10,10a) 
or purely odd 
f RRC, (1.10.105) 


mappings. Superfunctions of the type (1,10.10a) will be called ‘bosonic’ or 
‘even’, and superfunctions of the type (1.10.10) will be called ‘fermionic’ or 
‘odd’. Bosonic and fermionic superfunctions will also be called ‘pure’. It is 
useful to associate with any pure superfunction f its Grassmann parity e(f) 
by the rule 


0 if f bosonic 
1 if f fermionic. 


an=| (1.10.11) 


Having some pure supersmooth function (1.10.9), the coefficients in the 
right-hand side of (1.10.9) carry the following Grassmann parities 


Afo=f) HSan.. u) =) +k (mod 2). (1.10.12) 


From here we will consider pure superfunctions only, 
Let f(x',..., x?, @,..., 6%) be a supersmooth or superanalytic function. 
We define ‘partial derivatives’ of f with respect to its variables as follows 


E. 
ox™ 
é 


4 ! 
ape OOA Bom iy xe"... 0" l (1.10.13) 


f TE (xì)+ 3 meN (aren g 
ox™ pi kaik! ôx" (vivres Wa] see 
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wen} l Í ( yay gr + 
E E T aa 


where partial derivatives of functions of the type (1.10.8) are defined in the 
ordinary way: 


ĉ 4 Pj= — | ny h 
za rir j= È grlim ae 


We have introduced left ¢/26" and right 6/20" partial derivatives with respect 
to the odd variables since any infinitesimal displacement 6“— 0" + d” results 
in the changing of f 

df(z)=f(x, 6+d6)—f(x, 8) 


which can be represented in two forms: 
aema È = i))= (re =) da. (1.10,14a) 
The left and right derivatives are related: 
č é 
2) —= —(— 1) f(z). 110.145 
{ez (—1) ap IO ( ) 


So, one can work with the left or the right derivatives only. In what follows, 
we shall use mainly the left derivatives which will be denoted 
a 

—=—. 1.10.15 

ga” ĝo“ Hiii 

Looking at equations (1.10.13), one finds that differentiation with respect 

to odd variables (by virtue of (1,10.12)) changes the type of superfunction. 

Namely, the operator @/d0* transforms every bosonic superfunction into a 
fermionic one and vice versa. 

(Lar+an (mod 2) (1.10, 16a) 

In contrast, differentiation with respect to even variables leaves the 
superfunction type unchanged, 


(i 2). elf). (1.10.16b) 
Introducing the following useful notation 
M=m 
2")= 1.10.17 
Em =e(2™") $ Nan ( ) 
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(see also (1.9.21), and 


a (8 ð 
é,=(6 ô =— =| —, — 1.10.18 
4 (Cm OW) = a (= =) Sag: 


one can unify equations (1,10,16a) and (1.10165) into a single equation: 


dyf)=ey+el(f) (mod 2). (1,10.16c) 
Further properties of the partial derivatives are: 
One X" =O" 
l- yz =b" 4 6,0 =À," (1.10.19a) 


Xega: 
2. Byoy=(— 1 Bly <> 4 End, = 0,0 (1.10.19) 
@,C,= —6,é, 
3. du (Fp) =(Ey fo +(— DFE xp) (1.10.19¢) 


where f and are superfunctions. We see that the odd derivatives 
anticommute between themselves and commute with the even derivatives, 
What is more, pulling the operator 6/¢@" through a fermionic superfunction 
gives a minus sign, The equation (1.10.19c) can also be rewritten as 


Og f —(—1M" fry =u). (1.10.20) 


Finally, we clarify how the operation of complex conjugation (1.9.10) acts 
on partial derivatives. Given a superfunction of the form (1.10.9), one obtains 


f*=f3 T È = 6". T cha AA RY 
* ` (k-12 l g” g" v4 fk 
“f+ 2 (1 ki 8 ‘a 


4 1 ; 
= fo+ È (= [ie a ERE i A gra”? aap 
k=1 $ 


where we have used equation (1.10.12). Making use of equation (1.10.13), we 
then obtain 


ô J* =(-—1)") $ (—1)ik oy 


alte. Vy 0"... 0“ F 
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Now we change the order of operations, 
4 1 
(E= P E a a a SEa 
$ 2, (k—1)! Faam i 
1 


kn ee 


rn l 


4 
=|= 1} (= 1j tk- 25/2 
2, 


r (| 
=|- 1%) = (— 1) Rm 1K = 29/2 he elf + hd} 
k=1 (k—1)! 


RE ew, yee 
Comparing ¢,,f* and (¢,,/)*. we find 
(CE, f= —(—1) ef. (1.10.21) 
This beautiful result can be unified with the trivial relation 


(nf) =Onf™ 


as follows 
(u= yf”. (1.10.22) 
What does equation (1.10.22) mean? Let us consider ‘real’ bosonic 
fi RR: (1.10.23) 
and fermionic 
fR" >R, (1.10.24) 


superfunctions. Then equation(1.10,22) tells us that an odd partial derivative 
of a real bosonic (fermionic) superfunction is an imaginary fermionic (real 
bosonic) superfunction. 


1.10.2. Integration over RP" 
Our goal is to develop an integration theory on superspaces R?!*. Of course, 
the theory of integration over R” will guide us. We shall consider in detail 
the simplest cases p= 1, q=0 and p=0, g= 1, and then generalize the results 
to the general case. 

Let f(x): R, +A, be a supersmooth function. The main question is how 
to define the integral 


| “fixjdx xp 4 ER, (1.10.25) 


where the integration is performed over a contour 
x(t): [0, 1] — R. x(0)=x;, x(1)= x; 


The problem we are faced with is that, in contrast to R where integrals like 
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(1.10.25) are usually performed over a line 


Xplt) = Xg. +I(Xp.2 —Xp.i) (1.10.26) 


there are now many more possibilities in the choice of integration contour., 
Indeed, splitting x(t) into its body and soul, 


x(rt)=xglt)+ x(t) 


and fixing the body, for example, as in equation (1.10.26), we still have wide 
freedom in our choice of the soul. Therefore, it would be desirable to take 
as our integration prescription one which will guarantee that the integral 
(1.10.25) will not depend on the particular choice of integration contour 
(which implies that the soul is measureless). The second requirement of 
integration theory over R, is a correspondence with the integration theory 
over R. Namely. if f(x) is the super extension of a smooth function /(x,) on 
R (equation (1,10.5) ) and the end points in equation (1.10.25) are real 
numbers, then the integral should coincide with the ordinary integral 


| T (xp) dxg. 


The above requirements are satisfied by an integration theory which is 
characterized by the property 


I. a=" (x) dx=(xz)—9(x,) (1.10.27) 


X i] 


where (x) is an arbitrary supersmooth function. Let us prove this statement 
for the example of a superfunction f(x) which is the super extension of a 
smooth function f(x) on R. We introduce another smooth function F(x,) 
on R, 


Pon= | Joas Pene 
0 
and construct its extension F(x) on R, by the rule (1.10,5); 


F(x) =Flxq) + È 7 Phas 
k=1 Kk! 


=F(x,_)+ 3 1 za- KEMEDI 
ezik! 


As a result of(1.10.7), we have 
F'(x)= f(x). 
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Applying equation (1.10.27). we have 


(x) dx = F(x,)— F(x,). 

ox 

This completes the proof. Note that our consideration happened also to be 
successful for the following reason: every supersmooth function f(x) is 
analytic with respect to the soul of x, 

Since the integrals (1.10.25) depend only on the end points of the integration 
contour, one may immediately extend distributions on R (like the d-function) 
to distributions on R„ to develop Fourier transform theory on R,, and so 
on. In particular. the -function on R, can be represented in a standard way, 
namely 


a= | e?”*dp= lim f eiP* -+P dp (1.10.28) 
TJ oo Ao 


z= +0 

where the integrals here can be performed over every contour p(t): RoR, 

such that the body of p(t) goes to +20 when t goes to +00, respectively, 
lim pg(t)= + cc. 


eir 


For every supersmooth function f(x): R.+A,,, we have 


f(x)= | f(y)d(x—y) dy. (1.10.29) 

In perfect analogy with integration over R”, the integration over R?!°=R? 
will be understood as multiple integration consisting of sequences of ordinary 
integrations over R, 


[arses Seay, ts a| dx? | | dx? -f dx? f(x! x?, ..., x?) 


dx =dx! dx?.. dx” (1.10.30) 


where the supersmooth function f(x‘, x?,..., x”) should satisfy some obvious 
restrictions to ensure existence of the integral. We do not explicitly define 
integrals over finite domains in R? since every such integral can be extended 
to an integral of the type (1.10.30). The d-function on R? is defined by the rule 


5°(x™) = 5(x!)5(x?)... d(x?) 


and has the same properties as the 6-function in R’. 
We proceed to integrate over R,. Given some superfunction /(@) on Re 
which is expressed in the form (1.10.2), one must define an integral 


| (8) d8. 
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How do we do this? When considering integration over R, it was possible, 
since R, contains R, to make use of our experience of integration over R. 
Now any experience is absent. All we are able to do is to postulate some 
reasonable axioms determining the properties of integrals. Following F. 
Berezin, we postulate 


| CAH) + H(A) dé = | (0) ao [noy d8 (1.10.31a) 

[=noyaoms | soe: zeA, (1,10.31b) 
[Gr 40=0 (1.10.31¢) 
dé = oe 
eas x. (1.10,31d) 


Let us comment on the axioms. The equations (1.10.31a,b) express standard 
properties of ordinary integrals. Equation (1,10.31c) is a generalization of the 
well-known integral property (1.10.27). Since {f(@)d@ is understood as an 
integral over the whole space R, and R, is boundless, the right-hand side of 
property (1.10.31c) should vanish. Equivalently, the axiom demands that 
every integral be invariant with respect to translations on R, 


| f(0+7)d0= | f(0)d0 «WER, (1.10.32) 


This axiom can also be treated as the rule for integration by parts; 


dh(@) 


—— dé. (1.10.33) 
dé 


df(8) 
26 =~—(-1)/) 6 
(x h(0) dé = —(—1) [ne 


Recalling the most general form (1.10.2) of superfunctions on R,, equation 
(1,10,31c) can also be expressed as the statement that R, has vanishing 
‘volume’. 


faozo. (1.10.34) 


After imposing the axioms (1.10.31a-c), the remaining task is to normalize 
the integral f 0 dð. It is the last axiom (1.10.31d) which plays the role of the 
normalization condition. Since the right-hand side in axiom (1.10.31d) is a 
c-number and the integration variable 8 is an a-number, the measure dô 
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should be treated as an a-number object anticommuting with all a-numbers, 
dĝz=-—z dü (Y zeC,) (1.10,35) 


= {ave =— fe dé. 


Then equation (1,10,31d) can be expressed in the form 
d 
fas {= 55 FM). (1.10.36) 


Therefore, the integration over R, is equivalent to differentiation, 
We introduce the 6-function on R,; 


H(O)=8, (1.10.37) 


Tt possesses the standard 6-function properties 


fa ô(0) f(8)= f(0) 


(1,10,38) 
3(8—8') f(8')=8(8 —8')f(8) 
as well as some unusual properties: 
6(8)5(8) =0, 
ôl —8)= — 6(8) 6(0)=0 (1.10.39) 


5(0) (A) =( — 1)"2" F(A) ò(0). 


It is not difficult to obtain an analogue of the representation (1.10.28) for 
the d-function on R, It is 


wo) fas e?’ (1.10.40) 
where the integral is performed over R,- 
By analogy with integration over R?, integration over Ré will be understood 
as multiple integration: 
faor, ANF o= fan, fae... fao, f8,- 8% (1.10.41) 
where dé, is the measure on R, with coordinate 0“, 


fao, 6’ =4,". (1.10.42) 


The measures d@, are assumed to anticommute with all a-numbers and 
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between themselyes 
d0, dé, +d0, dd, =0. (1.10.43) 


For any superfunction /(@',.... 6"), which is expressed in the form (1.10.3), 
one obtains 


fav (ON. =A a y (1.10.44) 


Therefore, only the last term in the power series (1.10.3) gives a non-vanishing 
contribution to the integral. 
The òð-function on R is 


6%(0', O7,..., 4)=6(6") 6(87)...6(%). (1,10,45) 


Its properties can be easily read off from expressions (1.10.38, 39), 
Finally, integration over R”? is defined as multiple integration over R? 
and Ri: 


far n= [ars foo fly x” 0t., OD. (1.10.46) 


1.10.3. Linear replacements of variables on R?'® 
Consider a linear one-to-one mapping of R”'? on itself 
Maz M= PMN 


(1.10.47) 


where F is a c-type non-singular supermatrix (recall that a supermatrix is 
non-singular if and only if it has non-singular body); F has to be a real 
supermatrix of the form (1.9.42b) for the 2 to be real. Indeed, rewriting 
the transformation explicitly as 


x= A™ x" + BAY 
gt = C# x" +D“ 0" 
and demanding (x'")*=x'" and (0'")*=06", one finds that the matrices A, D 
and C have real entries while the matrix B is purely imaginary. Evidently, 
the set of all invertible transformations (1.10.47) forms a group. 
Let us treat the transformation (1.10.47) as a replacement of variables in 
integrals like (1.10.46). It is clear then that the measures d’**z and d?*?%z' in 


the old and new variables, respectively, differ by the transformation Jacobian 
J(F) 


d?*42' = J(F) d?*%z (1.10.48) 


which is some function of the supermatrix F. Our main goal is to determine 
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J(F). We divide the solution of the problem into parts, first calculating the 
Jacobians of some particular transformations and returning to the general 
case at the end. 


I. We start with the replacement 


(1.10,49) 


This is a linear change of variables in R?. The Jacobian can be calculated 
in the same way as for R”. The result is 


J(F)=det A. (1.10.50) 


2. Now consider the replacement 


r 


x=" i, oO 
eet Pols p) (1.10.51) 


To find the Jacobian, note that the variables 6“ and the corresponding 
measures d” should satisfy the same basic identity (1.10.42) as in the former 
variables, So, we have 


ò= | dð, 8" =D", fas o? = 
(1.10.52) 
d0;,=d6,(D~')*,. 


By virtue of equation (1.10.43), one then has 
dé’, d@,...d6,=(det D)~ ' d8, d@,...d4,. 


Therefore, the transformation (1.10.51) is characterized by the Jacobian 


J(F)=(det DY '. (1.10.53) 
3. Consider the replacement 
ji Sen a r=(? í i (1,10,54) 
In this case we have 
J(F)=1. (1.10.55) 


Indeed, let us understand the integral (1.10.46) as follows 


[enere |oo fasso Pera XP, BY, . 25 OY), 
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For fixed 8s, the transformation (1.10,54) is a shift in R%, which keeps the 
measure d?x invariant. 


4. Finally, consider the transformation 


> Fates goralt ) (1.10.56) 


Now we understand the integration over R?'? as in (1.10.46). For fixed xs, 
the replacement (1.10.56) is a shift on R4. But in accordance with equation 
(1.10.32), the measure d%@ is translationally invariant. Therefore, the Jacobian 
is unity, 


J(F)=1. (1.10.57) 
Now we are in a position to find the Jacobian of the transformation 
(1.10.47). To do this, we represent the transformation as a product of some 


replacements, each of which belongs to one of the four types considered 
above. The matrix F can be expressed as 


} = = 
r-(\ °Y( nja BD-'C oN i naai 
0 DO 4, 0 i,/\D-c 4, 


-1 
r-(4 oe AE, M Ng a a (1.10.58b) 
0 1; C LA 0 D-CA `B 0 la 


Therefore, the replacement (1.10.47) is characterized by the Jacobian 
J(F)=det(A — BD~'!C) det~ \(D)=det A det™ t(D — CA~ 'B) (1.10.59) 


where we have used equations (1.10.49-S8). The. Jacobian J(F) proves to be 
real, J(F)eR,, because F is a real supermatrix of the form(1.9.42d), 


Or as 


1.10.4. c-type supermatrices revisited 

After obtaining some experience in analysis with supernumbers, it is 
worth returning again to an algebraic subject. We find it convenient to collect 
here the main operations with c-type (p+q)x(p+q) supermatrices, 
elements of °Mat'*(p,g|A,) or °Mat'"(p,q|A,,). Every supermatrix 
Fe°Mat'*\(p,q|A,.) is represented in the form (1.9.28), where the matrix 
element F" y are pure supernumbers with the following Grassmann parities 


eFMy)=eytey (mod 2) (1.10.60) 
(see also equation (1.9.37a)). Every supermatrix Ge °Mat'~(p,q| A.) looks 
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as in equation (1.9.22). Supermatrices from Mar‘*(p,q|A..) and Mar” 
(p.q\A,,) differ in the positions of indices. 
Both spaces °Mar'*{p,q| A „Jand °Mar'~\(p,q| A) are closed with respect 
toi 
. the operation of addition (1.9.31a); 
. the operation of multiplication (1.9.31b); 
. the operation of multiplication by c-numbers (1.9.31c); 
. the operation of supercomplex conjugation defined on °Mat'*{p,q| A.) 
by equation (1.9.41b) and on Mat (p,q | A) by 


* * 
on=( ‘ oe) (1,10,61) 


wn 


=C" D* 


the specialization of equation (1.9.62) to the c-type case; 
. the operation of taking the inverse (1.9.23), which is defined for 
non-singular c-type supermatrices only. 


t 


The spaces are connected to each other by the operation of supertransposition: 
sT: "Mat p g| A.) Matk (p, q| Aco) 
(FT) yh (H EN 
ST: °Mat (p q| A.) Mat +p q| An) 
Ce a T a ai 


(1.10,62a) 


(1.10.625) 


Recall, supertransposition is characterized by the property (1.9.63). 

The operation of supercomplex conjugation selects in° Mar") (p, gld) 
the subset ° Mat (p, q |A) of real supermatrices which satisfy the equation 
F**=F and have the form. (1.9.42b). °Math*)(p, q| A,.) is closed with respect 
to the operations of addition and multiplication of its elements and the 
operation of multiplication by real c-numbers. The supertransposition maps 
© Mat\”’(p,q| A,,) onto the real subset °Mari"(p, g| A..)in Mat Yp, g| An). 

The set of non-singular supermatrices in o) Mat'*(p, g| A,,), evidently, forms 
a group denoted by GL'*"(p,q| A_.). If Fe°Mat)*(p,q|A,,) isanon-singular 
supermatrix, then, due to (1.9.23), its inverse dabenai F~' is real. Since 
the product of real supermatrices is a real supermatrix, the set of all 
non-singular supermatrices in "Mat (p, q| ^) forms a group denoted by 
GLY p,q|A,,). Supertransposition maps GL'"p,q|A,) (GLK (p, q| A..)) 
onto the group GL'"\p,q|A,) (GLY (p, q\Acc)) Of non-singular (real 
non-singular) supermatrices in °Mat'~(p,q|A,,). 

Now we are going to introduce a supergeneralization of the determinant. 
Recall that the determinant of an ordinary n x n matrix A can be defined as 
the Jacobian of the replacement of variables x' = Ax on R”. It is this definition 
which will be generalized to the super-case. In the previous subsection, we 
found the Jacobian of the linear replacement of variables (1.10.47) in R?“ 
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associated with a non-singular supermatrix F. The Jacobian was given by 
equation (1.10.59). So it would be desirable to postulate the ‘superdeterminant’ 
or the ‘Berezinian’ of a non-singular supermatrix F eGL'~(p,q| A.) as 


sdet F = Ber F =det(A—BD~ 'C)det~ 'D=det A det~'(D—CA~'B), 
(1.10.63) 


and similarly for supermatrices from GL'~'(p,g|A,,). The notion of 
superdeterminant was introduced by F, Berezin, In accordance with (1.10.63), 
the Berezinian can be calculated using two different prescriptions. The 
statement that the first and the second lead to the same final result is a 
consequence of our consideration in subsection 1.10.3. (In fact, the 
supermatrix F in (1.10.47) was real. To generalize equation (1.10.59) to the 
case of complex supermatrices, one has simply to consider linear replacements 
of variables in the complex superspace C*'’,) On the same grounds, since the 
Jacobian for the composition of two replacements of variables is equal to 


the product of the Jacobians, one immediately obtains 
Ber(F,f,)=BerF, Ber F, => 
Es ets, (1.10.64) 
Ber(F~')=(Ber F)~'. 


We also have 
Ber(F°") = Ber F. (1.10.65) 
Indeed. due to (1.9.58b) and (1.10.63), one can write 
Ber(F*')=det[A™ + C™(D")~!B™] det~! D™ 
=det[(A —BD~'C)"] det! D'=Ber F 
where we have used the fact that the entries of the submatrices B and C are 


a-numbers. Note that relation (1.10.65) is in complete agreement with the 
fact that the transformation(1.10.47) can be written in two equivalent forms 


7M = Fyz" =M FT)" 


in accordance with (1.9.63). 

Finally, we introduce a supergeneralization of the trace of a matrix. Recall 
that det(l+A)=1+tr A, for every ordinary matrix A with infinitesimal 
elements. We take this identity as the starting point in defining a supertrace. 
Let F be an infinitesimal supermatrix (this means that the matrix elements 
F¥# are infinitesimal supernumbers with respect to the norm (1.9.6)). 

Then the supermatrix (lp „+ F) is non-singular and, due to (1.10.63), we have 


Ber(l\,..,+ F)=1+tr A—tr D. 
So we postulate the ‘supertrace’ of a supermatrix F e Mat'~(p,q|A_) tobe 
str F=(—1)"F¥ y (1.10.66) 
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and similarly for supermatrices from °Mat'~!(p,q|A,.). The main supertrace 
properties are 


str(F*')=str F 

(1.10.67) 
str(F F,)=str(F ,F\). 
The proof is quite trivial 
str( FT) =(— DEET) y =(— 1" D [yen teens pN j=] PE TFM a 
str(F  F)=(—1) YF ty F] y= 1 e PY FI 
=(—1)“F}n Fi: 
The superdeterminant and supertrace are related as follows: 
Ber(ef) =ef (1.10.68) 


where F is an arbitrary supermatrix. To prove (1.10.68), one has simply to 
follow the ordinary proof. One introduces the c-number-valued function on R 


f(t)=Ber(e*)  f0)=1. 
For an infinitesimal displacement dz, we have 
f(t+dt)=Ber(e'* e**) = Ber(e) Ber(! „p + dtF)= f(0){ 1+ drestr F}. 
Then, 
df(t)/dt=(str F)f(t) = f(t)=cets?). 


Taking into account the initial condition, one arrives at (1.10.68). 


1.11. The supergroup of general coordinate transformations on R?'4 


We would like to continue the study of real superspaces R?! parametrized 
by p even coordinates x” and q odd coordinates 6". As the next step it would 
be very interesting to generalize the concept of the general coordinate 
transformation group on manifolds which, as is well known, plays an 
important role in all gravity models. 
Let us consider a one-to-one mapping of R?' on itself. In the coordinates 
on R”! this is 
m mo gm, 
Martna of" ee PEO) (1.42.1) 
fH + 0" = f*(x, 8). 
We restrict ourselves to the consideration of supersmooth transformations 
with f" and f“ being supersmooth functions. The necessary condition for 
the transformation being invertible is that the supermatrix of partial 
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derivatives 


Gy\(z) =6yf%(z) 


is non-singular at each point z¥eR?'%. Indeed, infinitesimally, every 
displacement dz should be the image of a unique displacement dz” related 
to each other by the rule 


dz =d2"(0yf™), 


The set of all invertible supersmooth transformations (1.11.1) forms a group. 
It will be called the ‘general coordinate transformation supergroup’ (the term 
‘supergroup’ will be described properly in the next chapter). 

In the present section, our treatment is based mainly on special technique 
developed by S. J. Gates and W., Siegel in their study of superfield supergravity'. 


1.11.1. The exponential form for general coordinate transformations 
An infinitesimal coordinate transformation on R?'? can be written as 


z™ =M —1K™(z), (1.11.2) 


Here z is an infinitesimal real parameter, K™(z)=(K"(x, 6), K“(x, 8)), where 
K™z) are real bosonic superfunctions and K*(z) are real fermionic 
superfunctions. We introduce the first-order differential operator 


K=K™(2)dy=K"(X, 0n + K”(x, 98, 
eK™)=e, (K™”)*=K™ 


which will be called a ‘real supervector field’. Then equation (1.11.2) takes 
the form 


(1.11.3) 


2M =(1—rK)z™. 
Exponentiating this infinitesimal transformation, one obtains a finite 
coordinate transformation, 
vee Ert (1.11.4) 
or, more explicitly, 
M=zM — KM(z) + Ec IY K™2)8y,.. :K™-(2)êy, _ K™(z). 
ie ! 


Evidently, the transformation (1.11.4) is one-to-one. A sufficient condition 
for it to map R”? onto R?* is that the components of K™ vanish when the 
bodies of the c-number coordinates x” go to infinity, 


ixa = 
K” —— 0. 


' S. J. Gates and W- Siegel, Nucl. Phys. B 163 519. 1980. 
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Therefore, existence of the exponential form (1.11.4) for a transformation 
(1.11.1) guarantees that the transformation is invertible. 

Let us give two simple examples of coordinate transformations which 
admit the exponential form. First, consider a translation on R?'%, 


MaM=M4bM ôb =O, 


This is expressed in the form (1.11.4) with K=-b" dy, Secondly. consider a 

linear transformation of the type (1.10.47). This admits the exponential form 

if F=e* for some supermatrix R. Under this condition, one can prove that 

2M = FM AN = kM RR 

K=R™ pzy ~<a 

Not all general coordinate transformations (1.11.1) possess the exponential 

form (1.11.4), only contractible ones. A coordinate transformation z“ = f(z) 

is said to be ‘contractible’ if it may be deformed continuously to the identity 
transformation, i.e. there exists a sequence of transformations 


t= Mz ateli] 


such that /™{z,t) are continuous functions of a real parameter t, and 
f™{z,1)= f(z). £'4(z, 0)=2™. The set of all contractible transformations on 
R”! forms a subgroup of the general coordinate transformation supergroup. 
From there we shall consider only the contractible coordinate transformations, 
The representation (1.11.4) is very useful in practice. Indeed, let ®(z) be a 
supersmooth function on R?!?. In the variables z", it takes the form 


O'(2’) = O(z). (1.11.6) 


A natural question to ask is: how does the function ®(z) differ from the 
former one (z)? To answer this we use the observation that, by virtue of 
equation (1.10.20), 


[K, ‘P(z)] =(K'P(z)) 
where ‘P(z) is an arbitrary superfunction, so 


e7 ®W(zye® =(e *W(z)) = 


on € Fh a (e= Ae"), on 
Then, the left-hand side of (1.11.6) can be written as 
O'(e~*z e*) =e -*@'(z), 
As a result, we have 
®'(z)=e* (2), (1.11.8) 


To see further properties of the representation (1.11.4), we now discuss in 
detail supervector fields. 
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1.11.2. The operators K and K 


Let Ki =K¥(2)ĉ„ and K, = K{(z)é,, be real supervector fields. In accordance 


with equations (1.10.19, 20, 22), their commutator 
[K Kg] =K3=K¥(2)ey 
M as ares Nia! phd (1.11,9) 
K3 =KyCyK?z —Ky6yKy 


is a real supervector field. Therefore, the set of all real supervector fields 
forms a Lie algebra. According to the Baker—Hausdorff formula, this implies 
that the transformation 


7M = eX! ek 


may be represented in the form (1.11.4). Another consequence is that, if K 
and V are real supervector fields, the operator 


eve k= Ý TALAY LV =[K, V] (1.11,10) 
n=O 


is a real supervector field. 
For every supervector field K., we define the first-order differential operator 
K by the rule: 

K=K™ Oy =(—1) Gy KY +(—1)"(EyK™) (1,11,11) 
where 9 y is defined to be related to the right partial derivative 3 /az™ in 2M 
by = 
= a 

= (-1)'¥—. AL 
au=(-1) aM (1.11.12a) 


The K acts on a superfunction D(z) as follows 
OK =KO+(—1)"(2yK™)O=(—1)"Ay(K™D).  (1.11,12b) 
Lemma l. 
(1-e*)(eX@)=(@-e*) (1.11.13) 


where ®(z) is an arbitrary superfunction. 


Proof. Define the superfunction ®(z, t) 
Oz, 1)=O(z) eX Oz. 0) = (2) 
depending on a real parameter t. @(r) satisfies the equation 
d@(r)/dt=@(t)K. 
Define another superfunction ‘Y(z, t) by the rule 
Piz, c)=(1-e*)(e*X(z))—"P(z, 0) = (2). 
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We have 
= re K) Rye") +l e ŽK) 
T 
=[K(1 eF) + (— 1) uK FED) eK (eX) 
=R P(t) + — IFEK P(t) =Y). 
Therefore, ®(t) and P(t) satisfy the same equation and the same boundary 


condition, hence they coincide. 


Lemma 2. 
(1-e®)- t seX(t+e Ay, (1.11.14) 


Proof. Choose ®=(1 ve Ky in equation (1.11.13). 


Lemma 3. 
[K, V]=-[K.V]=- LV (1.11.15) 


where K and V are arbitrary supervector fields. 


Proof. 
[K, V]=K*CyVMOy—VOyK Oy 
=( -10K VM Oy by (Ka Viy 
—(=1)° VK Oyo + (V^r K") ðn 
=V“ K" {pyy (— 1)" Eyin} — (KV) (VK) fog = — (Le VE. 


Here we have used the fact that the derivatives ¢,, satisfy the same identity 
(1.10.19) which was fulfiled by the derivatives 0,,. 

The equation (1.11.15) shows that the set of all operators K, where K is 
a real supervector field, forms a Lie algebra, and the correspondence K >K 
is an anti-isomorphism of the Lie algebras. 


Lemma 4. 
eVe k=e* Vek, (1.11.16) 
Proof. The statement follows from equations (1.11.10) and (1.11.15). 


Now we are able to prove an important result. 


1.11.3. Theorem 


zM=e7ËM_ =  Ber(éyz’*)=(1-e7 5). (1,11.17) 
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Proof. Introduce the partial derivatives C4, corresponding to the variables 


yM. 
2 


by =GyM(2)ey= Gy. (1.11.18) 


In accordance with equations (1.10,19a,b), the operators 04, should satisfy 
the equations 


fyz” =." 
yên —(— LENE = 0. 
The solution is unique and has the form 
ay =e * y". (1.11.19) 


On the other hand. in terms of the supervector fields Gy (1.11.18), we have 


O= fuy —(— 1) BO yy = Gu pGy PQ —(— 1)" Gy Op Gy2Gq 
=(GyGy®)Og +(—1)** "Ga ® Gu? râg 1)" GyGy"léq 
— (— 1)P¥**(—1)®*Emr0lG FG? êro 
= {(GyGy*) sia DGG y?)} ĉo 
+(—1)™*!) GG y2 (êgôr—(— 1) ereo} 
e {(GyGy%)—(— LMN GyGu?)} 69 
= {(GyyGy®) —(— 1) (GyGy?) (G "o? Gp. 
Therefore, 
{(GyGy%) —(— 1)*"(GyGay2)}(G~ )o* =0. 


In this relation, we take the supertrace over the indices N and R (contract 
both sides with (—1)'*é,%). This gives 


str{(GyyG)G = 1 =( vay pjt Fe InG y"): 


Evidently, the left-hand side coincides with G,,{In(Ber G)}. We recognize the 
right-hand side as (1°G,,). So, we obtain 


Ga,{ln(Ber G)} =(1+G,y). (1.11.20) 


But(1- Gm) may be transformed further making use of equations (1.11.19) 
and (1.11.16): 


(1-Gyp)= (lee iye") =le” Bye F)=(ôyll ee ¥. 
Now apply equation (1.11.13) 
(1-Gy)=(1ee7 Kje ylle 8) (lee SG gle“ “il eř)), 
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All that remains is to apply equation (1.11.14). This gives 
(1+Gy)=—Gy In(1+e7¥), 
Comparing with (1.11.20) gives 
Ber G=C(1-e~*)7! 


where C is a universal constant which can be calculated by considering some 
special transformation. In the case of the identity transformation, Ber G = | 
and K =0, so C = 1. Finally, since Ber G=Ber~ '(é,,2'"), one obtains (1.11.17). 


Remark, Making use of equations (1.11.15) and (1.11.17), one can prove 
the following statement: 


Mae Ke LM = Bery: =l e Ke a(tre eF) (1.11,21) 
1.11.4. The transformation law for the volume element on R?4 


Let us treat the general coordinate transformation as a replacement of 
yariables in an integral over R?!? 


ferro) 
of some superfunction under reasonable boundary conditions, The 


replacement (1.11.4) changes the integration measure leading to the 
appearance of the Jacobian -J(z) 


faroe) = are J(z)®(z'(z)). (1.11.22) 


The technique developed above makes it possible to determine the Jacobian 
of the transformation. 


Theorem. 
z'M SETEN 


[aroe fare Ber(G,,2%)@(z'(z)). (1.11,23) 


Proof. Recall that ®(e~*z)=e~ *@/z). So, the right-hand side of equation 
(1.11.22) is 


fe taz J(z)e~ *@(z)= [arr e~ *[(eXJ(z))®(z)]. (1.11,24) 


We insert into the integral the decomposition of unity 


b=(tee7 #{ire7 #7! ={lre Kje“ ek (1-78), 
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Then, (1.11.24) takes the form 


[arrette Kentte ette 


= faroe) e¥{J(zX1re7 Kye" ® (1.11.25) 


where we have used equation (1.11.13). By virtue of (1.11.12), eKat+,.., 
where dots mean terms giving rise to total derivatives in the integral (1.11,25). 
Therefore, equation (1.11.25) can be equivalently rewriten as 


[ares diz) eX{ J(z\l-e7 ®)-"}. 


v 


This integral should coincide with the left-hand side of expression (1.11.22). 
Since ®(z) is a completely arbitrary superfunction, one demands that 


ež{J(a{(le7ř}=1 = J(a)=(1e7ř). 
The equation (1.11.17) then leads to equation (1.11.23). 


Remark, The Jacobian in (1.11.23) presents the Berezinian of the 
supermatrix 


which is the supertranspose of 


r 


FM y ms (— 1) + EMEN( at) M = z™M 


2h" 


Here we have used the identity 
PS é — (__ EM + welt) é ) 
LOT G = | =s azm? (2) 


which generalizes equation (1.10.14b). Because of the relation Ber F = 
Ber (FT) and equation (1,11,17), we can write the transformation Jacobian 
in three equivalent forms: 


- 


a IN rs „M é EF y -KŘ 
Be (578 ) = ber: s)=0 e=; (1.11.26) 


1.11.5 Basic properties of integration theory over R?'*4 

We would like to finish this section by listing the properties of integration 
theory over R”!?4, which are assumed to be valid (properly generalized) for 
functional integration in quantum field theory. A chief reason why we choose 
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the number of a-type coordinates to be even here is the existence of 
non-singular supersymmetric bi-linear forms. Explicitly, consider a real 
supersymmetric bi-linear form on R” (see subsection 1.9.6) 


s? = aed PTY ad (1.11.27) 
where 


el y= Bar + Èv 
Nuy) = ëm + Ën (1.11.28) 


(— ] jon + tN + Ruts 


Mun = NM ("sen)* = Nay 


The requirement for non-singularity 
Mus? =0>2* =0 (1.11.29) 


implies that the bodies of the even-even and odd-odd blocks of ņ are 
invertible matrices. Since the odd-odd block is antisymmetric, owing to 
equation (1.11.28), its body can be invertible only if q is even. Note, every 
bi-linear form (1.11.27) under equations (1.11.28, 29) can be taken in the role 
of a supermetric on the superspace, 

Integration over R?'*4 is characterized by the following properties: 

1. Linearity 


A 

| d?* 242! af (z) + Bfe = 2 [arasta + p [æra (1.11.30) 
where f,(z) and f(z) are arbitrary functions on R”'?9, x and f are arbitrary 
supernumbers. The measure d’**4z is an even object commuting with all 


supernumbers,. 
2. Integration by parts (three equivalent forms) 


fartas =0 (1.11.31) 
farraz fiz+O= [arse fe) éyZ"=0  (1.11.31b) 


| ortsteus tense == (ayn f ar> teef (NEn Se. (1.11.31¢) 


3. Replacement of variables 
Making a replacement of variables in integrals over R?!*4 is accompanied 
by the appearance of the transformation Jacobian: 


| detfe jan dfe **425(2) f (2'(2)) 


—~ 


a e é (1.11.32) 
J(z) = Ber| — z" | = Ber| 2” 5). 
@) (a ) ( az” 
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4, Existence of delta function 
There exists the unique delta function 6’*?7%z) on R’!*4 possessing the 
property 
[arse = { (0) (1.11.33) 


/ being an arbitrary function on R”!*4, The 6”7*%z) can be expressed in the 
form 


P* 74(2) = N fararen" (1.11.34) 


where N is a normalization constant and the integral is over R?!*4 
parametrized by real bosonic and imaginary fermionic coordinates, 


(oy) = (— LO yr 


Remark. A formal proof of equation (1.11,34) is as follows. Consider a 
superanalytic function f(z) on R’'*4, 


x 
3 Mia M: rm 
T= See ee pes te | Fat Mae 
k=0 


and integrate it over R’'*4 with the weight (1.11.34): 
[armors 242) f(z) 


eine 


z 7 ar 
=n] drta d?*74y Y (—i a Í MM.. Mi 


k=0 CUM, Cwm, 


=N fe + 2az dP+ Hoelen" F(0) 
hence 


N= f dP * 242 dP *29¢yehone™, 


In the above, validity of integration by parts has been assumed, 

5. Gaussian integrals 
Choose a fixed supermatrix yyy under the requirements (1.11.28) and 
(1.11.29). For every supermatrix Hy, under the same requirements, we have 


N' faras exp] 52" Hu" | = Ber~ t((n7 H py) (111.35) 
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where N’ is the universal normalization constant defined by 
N’ fare exp| emae" | S (1.11.36) 


Remark. Relation (1.11.35) generalizes the well-known integral formula 


x n dri 1/2 
| dtei*”? = (=) (1.11.37) 
E A 


4 being a non-zero real number, and its a-number analogue 


| dé7da! erie — 0) j l T q ‘) (1.11.38) 
where 4! and @? are real a-number coordinates on R?. 
To prove (1.11,35), let us represent Hyry in the manner 
H yy = (FO) a ng F's (1.11.39) 


for some supermatrix F e Gly’ (p, 24| A „). Changing the integration variables 
in (1.) 1.35) according to 


MaM = FMN 


and using equation (1.11.36), one obtains 
N’ are: “EZ = Ber™'(F). (1.11.40) 


On the other hand, equation (1.11.39) can be rewritten in the form 
AM, = Hen = ETNE" 
or, in indexless notation, 
A = n FF 
hence 
Ber A = Ber?(F). 


This relation and equation (1.11.40) leads to equation (1.11.35). 


2 Supersymmetry and 
Superspace 


Within this restless, hurried, modern world 
We took our hearts’ full pleasure - You and I, 
And now the white sails of our ship are furled, 
And spent the lading of our argosy. 
Oscar Wilde: 
My Voice 


2.0. Introduction: from R”? to supersymmetry 


We have spent a lot of time studying supernumber spaces R? 4, It was beautiful 
mathematics; and now let us reveal its relation to physics. 

A set of dynamical fields {'}, arising in some classical field theory, should 
be treated as mappings from Minkowski space into a superspace 


g'(x); Rt + RP! (2.0.1) 


where p is the number of bosonic fields and q is the number of fermionic 
fields. The situation is quite clear in the fermionic case. In quantum theory 
half-integer spin particles are described by Hermitian operators @'(x) on an 
appropriate Fock space which obey some anticommutation relations 


fox), @(y)} = Olh) 


with A being the Planck constant. Taking the point of view that a classical 
theory corresponds to the limit A— 0, classical fermionic fields are anti- 
commuting. Anticipating fermionic fields to be valued in the odd part of a 
finite-dimensional Grassmann algebra Ay, one finds that all combinations 
of the form 


(PA PNPA, Pa) o (PaA Pn) 
117 
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vanish for sufficiently large k; here A,, A>, ..., A, are arbitrary operators 
constructed from the -matrices and space-time partial derivatives. Therefore. 
we have to look on fermionic fields as a-number-valued functions on 
Minkowski space. Forexample. the undotted spinor field w,(x) is a mapping 


w(x): R* + C? 
The Majorana spinor field ‘Wy, is a mapping 
¥y(x): R* > Re: 
The Dirac spinor field W(x) is a mapping 
W(x): Rt > CH = RE, 


Classical bosonic fields are usually considered as real number-valued 
functions on Minkowski space. This description is correct only in the case 
of a purely bosonic theory. However, having a system of interacting bosonic 
and fermionic fields, we must inevitably think of bosonic fields as c-number- 
valued functions on space-time. For example, in electrodynamics 


l 
—— feirer, + Prin + eanit 


the vector field equation of motion 
CF an = —OP YP 


tells us that the body of A,,(x) has free Maxwell dynamics and the soul of 
4,(x) is propagated by the charged bodiless current j,,(x) =ePy,,'¥. As a 
result, ordinary electromagnetic radiation is absent in this classical picture; 
radiation is a purely quantum effect (of course, one may generate non-trivial 
dynamics by switching on some external source). This may look rather 
unusual from an ordinary point of view. Nevertheless, the treatment of 
classical fields as mappings of the form (2.0.1) is most convenient when 
understanding the classical theory as a starting point for quantum field 
theory. According to B. De Witt, it would be more precise to speak about 
a “superclassical’ starting point. 

Now let us return once more to equation (2.0.1) Note that every set 
‘@'(x)} of smooth fields on Minkowski space can be continued uniquely to 
a set {ğ'(x)} of supersmooth fields on the c-number space R*. The resultant 
mapping 

[9R + RY = RP x R3) (2.0.2) 


looks more symmetrical than equation (2.0.1). Of course, Minkowski space 
should be identified with the soulless surface in Rý, 


Rt = {(x")eR4, x2 = 0, m = 0,1.2,3}. 


After mapping (2.0.2), it remains to perform one more step — to consider 
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supersmooth mappings of the form 
Di: RA PY, (2.0,3) 


Can such generalized fields, which it is natural to call ‘superfields’, be 
interesting from the physical point of view? To answer this question, let us 
consider one particular case k = 4, 

We parametrize R*+ by four real c-number variables x”, two complex 
a-number variables 67 and their complex conjugate (6*)* = 0%. Consider a 
superfield 


VREE SR. (2.0.4) 
This can be written explicitly as 
V(x, 0, 8) = A(x) + yx) + F(x) + 67 F(x) + PF (x) + a Fae 
+ PAZ (x) + 78,7 (x) + PRP G(x) 
where A, F, F, V, and G are bosonic fields and Ya, /*, 4, and 7* are fermionic 
fields. Interpreting odd coordinates @* and 8* on R*+ as two-component 


Wey] spinors makes it possible to define an action of the Poincaré group on 
R*!* as follows: 


x” — x™ = (exp K)",x" + b™ 


B 
6, >b, = [ex (5 Koa) Og (2.0.6) 


å 
gt =p = ex (5x) | g'. 
2 
A 


Finally, demanding the Poincaré transformation law 
V'(x', 0,8) = Vix, 6, 8) (2.0.7) 


one finds that A, F, F and G are scalar fields, V, is a vector field, and 


veli) eG) 


are Majorana spinor fields. Therefore, every superfield of the form (2.0.4) is 
equivalent to a whole family of ordinary bosonic and fermionic fields. 

The above example can be further generalized. Namely, every superspace 
RtI4N, N = 1,2,..., admits a natural action on it of the Poincaré group. So 
in these cases as well, superfields (2.0.3) are equivalent to a whole set of 
ordinary fields. We are faced with a very interesting situation. We have found 
a mechanism to unify bosonic and fermionic fields in a multiplet. But our 
consideration seems rather formal. It would be seen as less formal if an 
underlying principle leading to such unification existed. Remarkably, the key 
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to the problem lies in the above example. The equation (2.0.5) tells us that 
V(x. 0,9) contains an equal number of bosonic and fermionic fields. This 
clearly applies in the general case of superfields on R*'**, N = 1,2,.... This 
observation becomes a simple physical consequence under supposition of 
the existence of some symmetry between bosons and fermions. Indeed, 
imagine some hypothetical field theory possesses an invariance ‘rotating’ 
bosonic fields into fermionic ones and vice versa. Then the number of bosonic 
and fermionic partners should, in general, be equal. At first sight, such 
a symmetry may look very strange and unusual, since it changes particle 
statistics (the reason it is called a ‘supersymmetry’). On the other hand, if 
God created two types of particles, He could also create a mechanism to 
transform one type into another, couldn't He? Namely supersymmetry is 
able to serve as the desirable underlying principle. 

One can easily invent supersymmetry transformations having made some 
reasonable assumptions. To this end recall that the Poincaré group acts on 
R+ by means of the linear transformations (2.0.6). They include the Lorentz 
rotations of superspace coordinates and the x"-translations (since the set of 
translations forms a commutative group, it is not possible to supplement 
space-time shifts dx” = b” by linear transformations of 0, @ of the type: 
60, = Kb,,0% 68, = kb,,0", where «x is a complex constant; the only possible 
choice is x = 0). However, while the even and odd coordinates of R*!* are 
on an equal footing, @-translations are not present in equation (2.0.6). To 
overcome this discrepancy, it would be natural to consider in superspace not 
only the Poincaré transformations but also shifts in 8, 8 supplemented by 
some transformations of x”. Assuming linearity, the most general form for 
such a displacement, consistent with the needed Lorentz transformation laws 
for x" and 67, 87, reads 


ò = 60% = tt 

bx” = k@o" = + keo” 
where < is an arbitrary undotted spinor, and k is a complex parameter. The 
case k #0 is most interesting, since it provides us with non-trivial mixing 


between even and odd superspace coordinates, Without loss of generality, it 
is possible to fix k as k =i obtaining the supersymmetry transformation 
GT = & 60* = z 
(2.0.8) 
dx” = ilfo" E — to". 


Finally, if one adapts the transformation law (2.0.7) to supersymmetry, this 
gives 
dV (x, 6.8) = V(x, 0, — V(x, 0, 8) 


= i608 — ba" €)é,, V(x, 8, 0) — (46, + 20V (x, 8.9) 
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or, in terms of the fields from which V(x, 8, 8) is constructed, 
ALX) = —EW(x) — W(x) 
dy(x) = —2€,F(x) — (0%),{ V(x) + 2,A4(x)} 


F(x) = —EA(x) + Fbl) 
ÒV (x) = €o,A(x) + A(x)a,E + i¢o?F,2,W(x) — 16x ,0°E 


51,Ax) = —2€,G(x) + seô, v dx) — ilo*®),0, Fix) 


1 


òG(x) = 5 fal Alx)ore — €o7A(x)}, 


As a result, we have constructed a symmetry mixing bosonic and fermionic 
fields. Note that if some component field from V(x,6,8) was zero at 
the beginning, it becomes non-vanishing after making a supersymmetry 
transformation. 

The set of Poincaré transformations (2.0.6) and supersymmetry trans- 
formations (2.0.8) form a group. But it is a rather unusual group, since the 
supersymmetry transformations are built of anticommuting parameters €” 
and ?*, Before studying supersymmetry it would be instructive to familiarize 
the reader with such algebraic objects. 


2.1. Superalgebras, Grassmann shells and super Lie groups 


Superalgebras present a natural generalization of the concept of Lie algebras. 
Every Lie algebra ¥ is a non-associative algebra in which the multiplication 


law [...,...]: ¥ x 9 > @ is characterized by two basic properties: 
1. [a,b] = — [b,a] (2.1.1) 
2. [a, [b,c]] + [b, [c,a]] + [c [a,b]] = 0 (2.1.2) 


for all elements, a. b, ce 4. The bi-linear operation [...,...] is usually called 
a Lie bracket. 

There is a universal way to construct Lie algebras. Namely, given an 
associative algebra %, one can introduce a Lie algebra structure on ¥ by 
taking a commutator of elements: 


[x,y] = x'y— yer Yx, pew. (2.1.3) 


Here the Jacobi identities (2.1.2) are evidently satisfied. In particular, if 7 is 
some matrix algebra, then the prescription (2.1.3) provides us with a matrix 
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Lie algebra. In fact, every finite-dimensional Lie algebra proves to be 
isomorphic to some matrix Lie algebra. So, we may look at Lie algebra as 
a set of linear operators closed under commutation. 

Another algebraic operation, often used in applications, is anticommutation 
of operators. For example, to formulate particle dynamics in quantum field 
theory, one has to choose commutation relations for integer spin particles 
and anticommutation relations for half-integer spin particles. Naturally, the 
question arises: is it possible to generalize the Lie algebra multiplication law 
to include commutators and anticommutators as well? 


2,1,/, Superalgebras 

To define superalgebras, we will need one more auxiliary notion. A vector 
space (real or complex) L is said to be ‘Z3-graded’ if it is decomposed into 
a direct sum of two subspaces °L and ‘L, L= °L@'L. It is useful to call 
°L-elements and ’L-elements ‘even’ and ‘odd vectors’, respectively. Even and 
odd vectors in L are also called ‘pure’. By analogy with the Grassmann 
algebra A,, we introduce a ‘parity function’ x(u) defined on the set of pure 
vectors in L as follows: 


0 ifue°L 
(u) = 2.1.4 
rtu) r fue Yh ete) 


Every vector ue L may be decomposed uniquely into the sum of its even 
and odd parts, 


u=°u + fu, 


Using the parity function makes it possible to define a one-to-one linear 
mapping 7: L—> L by the rule: 


Plu) = (— 1) "u F= (21.5) 


for every pure vector ue L. We will refer to 2? as the ‘L-parity mapping’. 
A superalgebra is a Z,-graded linear space 9 = ° ® '¥ and an algebra 


with respect to a multiplication [.......}: x Y—@ which is characterized 
by three basic properties: 
1. [a b} = —(—1)"™*"'[b, a} (2.1.6) 
2. «([La,b}) = xla) + K(b) (mod 2) (2.1.7) 


3. Super-Jacobi identities 
( — NANOA, [b. c}} + (— ] matory, [c ay} a (— 1 Tait CA [a, b} \ = 0; 
(2.1.8) 


Here a, b and c are arbitrary pure elements from %4. The bilinear operation 
[....-..} is called a ‘Lie superbracket’. 
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Before considering properties of superalgebras, it is instructive to describe 
a universal rule by which they may be constructed, Let V be a Z,-graded 
associative algebra, i.e. (1) X is an associative algebra; (2) X is a Z,-graded 
vector space, ¥ = °W @ 'W: (3) the -parity mapping F is an automorphism 
of the algebra, A(x+ y) = A(x) Aly), Then # becomes a superalgebra with 
respect to the multiplication law 


[x yļ}=x'y- EER Jy "x, (2.1.9) 


where x and y are arbitrary pure elements. The super-Jacobi identities (2.1,8) 
turn out to be satisfied identically. In particular, having some Z,-graded 
matrix algebra, the prescription (2.1.9) will provide us with a matrix 
superalgebra. Examples are given in the next subsection. So, one can imagine 
a superalgebra as a set of linear operators closed under (anti)commutation. 
From here on our consideration will be confined to the case of 
superalgebras obtained in accordance with the prescription (2.1.9). So, we have 


[a,b} = —[b.a} = [a,b] a beg 
[a,b} = —[b.a} = [a,b] ae°G,be'g (2.1.10) 
[a, b} = [b,a} = {a,b} a, betg. 
For arbitrary elements a, be Y, we have 
[a, b} = [°a, °b] + [°a, tb] + [a,b] + {ta, tb}, 


Now let us analyse the axioms. Equation (2.1.7) tells us that 


[°S,°9] c °%, (2.1.11) 
[°G, '¥]c'¥ (2.1.116) 
('g,1g} c g, (2.1.11¢) 


Therefore, °4 is a Lie algebra. Equation (2.1.11b) shows that with every 
element °ae°Y we can associate a linear operator F(°a): 18 => t18 on 'Y 
defined by 


F(°'ase=[atc] Vee. (2.1.12) 
Choosing in relation (2.1.8) a = °a, b = °b and c = ‘c leads to 
F(a) F (°b)'c — F(Pb)F (°a)'c = F([°a, °b])*c. (2.1.13) 


As a result, the set of all operators ¥(°a) forms a representation of the Lie 
algebra °4 in the linear space 'Y. The other super-Jacobi identities (2.1.8) 
give some restrictions on the possible type of this representation. To reveal 
them, we anticipate the superalgebra ¥ to be finite dimensional, and let {e;} 
be a basis in °Y, i = 1,2,..., dim °Y, and {e,} be a basis in 'Y, x = 1,2,.... 
dim +4. Then, the set e; = {e,,e,} is a ‘pure basis’ in 4. Every pure basis in 
$ is said to be a ‘set of generators’ of the superalgebra. 
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Introduce ‘structure constants’ of the superalgebra defined by 


[ene =f es fay’ eC (or R). (2.1.14) 
They are (anti)symmetric in their lower indices, 
Jat SAS aed AP a (2.1.15) 


in agreement with equation (2.1.6), where we have denoted K; = x(e,), By 
virtue of equations (2.1.11), the only non-vanishing components are 


fi; = =f il Lid = < fat f af =f pa- (2.1.16) 


The super-Jacabi identifies lead to the bilinear equations in the structure 
constants: 


(SDS EF ra + (=I Fa Si +1- Ie ff yx =O (2.1.17) 
From these equations, those essential for us are the following 

fil fad —See'F yl —S ig La =. (2.1.18) 

Sanf ms +fytf a +f, ati = 0. (2.1.19) 


What do these identities mean? 

First, note the generators #(e,) of the °4-representation (2.1.12) are given 
by matrices [F(e,)]*, = f ig”. Secondly, the generators ad(e,) of the °Y-adjoint 
representation are given by matrices [ad(e,)]', = f j. So, equation (2.1.18) 
means nothing more than that f,g is an invariant tensor of the Lie algebra 
°@ transforming in the adjoint representation with respect to the index į and 
in the representation being contragredient to ¥ with respect to each of the 
indices « and f. What is more, not every invariant tensor with such a 
structure may be chosen, only that which satisfies equation (2.1.19). 

The above consideration makes it clear that not every Lie algebra admits 
an extension to a superalgebra; admissible Lie algebra should have an 
invariant tensor f, = f ps subject to constraint (2.1.19). 


2.1.2. Examples of superalgebras 

Let us consider the set of all (p + 4) x (p + q) complex matrices. It is a 
Z,-graded associative algebra with respect to matrix multiplication and the 
grading defined as follows. For every matrix 


r=(4 a (2.1.20) 
Cp 


where A, B, C and D are p x p, p * q, q x p and g x q complex matrices, 
respectively, the decomposition into its even and odd parts reads 


R=°R+'R 


n= (* a R=(? p) (2.1.21) 
0 D cC o0 
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This algebra is denoted usually by Mat(p, q|C). In accordance with (2.1.9), 
Mat(p, q|C) becomes a superalgebra with respect to the Lie superbracket 


[R, S} =[°R, °S] + [°R, 1S] + [ŻR, °S] + (1R, 1S}, 


The resultant superalgebra is denoted by gl(p,q|C). Restriction to the case 
of real (p + q) x (p + q) matrices gives the real superalgebra gl(p, q|R). 

By analogy with supermatrices, one can define in Mat(p, q|C) the operation 
of supertrace by the rule: 


strR=trA—trD. 
It is a simple exercise to check that 
str ([R, S}) = 0 


for arbitrary matrices R, SeMat(p,q|C). As a result, the set of all 
supertraceless matrices, 


sr R=0 (2.1.22) 
forms a superalgebra, denoted by si(p, g|C), which is a subalgebra in gi(p, qg!C). 
The set of all real matrices in si(p, q|C) presents the real superalgebra si(p, q| R). 


The last example is the orthosymplectic superalgebra osp(p, 2q|C). It is a 
subalgebra of sl{p, 2q|C) selected by the conditions 


A+A™=0 JD+D=0 B=iC'J (2.1.23) 
where J is the 2q x 2q symplectic matrix 
Oo | 
J= a 2.1,24 
f : x) (21.24) 
Equation (2.1.23) means that A €so(p, C) and Dé sp(2q, C), so that 
°osp(p, 2q|C) = solp. C) ® sp(2q, C). 


2.1.3. The Grassmann shell of a superalgebra 
Every complex Z,-graded vector space L(C) = °L(C) @ 'L(C) of dimension 
(p + q)can be made into a supervector space L(A) of dimension (p, q) defined 
as follows. Let e; = {e;,e,}, where i= 1,2,...,p and x = 1,2,..., q, be a pure 
basis in L(C), 
u= + u=x'e+x%e,=x'e, xe 

for every ue L(C), Consider the set L(A, ) ofall formal linear combinations 

u=ze+ce,=z2'e, P eN, (2.1.25) 


with z', I = 1,2,..., p + q, being arbitrary supernumbers. In L(A, ) we define 
the operations 
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|, addition 


u; +u; = (z| + zbe; (2.1.26a) 


to 


. left multiplication by supernumbers 
xu = (x2' je, aeA, (2.1.26b) 
3. right multiplication by supernumbers 


ux =(—1)*"*(2!xJe, (2.1.26c) 


where x is a pure supernumber. As a result, every ue L(A, ) is decomposed 
into its even and odd parts by the rule: 


u=°u+'u 
% = Ee, + Ee, feh eC, (2.1.27) 
‘y=ye,+n7e, eC, nec. 


It is readily seen that L(A „) becomes a supervector space of dimension (p, q), 
in which the operation of complex conjugation is undefined, Every even (odd) 
vector in L(C) is, at the same time, an even (odd) supervector in L(A,). 
Following F. Berezin, the supervector space L(A.) is said to be the 
‘Grassmann shell’ of the Z,-graded vector space L(C) (originally, Berezin 
used the term ‘Grassmann shell’ for the set L(A) of the even supervectors 
in L{A,)). 

From now on, we make no distinction between the parity functions ¢ on 
L(A.) and x on L(C), using the same notation e for both. 

Now let &(C) be a complex superalgebra with pure basis {e,;}. We take 
the Grassmann shell 4(A..) of the Z,-graded vector space ¥(C), Then, the 
operations of multiplication (2.1.10) in Y(C) and multiplication by 
supernumbers (2.1.26b, c)in (A ,,) induce a multiplication in ¥(A „) defined by 


[u, v} = [°u, °v] + ["u, 'v] + Cia, Ov] + fu, tv} (2.1.28) 
for any supervectors u, ve 4(A.,), Choosing in (2.1.28) the supervectors 


= @e, and v = (7e, to be pure, e(é') = eu) + e, and (f) = elv) + £j, one 
obtains 


Co, v} = wv — (1) vy = (— 1)80K4) = NEIL, e) 


2.1.29 
e E i uy) + uyg el f L { 
=(—1) EE Jis er 


where equation (2.1.14) has been used. The main properties of the 
multiplication (2.1.28) are: 


1, [u, v} = —(—1)4"")Ty, u} 


2. e([u, v}) = elu) + e(v) (mod 2) 


Supersymmetry and Superspace 127 


3, (1u, Cv, w}} + (= OME, Cw, a} (1w, Cu, v}} = 0 


(2.1.30) 
for any supervectors u, v, WE 4(A_) 


4. [xu + By, w} = x[u, w} + By, w} Va, BEA, Vu, v, we (AL). 


To prove property 2, one has to use equations (2.1.7) and (2.1.29). The 
properties 1-3 show that (A) forms a superalgebra, Property 4 means 
that the Lie superbracket [...,...} of GA.) is linear with respect to 
multiplication by supernumbers. The supervector space Y(A,) with the 
multiplication (2.1.28) is said to be the ‘Grassmann shell of the superalgebra’ 
SC). We shall also call objects like $(A,.) ‘Berezin superalgebras’ to 
distinguish them from ordinary superalgebras over C or R, which have been 
considered in subsection 2.1.1. 

By definition, a Berezin superalgebra Y is a supervector space @ together 
with an operation of multiplication [.......}: 2 x @ +@ of elements from 
G such that the axioms (2.1.30) are satisfied. When has finite dimension, 
all algebraic information is contained in the ‘structure constants’ defined by 


Lenes} = fije Si EA, 


(2.1.31) 
elfi) =£ + €y + &, (mod 2) 


with {e,} being a pure basis of 4. A Berezin superalgebra is said to be 
‘conventional’ if it admits a pure basis in which the structure constants are 
ordinary numbers, i.e. as in equation (2,1,14); otherwise it is called 
‘unconventional’. Every conventional Berezin superalgebra is the Grassmann 
shell of some complex superalgebra. From now on we will discuss only 
conventional Berezin superalgebras. 

Consider the set °4(A,,) of even supervectors in F(A). Property 2 from 
(2.1.30) tells us that °Y(A.,) forms a subalgebra in the Berezin superalgebra 
A.,.). In accordance with equations (2.1.28, 29), the multiplication on °4(A,,) 
is given by 

Cu, v] = 07S" firer (2.1.32) 


for any supervectors u = é/e, and v = Č'e; from °YA,,), and due to (2.1.30), 
it is characterized by the properties 


1, [u v] = —[v, u] 

2. Co, (vy, w]] + [v, [w,u]] + [w, Cu, v]] = 0 

3. [xu + v, w] = x[u, w] + Biva w] Vo.BeC. Vu, v, wE ZA) 
(2.1.33) 


Therefore, we obtain a Lie algebra structure on °Y(A,,) which is induced 
by the superalgebra structure on (C). Of course, the reason for this 
transmutation lies in the heterotic nature of supernumbers: c-numbers are 
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commuting objects while a-numbers are anticommuting. The algebra °4(A ,) 
is said to be the ‘complex super Lie algebra associated to the superalgebra’ 
(C). More generally, a complex super Lie algebra is defined to be the even 
part °4 of a Berezin superalgebra 4; the multiplication on °% is characterized 
by the properties (2.1.33). 

There are three basic differences between ordinary Lie algebras and super 
Lie algebras, First, Lie algebras are endowed with the operation of 
multiplication by ordinary numbers only, while for super Lie algebras it is 
defined for arbitrary c-numbers. Secondly, generators of Lie algebras satisfy 
commutation relations, while generators of super Lie algebras are subject to 
(antijcommutation relations like (2.1.31), Finally, generators of a Lie algebra 
are elements of the algebra. But not all generators of a super Lie algebra 
belong to the algebra; the even generators belong, whereas the odd generators 
do not. 

Let be a Berezin superalgebra and °Y be the corresponding super Lie 
algebra, Suppose that the supervector space ¥ can be provided by an 
operation of complex conjugation such that the subset °k of real 
supervectors in °Y forms a subalgebra of the super Lie algebra °¥. Then 
°@, is said to be a ‘real super Lie algebra’. The operation of multiplication 
in °G, respects the properties 1, 2 (2.1.33), but the third property should be 
substituted by 


[zu + Ay, w] = o{uw] + Blv.w] Yx, BER, Yu, vewe Zg (2.1.34) 


It is not difficult to find restrictions on the structure constants of ¥ (2.1.31) 
(with respect to a standard basis {e,}, ef = (—1)"e,) to ensure that the subset 
°G, is subalgebra of °Y. The result is 


E Tad i = (—1) > eM wade bene Fe 2.1.35) 


When the structure constants are ordinary numbers, equation (2.1.35) takes 
a simpler form 


(Si =(= ys" (2.1.36) 


2.1.4. Examples of Berezin superalgebras and super Lie algebras 

First, let us construct Grassmann shells of the complex superalgebras 
presented in subsection 2.1.2. We begin with the superalgebra gi(p.q|C). 
Taking the convention that matrix indices are positioned in the manner 


R=(R™y) 


one easily finds that the Grassmann shell of the Z,-graded matrix space 
Mat(p, q|C) coincides with the supermatrix space Mar‘~'(p, q| A) studied in 
Section 1.9. Mat'~(p, q| A, ) becomes the Grassmann shell of the superalgebra 
gp, q |C) with respect to the superbracket defined by 


EFi F2} = FF, —(—1)"FF EF, (2.1.37) 
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where F, and F, are arbitrary pure supermatrices. The Berezin superalgebra 
obtained is denoted by gl!" {p.yl A ). It is clear that the set "Mart'*(p, g|A,) 
of c-type supermatrices in Mat'*'(p, q|A,,) (see equation (1.9.37a)) forms the 
super Lie algebra °gi'*\(p,g\|A,) with respect to the ordinary Lie bracket. 
Finally, recall that we introduced in Mar'*(p,q{A,,) the operation ‘s* of 
supercomplex conjugation (1.9.41), which is characterized by property (1.9.44). 
Therefore, if F, and F, are real c-type supermatrices (see equation (1.9.42b)), 
(hen F,F, and hence [F,F,] are real. As a result, the set "Marg*\(p,g|A,) 
of real c-type supermatrices forms a subalgebra in °gi'*)(p,q|A,,) denoted 
by "gi \p.gi|A,). The algebra "glg (p, q|A,,) is a real super Lie algebra, 

To construct the Grassmann shell of the superalgebra s/(p,q|C), we 
introduce the operation supertrace in the supermatrix algebra Mar” (p, q|A,.). 
Recall that supertrace has been defined for c-type supermatrices only (see 
equation (1.10.66), We generalize this definition to the whole Mat'*(p, g|A,,) 
demanding two basic postulates: 


1. str F = (— 1)" + FY pM 


for every pure supermatrix F 
(2.1.38) 


to 


. Str(F, + Fa) = str F, + str Fa, 

for any supermatrices F, and F}. 
So, the supertrace of a-type supermatrices coincides with the ordinary trace, 
The operation of supertrace is characterized by the following properties: 

l. str(2F) = zstr F, str (F2) = (str F)z, 

2. str 2 = z(p — q), (2.1.39) 

3. str (F°*) = (str F)*, 

where zand F are an arbitrary supernumber and supermatrix, respectively; 

4. sti (FiF) = {AERE str (FF), 

for arbitrary pure supermatrices F, and F}. 


Now we consider in Mat‘* (p, q| A) the subset si * ip, ql A) of supertraceless 
supermatrices, 


strF=0 VF esi(p,q|A,). (2.1.40) 


Property 2 in (2.1.38) and property 1 in (2.1.39) show that slt™ (p, g|A,) is a 
supervector space. Recalling the operation of multiplication by supernumbers 
in Mat'*(p, g|) (see equation (1.9.31)), one finds s/'*)(p, g|A,,) to be the 
Grassmann shell of the 2,-graded vector space si(p. g|C). Due to the property 
4 in (2.1.39), sl" (p, q|A.,,) becomes the Berezin superalgebra with respect to 
the superbracket (2.1.37). The subset of c-type supermatrices in si'*"(p, q|A,) 
forms a super Lie algebra denoted by °si'*'(p, q|A_). Finally, the subset of 
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real c-type supermatrices in “si'~(p.g\A,) forms a real super Lie algebra 
denoted by "sik (p, q\A,). 

The Grassmann shell of the orthosymplectic superalgebra osp(p,2q/C) turns 
out to coincide with the subset of Mar‘ *'(p.2q A „) denoted by osp'*)(p, 2qg|A.) 
and consisting of all supermatrices under the equation 


tel’ y + (Fa hey = 0 (2.1.41a) 
or. in index notation, 
nF + Fm =0 (2.1.41b) 
where 
i, 0 
a ; 21.42 
n ( 0 i Si ( ) 


J being as in equation (2.1.24). The matrix ay is a supersymmetric real 
supermatrix in the sense of the definition (1.9.78). The operation of 
supertransposition for Mat! (p, gl^) is given by equations (1.9.58) (for 
Mat'~(p.q\Acc) see equation (1.9.59)). Equation (2.1.41) is evidently 
consistent. Indeed let us extend the operation of supertransposition (1.9.77), 
defined originally for c-type supermatrices only, to the case of pure arbitrary 
supermatrices with lower positioned indices: 


(H spy =(- pjev + fn) + Bart tw + Cube FT PP (2.1.43) 
Then, the identities 


(HF) = (PHF HT VF e Mat'* (p, g|A,,) 
(2.1.44) 


(GH)? =(—1)"°")EsTGT = YGeMat'~(p,q\A,) 


imply that the supertranspose of equation (2.1.41) is just the same equation, 
Using the relations (1.9.60) and (1.9.61), one can readily verify that (1) 
osp'*(p,2q|A..) is a supervector space and a Berezin superalgebra with 
respect to the superbracket (2.1.37); (2) with respect to the conjugation (1.9.42), 
the real even subset “osp}*(p, 2q\A,,) of osp'*(p, 2q|A..) forms a real super 
Lie algebra. 

Our last example, very important for the subsequent discussion, is the 
‘Berezin superalgebra of supervector fields’ on a real superspace R?!% 
parametrized by p real c-number coordinates x" and q real a-number 
coordinates 6". We will now use the notation adopted in Section 1.10; in 
particular, z* = (x”, 6) and Gy, = (Ôm €,) = 8/22". By definition, a ‘supervector 
field’ on R”!4 is a first-order differential operator, 


K = K™(z)éy = K(x, 8), + K*(x. 80, (2.1.45) 


with K™(z) being supersmooth functions on R?!¥. The set of all supervector 
fields on R?“ will be denoted by SVF(p, q). A supervector field K is said to 
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be c-type (a-type) if its components K(z) are pure superfunctions on R”'“ 
with the following Grassmann parities: 
c-type a-type 


2.1.46 
aK ™(z)) = ey o(K™(z)) = 1+ €4 (mod 2) ; ) 


Supervector fields of definite type are called pure. Every pure supervector K 
is provided with the Grassmann parity e(K) defined by 


0 forc- 
TEI orc-type K 


(2.1.47) 
I for a-type K. 


Note that all supervector fields considered in Section 1.11, were of c-type. 
We define in SVF(p, q) the operations 


1. addition 
K, + K, = (KM + KS), 
2. left multiplication by supernumbers 


aK = laK) êy 
(2.1.48) 
3. right multiplication by supernumbers 


Kx = (1KM a)y 
4. complex conjugation 
K => K = Kii = (=I EKM) * ĝe 


Then, all the supervector space axioms prove to be satisfied, and SVF(p, q) 
becomes an infinite-dimensional supervector space, It should be pointed out 
that, due to operations (2.1.48), real c-type supervector fields, K = K, are 
characterized by real components, (K)* = K™. So, the above definition of 
complex conjugation is consistent with the notion of real supervector fields 
introduced in Section 1,11. 

Let us consider the set of all supersmooth functions on R?'’, denoted by 
C*(R?!4). C*(R?'4) is endowed, in an obvious way, with the structure of an 
infinite-dimensional supervector space. Every supervector field K defines a 
left linear operator on C*(R?’'4) by the rule: 


Diz) + (K®\z) = K” (z) yz) ¥@(z)eC*(R?!%), (2.1.49) 
Every c-type supervector field is a c-type linear operator on C*(R?!) since 
it does not change superfunction types. Analogously. every a-type supervector 


field is a left a-type linear operator on C®(R”'4). Using equation (1.10.22), 
one can prove the identity 


(KỌ)* a (— EDR pe (2.1.50) 


for arbitrary pure supervector field K and superfunction ®. Replacing here 
® — * brings this relation into the genera! form (1.9.40). 
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Given arbitrary pure supervector fields K = K“éy and L= L” ĉu., we 
define their superbracket by the rule 
[K. L} =K+L—(—1){®™4iL-K (2.1.51) 
which, due to equations (1.10.19, 20) and (2.1.46), is also a pure supervector 
field, 
[K; L} =(KL™) — (—1)"*"4(LK™))éy. (2.1.52) 


The superbracket (2.1.51) proves to satisfy all the axioms (2.1.30) for a Berezin 
superalgebra. As a result, SVF(p,q) obtains the structure of a Berezin 
superalgebra. Then, the subset °SVF(p,q) of c-type supervector fields in 
SVF(p, q) forms a super Lie algebra. Finally, since any pure supervector fields 
K and L satisfy the identity 


[K L} =(—1)?*"“(L, RK} (2,1,53) 


the subset °SVF,(p, q) of real c-type supervector fields °SVF(p, q) forms a real 
super Lie algebra. This super Lie algebra has been studied in Section 1.11, 


2.1.5. Representations of (Berezin) superalgebras and super Lie algebras 
For our discussion of representation theory it seems conyenient to start with 
Berezin superalgebra representations. 

Let (A) be a Berezin superalgebra and (A) be a supervector space. 
A mapping T: 9(A,,) > End F(A) from Y(A,,) into the algebra of left 
linear operators on “(A,,) is said to be a ‘linear representation of the Berezin 
superalgebra’ in #(A..) under fulfilment of the conditions: 


1. e(T(u)) = e(u) 
for every pureue9(A_,) 
2, T(xu + Bu) = aT (u) + PT(y) 
for Va, BEA, and Vu, ve G(A_) 
3. Ti{u. ¥}) = [T(u). T(v)} 
for any pure elements u, vE F(A). 


(2.1.54) 


End'~'¥(A,,) can be provided with a Berezin superalgebra structure with 
respect to the superbracket: 


LF F 2} = FF, —(-1P 7 "7 9F F , (2.1.55) 


where FZ, and #, are arbitrary left linear operators on Y(A,,). Thus, every 
linear representation T: H(A) + End'*’#(A,,) is a homomorphism of the 
Berezin superalgebras. 

In accordance with the first requirement (2.1.54), every even (odd) element 
of (A) maps to a c-type (a-type) linear operator on F(A), respectively, 
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As a result, the (A )-representation in #(A,,) induces a ‘linear representation 
of the super Lie algebra’ °(A,) in L(A), T: HA) > °End F(A), which 
is characterized by the properties: 


l. T(zu + fy) = xT(u) + BT(y) 
Yx fe Cand Vu.ve°Y(A_) 

2. T({u.¥]) = [T(u), T (v)] 
Vu. ve PGA, ). 


(2.1.56) 


For every ue°4(A,), the operator T(u) maps the subset °#(A_) of even 
supervectors in (A _) into itself and the subset '#(A_) of odd supervectors 
in ¥(A,) into itself also. So, while the representation of the Berezin 
superalgebra @(A,) acts on the whole supervector space ¥(A,.), the 
corresponding representation of the super Lie algebra °Y(A,) acts 
independently in each of the subspaces °Y(A,) and 'Y(A,,). This is very 
important for the following reasons. First, suppose that F(A) has a finite 
dimension (p,q). Then, the subspace °#(A,,) can be identified with the 
complex superspace C”? and the subspace 'Y(A,,) can be identified with 
the superspace C4!” (see subsection 1.9.2). Therefore, every finite-dimensional 
representation of the super Lie algebra °4(A.,) leads to linear (supermatrix) 
representations in superspace and superspace is the main subject of our book. 
Secondly, suppose we have a linear representation T of @(A,) in the 
supervector space C*(R?'4) of supersmooth functions on R”'*, Then it induces 
representations of the super Lie algebra °4(A,) in the space °C*(R?!*) of 
bosonic fields on R?” and in the space 'C*(R?'4) of fermionic fields on RP, 
That is why super Lie algebras are of great importance. 

When 4(A,) is endowed with an operation of complex conjugation such 
that the subset °4,(A.,) of real even elements in G(A,,) forms a real super 
Lie algebra, then every linear representation T: #(A,,) + End #(A,,) induces 
a linear representation of the real super Lie algebra °9,(A,.) in Y(A,,), T: 
°G.(A,.) + °End PIA) for which the first requirement of (2.1.56) should be 
substituted by 


T(xu + By) =xT(u) + BTY) Vx BER, Wu,ve°G,(A,). (2.1.57) 


Now we proceed to consideration of superalgebra representations. For the 
time being, we restrict ourselves to the case of finite-dimensional representations, 

Let A&C) be a complex superalgebra. A linear mapping T: 4(C) > Mat(p, q|C) 
from 4(C) into a Z,-graded matrix algebra is said to be a ‘finite-dimensional 
representation of the superalgebra’ $(C) under fulfilment of the following 
conditions 


1. «(T(a)) = x(a) for every pure a e 9(C) } 


(2.1.58) 
2. T({a.b}) = [T(a), T(b)} for any pure a, be YC). 
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The first requirement means that. for every ae (C), we have 


T(a) = T(°a) + T('a) 


Tta) = es o ) T(‘a) = ( j AO (2.1.59) 
0 Dia) Cla) 0 


Therefore. a representation of Y(C) gives us a homomorphism T: 
GIC) > yl(p,q\C) of the superalgebras. 

It is convenient to identify Mat(p, q|C) with the algebra End ¥(C) of all 
linear operators acting in a Z,-graded vector space ¥(C) of dimension (p + q) 
by the standard rule: every linear operator # on (C) is represented with 
respect to a given pure basis Ey = {Em £,} in #(C), m=1,2,...,p and 
e Sp Bees q, by the matrix Re Mat(p, q|C) defined as follows 


MEy) = EyR* y. 
Then the operator 2 acts in ¥(C) as 
X = x™Ey, > A(X) =X’ 
X'=x'"Ey XM = RM x 


for every X e Y(C). After this identification, End #(C) inherits the structure 
of a Z,-graded associative algebra and becomes a superalgebra with respect 
to the superbracket (2.1.9). So, every representation T: 4(C) + Mat(p, q|C) 
may be understood as a representation T: (C) > End ¥(C) in a Z3-graded 
vector space. 

Now we show that any linear representation T of some finite-dimensional 
superalgebra 4(C) in a finite-dimensional Z,-graded vector space ¥(C) 
induces a linear representation T of the Grassmann shell 9(A,.) of the 
superalgebra (C) on the Grassmann shell F(A) of the Z -graded vector 
space P(C). 

First, we construct a one-to-one linear mapping `: End Y(C) > End ¥(A_), 
preserving the grading and the multiplication. Elements of the supervector 
space F(A) will be denoted by an arrow, and they will be written in the 
form (1.9.27a) placing basis supervectors on the left. Then, given a linear 
operator # on (C), it induces the left linear operator # on L(A) defined 
as follows 


X = EyX™ + A(X) = X' 
X' a2EyxX™ XM a RM XN 
for every X e PIA). Hence, the operators # and & are characterized by the 
same (super)matrix R with respect to the basis {Ey} in Y(A.,) and the basis 
{Eu} in (C). If 2 is a pure linear operator on (C), then # is a pure left 


linear operator on (A) of the same type, x(#) = e(#), One can readily 
check also that 4,2, = Z ĝa, VA, Ry € End P(C). So, in accordance with 
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(2.1.58), we have 
TiLu, b} = [T(a). T(b)} (2.1.60) 


for any pure elements a, be Y(C). M 
As the next step, we construct a linear mapping T: @(A,.) + End'~'¥(A_) 
as follows, Let {e,} bea pure basis for #(C); every element ae ¥(C) has the form 


a= y'er= y'en tye, yec 
and every element ae Y(A_) has the form 
a = Ẹ'e; = čie, + He, l eNa: 
We postulate 
Tia) = &' Tle,). 
Then, using equations (1.9.35b) and (2.1.60), one finds 
T (Ca, b}) = [T(a), T(b)} 


for any pure elements a, beY(A,,). Therefore, the correspondence T: 
GA.) + End'*'Y(A,,)isa representation of the Berezin superalgebra (A.,). 


2.1.6. Super Lie groups 
As is well known, Lie groups and Lie algebras are related by means of the 
exponential mapping. Given a connected Lie group G and the corresponding 
Lie algebra 4 ç, (almost all) group elements can be represented as exponentials 
of Lie algebra elements, 


g=expa 
a= če éeC (or R) 


where {e,} is a basis for $,. The components é, i = 1, 2,..., dim G, of Lie 
algebra elements play the role of local coordinates (in a neighbourhood of 
the identity) of the group manifold. The fact that the union of elements of 
the form (2.1.61) presents a group is a consequence of the Baker-Hausdorff 
formula: 


(2.1.61) 


exp (a) exp (b) = exp( a + b+ 5 fab) + -la [a bI) +516, haJ] + i) 


(2.1.62) 


Where dots mean commutators of third order and higher. 

Now one can ask whether it is possible, using the exponential mapping, 
to construct some group-like objects starting from superalgebras, Berezin 
superalgebras or super Lie algebras. The answer is negative in the case of 
superalgebras or Berezin superalgebras, because the multiplication law in 
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(Berezin) superalgebras is a graded commutator, including both commutators 
and anticommutators. But there is no graded generalization of the 
Baker—Hausdorff formula. The situation is different in the case of super Lie 
algebras. since the multiplication operation is now an ordinary Lie bracket. 
As a result, one can duplicate the ansatz (2.1.61), Namely, given a super Lie 
algebra °S(A , )(complex or real), we associate formally with every element a, 


čec, (orR,) 


a= dle, = fe, + Ee z 
&eC, (ork,) 


the symbol 
g(é') = expa. (2.1.63) 


In the set of all symbols, denoted by G, we introduce a multiplication operation 
using the Baker—-Hausdorff formula. The group obtained is said to be a ‘super 
Lie group’ (or ‘supergroup'), since its elements are parametrized by 
supernumbers. Super lie groups provide us with an example of ‘supermanifolds’ 
which present a generalization of ordinary manifolds. A supermanifold is a 
space which looks locally like a domain in R°". We are not able to give 
here a detailed treatment of supermanifolds and super Lie groups, but refer 
the reader to the book by B. De Witt. We content ourselves with giving 
some examples of super Lie groups. 

The first example is the super Lie group GL'*p,q|A,,) of non-singular 
c-type supermatrices in Mat'"(p,q/A,,) which was introduced in Section 
1.10. Every supermatrix Pe GL'*? (p, q| ^) from a small neighbourhood of 
the unit supermatrix can be represented in the form 


P=expF Fe°gi'"p,qg\A,,). 


Iris clear then that the supermatrix multiplication in GL'* (p, q| A...) coincides 
with the definition given above of multiplication in super Lie groups. 
?gl p,q! A) is the super Lie algebra of the super Lie group GL{p,q|A,.). 

A super Lie group which corresponds to the real super Lie algebra 
gle p.giA.) is the set GL*(p,q\A..) of non-singular real c-type 
supermatrices in Mat'*\(p,q\A.,). Recall that this super Lie group has been 
realized in subsection 1.10.3 as the group of invertible linear transformations 
in the superspace R?'%, 

A super Lie group which corresponds to the real super Lie algebra 
slp, q| A.) is the set SLQ*\(p, q|A.,.) of unimodular real c-type supermatrices 
in Mat(p, q|A.,). Indeed, every supermatrix P expressed in the form 


P=expF FeslS (p. gl A) 
has unit Berezinian, 
Ber P= | 
in accordance with equation (1.9.68). The super Lie group SLR (p, ql A) 
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can be realized as the group of unimodular linear transformations of the 
form (1.10,47) acting in real superspace R”', 

A super Lie group, corresponding to the real super Lie algebra 
°osph*\p,2q\|A,) is the set OSP{*(p,2g|A,) of unimodular real c-type 
supermatrices in Mar'*'(p,2q|A,) which satisfy the equation 


FU NF =n (2.1.64) 


where the supermatrix y was defined in (2.1.42). The super Lie group 
OSP\"'(p, 2q\A,,) has a deep geometrical origin. To see this, let us introduce 


in the real superspace R”'*4 with coordinates z™ = (x”, 6“), where m = .2,...,p 
and p= 1,2,...,2g, the non-singular supermetric 
S? = X" mX" + 10S 0" = zT. (2.1.65) 


Now consider the set of all linear transformations on R?!*4 of the form 
z =z = Fz preserving the supermetric (2.1,65), Then every such transformation 
proves to be given by a supermatrix F under equation (2.1.64). 

Finally, a super Lie group corresponding to the super Lie algebra 
°SVFa(p,q) of real c-type supervector fields on R”!%, is the supergroup of 
general coordinate transformations on R?!", which has been studied in Section 
ED. 

To summarize, super Lie algebras and super Lie groups play the same 
role on superspaces R’'? which Lie algebras and Lie groups play on ordinary 
spaces R”. 


2.].7, Unitary representations of real superalgebras 

Let 3 be a real superalgebra and 3 be a Hilbert space. A linear mapping 
T: $+ End # from # into the algebra End # of linear operators on # is 
said to be a ‘unitary representation of the superalgebra’ # in # under the 
following conditions: 


1. (T(a))* = —()T(a) 
2. T([a, b}) = [T(a), T(b)} 


for any pure elements a, beY. 

The first requirement seems rather unusual but it is necessary to reconcile 
the main property of Hermitian conjugation (AB)* = B*A* with the 
superalgebra multiplication. Let us comment further. First, the demand that 
(T(°a))* = —T(°a), Vae°Y, is standard, Then every operator exp (T(°a)) is 
unitary and the union of all such operators forms a unitary representation 
of a Lie group related to the Lie algebra °¥Y. Further, for all odd elements 
‘a, 'be'Y, we have 


(2.1.66) 


{T(‘a), T(*b)} = T(°a) 
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for some °ae°S, hence the operator on the right is antiHermitian. So, the 
demand (T('a))* = —iT(*a) is quite correct. 
Let {e,} be a pure basis for the superalgebra, 


a= x'e = xe t axe xeER Waeg 
; ; (2.1.67) 
[en ej] = fFer [e;, ey] = Solen { C5, ep) = faje; 
where the structure constants are real. In accordance with (2.1.66), the 
representation generators T(e,) are not Hermitian. It is useful to change the 
real basis {e,} to another basis {é,} defined as follows 
| df l 
ê =- e; Ê, = — È; 
i vi 
[é ê] = ifi ê [ên ê] = i fin (2.1.68) 
[êz êp} = per 
Then the representation generators T(é,) are Hermitian, In the parametrization 
(2.1.68), elements of the superalgebra are 


a= ix'é, + ixe, x'ER, Yaeg. (2.1.69) 


2.2. The Poincarė superalgebra 


2.2.1. Uniqueness of the N = 1 Poincare superalgebra 

Now all the facilities which we require to introduce a basic object of our 
book — the Poincaré superalgebra, which presents an extension of the 
Poincaré algebra A — are at our disposal. The main motivation for the 
appearance of this object in theoretical physics was a very old theorists’ 
dream to find a non-trivial extension (other than the direct sum) of the 
Poincaré algebra, i.e. of the Lie algebra of the space-time symmetry group 
of any relativistic quantum field theory. The problem has proved to have 
no affirmative solution in the class of Lie algebras. The well-known theorem 
of S, Coleman and J. Mandula states that, due to assumptions of the S-matrix 
approach, the most general Lie group of symmetries in a quantum field 
theory (whose spectrum contains massive particles) is a direct product of the 
Poincaré group and some internal group, 


xG G = G, x [U(1)]" (2.2.1) 


where G, is a semi-simple compact group. The corresponding Lie algebra 
has the direct sum structure 


POG G=G9,09, (2.2.2) 


where &, is the semi-simple Lie algebra of G, and 9, is an Abelian algebra. 
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Since elements of $ commute with elements of A, the only generators with 
Lorentz indices present in the symmetry Lie algebra are the Poincaré 
generators {Pajas} Of space-time translations and Lorentz rotations. After 
suffering a setback in the class of Lie algebras, it was natural to look for 
success in the class of superalgebras (in fact, this is the way superalgebras 
Were created), Fortunately, it turned out that it was possible to extend the 
Poincaré algebra by several sets of fermionic generators with spinor indices 
thus obtaining superalgebras. 

Let us show that there exists a unique superalgebra extension of the 
Poincaré algebra by four a-type generators (q,,4*), with q, carrying an 
undotted spinor index and q* a dotted spinor index. Recall, in accordance 
with the results of subsection 2.1.1, a-type elements of a superalgebra Y 
transform in some representation of the Lie algebra °Y. Since we have chosen 
the representations (4,0) and (0,4) to act on the subspaces generated by q, 
and q’, respectively, these generators must commute with the Poincaré 
generators as follows 


Liab» qz] = (Fp) 0 Qp [Pas qa] =0 


i ; (2.2.3) 
Clan 44] = aA [oog] 
where we have used the fact that space-time translations do not act on spinor 
or vector indices. 

Now we are going to analyse anticommutation relations in the assumed 
superalgebra. From equation (2.1.11c), we can write 


l ; 
{qa qg} = JaPa t> Fp? ian 
9 


(2.2,4a) 
Sap = Six’ fag = fy” = — fap" 
and 
ae = | F 
(Gin A = Saf Pa + = Saft” ian 
(2,2.4b) 
fa = fj Sif” = Ips = =f of 
and 
= a | abs 
(Gas Ga} =f a Pa + zf Jab 
(2.2.4¢) 


h 
Sat” = faa" 


Recall that spinor indices are raised and Jowered with the help of the spinor 
metric ¢, and £34 (see equations (1.2.11, 17)). In accordance with the results 
of subsection 2.1.1, the set of structure constants { fay’. Sap” fads Jaits Fas’ 
f°} should form an invariant tensor of the Poincaré algebra, i.e. it must 
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satisfy equation (2.1.18). The indices i, j and / from (2.1.18) are now Poincaré 
indices, and the indices x, 8 and y from (2.1.18) are now spinor indices, The 
non-vanishing structure constants of the Poincaré algebra are fy, cq’ = — Joda? 
and fused’ = — Saar’. and their explicit values can be readily found from 
(1.5.5). Then, choosing in equation (2.1.18) i = a and l = band using equation 
(2.2.3), one obtains 


fait” = Safi” = fuk” = 0. 


The relations (2.1.18) tell us that the other structure constants fag’, fap and 
f,s' are invariant tensors of the Lorentz algebra. But the Lorentz group has no 
invariant tensors like fa“ or fag". Further, the only candidate for the role of 
fs is the invariant tensor (o*),;. As a result, the anticommutation relations 
(2.2.4) are simplified drastically: 


fga qg} =90 q;, 44; = 0 
(dz qg} fãs 4g} Tep 


(qa Ga} = 2K(0") 404 


with k being some constant, It is a simple exercise to check that the second 
equation (2.1.19) for the structure constants is satisfied now identically. So. 
we have obtained a superalgebra. 

Finally, it would be desirable to demand that in any unitary representation 
T of the obtained superalgebra (from the physical point of view, such 
representations are of the greatest importance) the generators Q, = T(q,) 
and Q; = T(G,) were Hermitian conjugate to each other, 


Q, = (Q). (2.2.6) 


In other words, we wish to treat the pair (q,, 4“) as a Majorana spinor. Then, 
the constant k in (2.2.5) should be real and positive. Indeed, equation (2.2.5) 
leads to 


—kP, = Ala Qas Qa} = ACN (Q,)*} (2.2.7) 


where P, = T(p,) = (—E, P) is the (Hermitian) energy-momentum operator. 
hence k is real. Choosing here a = 0 gives 


l + l + 1 m 1 z 
KE =z QG) +7903) +709 Q, +72 Qz (2.2.8) 


Since physically acceptable unitary Poincaré representations are characterized 
by condition (1.5.16) (positivity of energy) and due to positive definiteness 
of the operator in the right-hand side of equation (2.2.8), we must choose 
k > 0. Hence one can set k = 1 by making a simple rescaling of q, and q;. 

Let us now write down the complete list of (antijcommutation relations 
of the superalgebra: 
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[Po pl =9 — Cars Pcl = Macs — Mocha 
Chico: Jea] = Macha — Madbve + Modlac — Mocdaa 
Liat G2) = ilO as)ga [Pag] = 9 
Da] = iaa = Cp. @*] = 0 
{4x44} =0 {GG} =0 
(Áa qa} = 2(0) aha 


This real superalgebra is known as the ‘Poincaré superalgebra’. It will be 
denoted by S#. Its a-type generators q, and q; are called ‘supersymmetry 
generators’. Every element X of the Poincaré superalgebra can be represented, 
in agreement with subsection 2.1.7, as follows: 


(2.2.9) 


X= ( —b*p, + Ki) + /ilK*q, + Gy) 
(2.2.10) 
b,K? =—K"eER K? R* = (x*)* EC. 

For later use, we rewrite the Poincarė superalgebra in spinor notation, 
converting every vector index into a pair of dotted and undotted indices. 
When applied to the Poincaré generators. this operation leads to the change 
{Pas jan} > {P23 Jap Jagt- Then one finds 


r i i 
Dap Pii] = 58 :aP po; + 5 EAP 


Diza ja] = 5 (Evade + Byp)as + Eaalyg + Espya) 


y l i (2.2.11) 
[jap q.] = zee a Pi 


{dz Ga} = 2p2s. 
Other (antijcommutators vanish or may be found by Hermitian conjugation. 


2.2.2. Extended Poincare superalgebras 

It was shown above that the Poincaré superalgebra is the only possible 
superalgebra such that its even part coincides with # and the odd part 
transforms in the real (Majorana) representation (4,0) ® (0, +) of the Lorentz 
group. However, one can consider a more general problem: to find all possible 
superalgebras .# with °.# being of the form (2.2.2) and |. being generated 
by a set of elements, each of which carries at least one spinor index. Then, 
since {'.,'\ = °M, it follows from the Coleman-Mandula theorem that 
every generator of '.# should carry exactly one spinor index (otherwise, °. / 
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will contain a Lorentz tensor generator different from the Poincaré 
generators), 

Of course, we wish to have a real superalgebra .#. Therefore, 1 is a 
direct sum of several real (4,0) @ (0,4) representations, i.e. W is generated 
by elements q,“ and ĝas; Where A, B = 1,2,..., N, with 4,4 being Hermitian 
conjugate of q,*. Further, one must satisfy equations (2.1.18) and (2.1.19), 
These equations give very strong restrictions on the structure constants. An 
analysis similar to that of subsection 2.2.1 leads to the following 
(antijcommutation relations: 


Liam 9271 = iload [Pad] = 0 
Cin 4241 = Gas! a Cos 241 = 0 
(957149) = cage"? = {as Gn} = afan 
(93; Gs} = 2(0") 13530, 

[e**, qP] = [e^ Gin] = 0 
(E4e 95°) = [êa Gin] = 0 
[taqa] = —(S))*nq." 

[te xa] = (Si)? Gan 
[t,t] = ifite 


(2.2.12) 


together with the Poincaré commutation relations, Here {t;} are generators 
of the semi-simple Lie algebra $,, {c = —c¥4,¢,, = —,,} are generators 
of the Abelian algebra $3, see (2.2.2). with ¢,4, the Hermitian conjugate of 
c*®. The matrices (S)“ are Hermitian, S =S, and they form a 
representation of the algebra ¥,, [SaS] =if i Se Finally, the generators 
c^? and &,, of 3, should be ‘invariant tensors’ of Y,. ie. one has 


(S)}* 902 ae (S) pe^? =0 


(2.2.13) 
TpalS:)? 4 + Čans)’ s = 0. 
As may be seen, the generators c^? and ¢,, commute with every element of 
the superalgebra. On these grounds, they are called ‘central charges’. Note 
that central charges may exist when N > 2, For a more detailed derivation of 
equations (2.2.12) and (2.2.13), see the book by J, Wess and J, Bagger. 

The superalgebra (2.2.12) is known as an ‘N-extended Poincaré superalgebra’. 
depending on the number of spinor generators. The Poincaré superalgebra 
(2.2.9) is called the N = 1 (or ‘simple’) Poincaré superalgebra. It follows from 
the above consideration that the superalgebra (2.2.12) is the most general 
(finite-dimensional) extension of the Poincaré algebra, consistent with axioms 
of quantum field theory. This assertion is known as the Haag, Lopuszanski 
and Sohnius theorem. 
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From now on, we shall study the N = | Poincaré superalgebra only; this 
case, being simple, is worked out in detail and contains the main ingredients 
of all supersymmetric theories. 


2,2.3, Matrix realization of the Poincaré superalgebra 

The Poincaré superalgebra has been introduced above as an abstract 
superalgebra. Now we give its realization in terms of matrices. Let us consider 
in Mat(4, 1 |C) matrices {Pa jabs Qa ĝa} defined as follows 


x 0, Fs do, E 
=$ (la +75) 
0 0 0 0 
0 A f 0 
Po me) | (2 Se ee = | -<--------------r 
o 0 0 o |o eo T wo 0 
0 f 0 
y 0 gy 0, 0 
—1Z,, 0 0 
0 0, — iða 0 
fae! ergs SSF ee = | --~--------------- 
0 0 0 0 0 0 0 0 0 
(2.2.14) 
0 1 
=} 0 
0, 0 04 0 
0 0 
. ii Se ee ee rr C | Sieg a al igen” che Ae 
0 0 0 0 0 0 0 0 0 0 
0 0 
0 
0. a 0. “i 
0 0 
Cria SS SSeS 7 d Ma N ACT cael 
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where 0, means the zero n x n matrix. The matrices Ya Xap and ys were 
introduced in Section 1.4. One can readily check that the matrices (2.2.14) 
satisfy the (antijcommutation relations (2.2.9). Note that the superalgebra, 
generated by the matrices (2.2.14). is a subalgebra of s/(4, 1|C). 


2.2.4. Grassmann shell of the Poincaré superalgebra 

As we know, with every complex superalgebra 4(C) one can relate a Berezin 
superalgebra F(A) (the Grassmann shell of ¥(C)) and a super Lie algebra 
OGIA) (the even part of ¥(A,)). We now construct these objects for the 
complex shell S#(C) of the Poincaré superalgebra. It is a complex 
superalgebra of dimension (10 + 4) with a general element X eSA(C) of the 
form 


l : 
X = x"p, + 5x has + x7q, + x7q, 


. (2.2.15) 
x8, x08 = — x? x x2 EC, 


Recall that elements of the Poincare superalgebra have the form (2.2.10). 
Now, introduce the Grassmann shell SA(A,,) of SA(C). It is a Berezin 
superalgebra of dimension (10,4) with a pure basis {Pa ja» 4,4} such that 


ZPa = Paz Zian = jaz 
z4 =(=] gz z = (1) Pga 


for any pure supernumber zeA,, Every element X ESPA) can be 
represented as follows 


(2.2.16) 


y ž bad EF, 1 Fae 
X = Epa + 5S has + 4 qs + 4; 


Ea g% pen A čz, te Na 


(2.2.17) 


Using the matrix realization (2.2.14) of the Poincaré superalgebra, it is not 
difficult to obtain a supermatrix realization of the Berezin superalgebra 
SPIA): 
Let us endow the supervector space SA(A.,.) with an operation of complex 
conjugation according to the rule 
(Pa)* = — P (Gas)* = Jan (q,)* = — ĝi: 
Then every real c-type supervector ¥ e°SAA_,,) is of the form 


= 1 EA a 
x= ( —b’p, + 5 Klan + Eqa Ki za’) = (E,)* 


(2.2.18) 
b K” = —K™eR. eC, 
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Due to the (antijcommutation relations (2.2.9), one easily finds that the subset 
ISALA, ) of real c-type supervectors forms a subalgebra of the super Lie 
algebra °S.A(A,). So "S#a(A,) is a real super Lie algebra. It is called the 
{N = 1) super Poincaré algebra’. 

Recalling the spinor notation (1.4.3), the last two terms in (2.2.18) can be 
rewritten as follows: 


eq, + Eg = q+ | = Ge + OE (2.2.19) 


where we have used equation (2.2.16), 


2.2.5. The super Poincaré group 

A super Lie group corresponding to the super Poincaré algebra is known 
as the (N = 1) ‘super Poincaré group’. It is denoted by STI. Every element of 
STI is of the form 


¢ 1 _ 
y(b, <=, K) = exp E —b°p, + 5 K’) + Eq + a)] 


' (2.2.20) 
= exp| i( $04 pa + Kijan + Kh +€q+ aa) | 


So. points of the super Poincaré group are parametrized by real c-number 


variables b° and K® = — K* as well as by a-number variables (£, €*) forming 
a Majorana spinor. Similarly to the Poincaré group, supergroup elements 
g(b) =exp(—ib’p,) b*eR. (2.2.21) 


will be called ‘space-time translations’ and elements 
1 
g(K) = exp (3K%he K® eR. (2.2.22) 


will be called “Lorentz transformations’. Elements 
g(é. €) = exp [ileg + €q)] eC, (2.2.23) 


are said to be ‘supersymmetry transformations’. The union of al] elements 
(2.2.22), denoted by SO(3, 1|R,)', forms a super Lie group, which represents 
a c-number shell of the Lorentz group SO(3, 1)'. Ordinary translations and 
ordinary Lorentz transformations correspond to soulless parameters in 
(2.2.21) and (2.2.22). We will refer to S0(3, 1 |R)? as the Lorentz group over R,- 
It should be noticed that, since [j, p] ~ p and [j, q] ~ q, the set of elements 
(2.2.20) with b°eR,, €*eC,, but K*%eR, forms a subgroup of the 
super Poincaré group. Therefore, one may restrict the parameters K” in 
(2.2.18) and (2.2.20) to be ordinary real numbers, However, since {q,q} ~ p, 
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we have 
[Eq + £14, £2q + E0] = 2(€,0°F, — €,0°E, )p, 
and hence 
exp [i(E,q + €.q)] exp [ite2q + £24)] 
= exp [iE + €q + (E; + Ex) + i(€,0°E, — €,0°E,)p,}] (2.2.25) 


as a consequence of the Baker—Hausdorff formula, so the parameters b“ in 


An invariance in quantum field theory with respect to the super Poincaré 
group is called "N = | (or simple) supersymmetry’. 


2.3. Unitary representations of the Poincaré superalgebra 


We proceed by studying one-particle unitary representations of the Poincaré 
superalgebra. The main goal will be to classify irreducible representations T 
of SP each of which acts in a Hilbert space X of one-particle states. 
The representation generators will be denoted by 


Pa= Tip) Jae=TGan) Q= Tig) Q= TA) (2.3.1) 


where P, and J,, are the Hermitian generators of space-time translations 
and Lorentz transformations, and Q, and @; are the supersymmetry 
generators which satisfy equation (2.2.6). The generators P, and J,, form a 
representation of the Poincare algebra and the set of all unitary operators 


exp i( —b*'P, + sta) | 


where b“ and K* = —K* are real number parameters, gives a unitary 
representation of the Poincaré group. 


2.3.1. Positivity of energy 
As is known, the Poincaré group has irreducible unitary representations of 
two types: positive-energy representations, characterized by the condition 
(1.5.14), and negative-energy representations. Only the positive-energy 
representations are physically admissible. Thus the negative-energy 
representations, being possible only in principle, must be discarded. 
Supersymmetry changes the situation radically. The Poincaré superalgebra 
(2.2.9) leads to equation (2.2.8) with k = 1, therefore every state | of the 
Hilbert (or Fock) space is characterized by a non-negative average energy 


Ey = CPIE|P> 


= EKOT PIQPA FIQ Y) + <0, YIO, P) + <Q, Y/Q) 20. 
(2.3.2) 
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As a result, all unitary representations of the Poincaré superalgebra are 
positive-energy representations of the Poincaré group. 

Let us suppose the Poincaré superalgebra acts in a Fock space of some 
field theory, and let |vac> be a Poincaré invariant vacuum state, P,|vac> = 0, 
Then, due to equation (2.3.2), this state is annihilated by the supersymmetry 
generators: 


Q,|vac> = @,|vac> = 0. (2.3.3) 


So, the vacuum state is a supersymmetrically invariant state. Conversely, 
having a supersymmetric state, which satisfied equation (2.3.3), it is inevitably 
a Poincaré invariant vacuum state. Every non-supersymmetric state has 
positive energy. 


2.3.2. Casimir operators of the Poincaré superalgebra 

In order to classify irreducible unitary representations of the Poincaré 
superalgebra, it is worth finding its Casimir operators — that is, polynomials 
in the S# generators commuting with each element of SP. Recall that the 
Poincaré algebra has two Casimir operators: the squared mass operator 
C,=—P*P, and the spin operator C,=W°W,, where W, is the 
Pauli-Lubanski vector (1.5.10). The Poincaré representations are classified 
by mass and spin, 

Due to the supersymmetry algebra (2.2.9), the energy-momentum operator 
P, commutes with the supersymmetry generators Q, and Q,, hence the 
squared mass operator also commutes. So, C, = —P*P, is the Casimir 
operator of the Poincaré superalgebra. However, the spin operator does not 
commute with the supersymmetry generators. This follows from the identity 


l af l 1 
[Wz Q4] = 5 Fap@,P" ages Q,Py; = 5 CaP as —Q,Py, (2.3.4) 


where we have rewritten the Pauli-Lubanski vector and the Poincare 
generators in the spinor notations (Wa = (0%).,W,. Pas =(o%).4P, and 
Jan = Fo), J44): in particular, one has 


Ws = WapP"s = id,aP,/ 
[Was Wag] = —WpP pa + W pP xp. 


Equation (2.3.4) can be readily obtained from (2,2.11). 

The fact that the spin operator does not commute with the supersymmetry 
generators means nothing more than that irreducible representations of the 
Poincaré superalgebra contain particles of different spins. 

To find a supersymmetric invariant generalization of the spin operator, 
let us consider the operator 


(2.3.5) 


Z, =W,—-— TAGA ü] (2.3.6) 
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which is a generalization of the Pauli-Lubanski vector. Using equations 
(2.3.4) and the identity 


LLQ Q:], Qa] = 4Q,P ys (2,3.7) 


one finds 


[Zn Q,] = Lap, (2.3.8) 


One can also prove the relations 
[Z,.P,] =0 
/ (2.3.9) 
[Za Zo] = itara PY. 


Note that the Pauli-Lubanski vector obeys such relations also (see equation 
(1.5.11). 

In accordance with equations (2.3.8) and (2.3.9), the operator (Z,P, — ZP.) 
commutes with the momentum generators and the supersymmetry generators, 


[ZiP ry P] = (ZpePp Qa] = 0. (2.3.10) 


Then, the scalar operator 
l b b 
— zP» — Z,P,\(Z°P" — Z’P*) 


commutes with Ja, and also, due to (2.3.10), with P, and Q,, O,. As a result, 
the fourth-order polynomial 


C =(Z,P) — Z?P? (2.3.11) 


is a Casimir operator of the Poincaré superalgebra. It is called the ‘superspin 
operator’. 

Let us analyse the spectrum of eigenvalues the superspin operator can 
take. Given an irreducible massive representation of the Poincaré superalgebra 
in a Hilbert space #, we consider in # the subspace V, of particle states 
having a given four-momentum q, (see also subsection 1.5.4). As usual, it is 
useful to choose the momentum (1.5.26) of a particle at rest. Recall that the 
Pauli-Lubanski vector transforms V, into itself. Since the supersymmetry 
generators commute with P,, each of Q, and Q, transforms V, into itself. 
Therefore, the operator Z, transforms V, into itself. When restricted to V, 
the superspin operator (2.3.11) takes the form 


m((Z,)? + (Z2)? + (Z3)?) (2.3.12) 


and the operators (l/m) Z, =S, 1 = 1,2,3, proportional to the space 
components of Z, satisfy, by virtue of (2.3.9), the commutation relations 
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(1.5.28) of the algebra su(2), Then equations (1.5.29) and (2.3.12) lead to 


(Z, PF — Z7P? = m*¥(¥ + 1)! Y= OS Men (2.3.13) 
The quantum number Y is called ‘superspin’. 
The above consideration makes clear that massive representations of the 
Poincare superalgebra are classified by mass and superspin. 


2.3.3, Massive irreducible representations 
Let us fix some mass (m) and superspin (Y). The corresponding irreducible 
representation T of the Poincaré superalgebra provides us with a reducible 
representation of the Poincaré algebra. The main problem now is to 
decompose T into a direct sum of irreducible Poincaré representations. This 
may be done as follows. 
In the Hilbert space # of particle states we consider subspaces 3%, ), 
H- and Xio defined by the rule: 
FH oy {| PE H, Os) = 0} 
FH -i {FE Q,|¥> = 0} (2.3.14) 
Xor {|¥> eH, QIY) = | = 0} 


where Q? = Q7Q,, Q? = @,0%. Each of the subspaces Hyp #,-, and Hio) 
is invariant with respect to the Poincaré group. Indeed, the Poincaré 
transformations U(b, K) = exp [i(b"P, + (1/2)K*°,,)] act in 3% by the law: 


[P> — |F = U(b, K)|'P>. 


So, if |¥>e#,,,, Qal Y> =0, then we deduce from the supersymmetry 
algebra (2.2.9) that 


giy = (cxo( $x*2u.) su KĒ Y> =. 


Analogous arguments are applicable to #,_, and Æo} 
It is not difficult to construct projectors for the subspaces (2.3.14). Using 
the supersymmetry algebra (2.2.9), one readily obtains the identities 


(Q7,0,]=4P,,0* [07 Q] = —4P,,0* (2.3.15a) 
ma. =0 Q70,07=0 (2.3.15b) 
07070? = —16P7Q? 07070? = —16P7Q?. (2.3.15¢) 


To prove equations (2.3.15b, c), one has simply to notice that any product 
like Q, Q,,...Q,, or O;,0;,...Q,, n > 2, vanishes. Then, projectors on the 
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subspaces ¥ ,.,, W,- and .#,,, turn out to be 
i l ; 


P g = —— 0a P ya Qg? 
16m? = lém? 
Lee 1 
Pior = ant 070, =a ga ee" (2.3.16) 
PaP o = òP ia 
where the indices i. j take values +. —, 0. Further, one can prove the relation 
Pray + Pi, + Pio =) (2.3.17) 
so the decomposition 
H =H ADH | _,O Ho, (2.3.18) 


takes place. What is more, the subspaces .#,.,, X,- and X o are orthogonal 
to each other, 

As the following step, we point out that the operator (2.3.6), when restricted 
to #,., or #,_,. 1s of the form 


1 
Za Perr W, F ht 
hence 
ZpP ilr, = WiaP rp 
Then, due to equation (2.3.13), we have 
Wol, =m Y(Y + 1); (2.3.19) 


Therefore, each of the subspaces %,,, and #,-, carries the spin Y, 

It is worth pointing out one more important observation. Namely, any 
state |V¥> ¢.#% may be obtained by acting with the supersymmetry generators 
on states from one of the subspaces #,,,, #%,., and Hio For example, 
starting from #%,_,, every state |\¥>e#,_, can be represented as 


1 
16m? 


every state |Y) eX o is represented as 


ho 


TRY = aO DER, 


Y) = — zarga, Y) =Q*|9,> ODEN, 


Together with equations (2.3.19), this observation means that a representation 


Supersymmetry and Superspace 151 


of the Poincaré superalgebra in a Hilbert space # is irreducible if and only 
if the corresponding Poincaré representations in the subspaces .#,,, and 
# ,-, are irreducible. 

The only remaining task is to decompose 3X io, into irreducible Poincaré 
representations. For this purpose. let us once more consider in % the subspace 
V, Where, as usual, q, is the momentum of a particle at rest. The 
Pauli-Lubanski vector reduces on V, to the form (1.5.27), where the operators 
S, satisfy the commutation relations (1.5.28) of the algebra su(2). The equation 
(2.3.4) reduces on V, to the form 


[S;, Q,] = — (00 (2.3.20) 


where (a,),, I =1,2,3, are the ordinary Pauli matrices. So, the super- 
symmetry generators @, form an SU(2)-spinor on the subspace V,. 
The subspace V, is decomposed into the direct sum 


V= Vy D Vag) ® Vago) (2.3.21) 


where Vas = Va O #,,, and so on. Since 3#, +) describes the spin- Y Poincare 
representation, one can choose a basis {|'¥,,,.,>} in Vy- to be totally 
symmetric SU(2)-tensor of rank n = 2Y, 


ESRI sts P a eee x) E Vy $y 
Then, the states 
Qy; DEui a E V x0) 


generate Vyio In accordance with equation (2.3.20), these states represent 
an SU(2)-tensor. It contains two irreducible (totally symmetric) SU(2)-tensors: 


pi Pes 5 
lF, H- Si? = Qal Pa., m-i FT a etch tenn? 


and 
Paan a = Piat 
Evidently, we have 
W?| Prins. mn O = MS (s+ I Eanna = YF 1/2 
We? |Parerz, = ms'(s+ D Piona 72 Ss = ¥—1/2. 


As a result, Xo, contains two irreducible Poincaré representations: of spin 
(¥+4) and (Y¥—4), respectively, when Y>O, In the case Y=0, Xo 
describes only one Poincaré representation, of spin 4. 

To summarize, the unitary representations of the Poincaré superalgebra 
are classified by mass and superspin. In the case ¥ # 0, the corresponding 
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irreducible representation describes four particles of spin Y—4, Y, ¥,¥+4 
with the same mass m #0, When Y= 0, the representation describes two 
scalar particles and a spin-+ particle with the same mass. 


2.3.4. Massless irreducible representations 
Now we are going to study massless unitary representations of the Poincaré 
superalgebra. They are characterized by the massless equation 


PP, =0. (2.3.22) 
This equation gives very strong constraints on the supersymmetry generators. 
Using the supersymmetry algebra (2.2.9), one can prove the identity 
(P A0, P.O" = —2P,,P? 


In accordance with equation (2.3.22), this operator should vanish. Then, for 
every state |‘Y> from a Hilbert space .# of particle states, we have 


(A,YIA,Y) + (Ax) P(A.) YY = 0 
where A, = P p. Asa result, one must impose the operational constraints 
P,jQ/ = PpO = 0. (2.3.23) 


Further, recall the identities (2.3.15a). Then. due to equation (2.3.23), one 
must also demand 
[Q?, 0;) = (07, Q] = 0. (2.3.24) 


Finally. for any states [P> e X, we can write 


Pa:0?|P) = (0,0; + 0,0,)07/") = 10,0, Y) 


= 50,[0,, 0Y) =0 


where we have used equation (2.3.24). Therefore, we have 
P,.27)¥5=0 ViPex. (2.3.25) 


It is necessary to point out that the space # must be understood as a space 
of one-particle states (not a Fock space). Hence if |Y) is a non-vanishing 
state, its average energy must be positive, <‘¥|E|‘¥> > 0. In other words, the 
energy operator E must be invertible. So, equation (2.3.25) forces us to demand 
the constraints 


Q?=07=0 (2,3.26) 


in addition to equations (2.3.23,24). In fact, equation (2.3.24) is now a 
consequence of constraints (2.3.23) and (2.3.26). 
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By analogy with the massive case, we can introduce Poincare invariant 
subspaces in X; 


FE {I> eH, TYY = 0} 


(2.3.27) 
HW EH. aY = 0}. 


In contrast to the massive case, the subspace Xo is now a trivial one, due 
to constraint (2.3.26). Each of the subspaces #,,, and #,_, describes some 
massless representation of the Poincaré group. The supersymmetry generators 
transform X,- onto #,_, and vice versa, 


OH.) ~ KH -, 0,6.) ~ H =, (2.3.28) 


in accordance with the identity P,, = 4{Q,, Q,}. 

To make our discussion complete, we must clarify possible helicity 
eigenvalues 4,,, and 4,_,, which the Poincaré representations on #,,, and 
X,- may take. 


2.3.5, Superhelicity 
In the massless case, the relation (2.3.4) is simplified to the form 


l 1 
[Waa Q,] a eP a = — 5 OP as (2.3.29) 


as a consequence of equation (2.3.23). Hence, instead of the operator Z, 
(equation (2.3.6), it is worth introducing another operator 


La = W, — = (610, 0.) (2.3.30) 


which commutes with the momentum generators and the supersymmetry 
generators 


[Lo P] 50 [1,,0,] =0. (2.3.31) 
Using equations (1,5,11) and (2.3.23, 29), one can also prove 
L*P, =0 
(2.3.32) 


(Lu. Ly] = ianu LP x 


Expressions (2.3.31) and (2.3.32) show that the operator L, being 
supersymmetric invariant, possesses all the properties of the Pauli-Lubanski 
vector. Then, applying the same line of argument that was used in subsection 
1.5.6 to deduce the massless equation W, = AP,, 4 being the helicity, one 
finds that the operators 1, and P, must be proportional to each other, 
L,oc P,, in every irreducible massless representation of the Poincare 
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superalgebra. So, we introduce a new quantum number x defined by 
l 
l= (« aN ;)Pe (2.3.33) 


This quantum number is called ‘superhelicity’. Superhelicity characterizes 
massless representations of the Poincaré superalgebra. 

Given some representation of superhelicity x, let us calculate helicity values 
on the subspaces #,., and W,- defined above. For any state |P E Hisy 
we have 


Laal Y) = (Wa + 5| 2 a, |) = (wa i 20,0, )i¥> 


1 1 
=( Wa — -Pu |) =(« += Pal P). 
( 4 s) > (« z) al Y) 
This gives 


Wal PY = (x+ i) Paw VPE, +) (2.3.34) 
Analogously, one finds 
Waal FY = KPa YY PEX,- (2.3.35) 


Therefore, the helicities of the X+; and #,_)-Poincaré representations are 
equal to (x + 4) and x, respectively. 

To summarize, the massless unitary representations of the Poincare 
superalgebra are classified by superhelicity K, x = 0, +4, +1, +2..., Fora 
given superhelicity x, the corresponding representation describes two massless 
particles of helicities « and (K 4- 4). 


2.3.6. Equality of bosonic and fermionic degrees of freedom 

Our discussion of unitary representations of the Poincaré superalgebra would 
be incomplete without pointing out one important consequence of the above 
results — that is, each SP-representation describes an equal number of 
bosonic and fermionic degrees of freedom. It is worth recalling what is usually 
understood by the notion ‘number of degrees of freedom’. Given a massive 
spin-s particle, its number of degrees of freedom, denoted by N,, is defined 
to be equal to the number of different spin polarizations of the particle at 
rest. In other words, N, coincides with the dimension of every subspace V, 
in a Hilbert space of one-particle spin-s states. In the massive case we have 
N, = dim V, = (2s + 1). A massless helicity-4 particle has only one degree 
of freedom. Since the relation W, = AP, is Poincaré covariant, every massless 
particle of definite helicity possesses one and only one spin polarization. 
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We have seen above that the massive S?-representation of superspin Y 
describes four particles with spins Y—4, Y, Y, Y+ 4, ie. two bosonic and 
two fermionic particles. Therefore, the complete number of bosonic (fermionic) 
degrees of freedom is equal to 2(2Y + 1). 

For a given superhelicity x, the corresponding massless S?-representation 
describes two massless particles having helicities x and (x + 4), i.e. one bosonic 
and one fermionic particle, 


2.4. Real superspace R°? and superfields 


As is known, the unitary Poincaré representations can be realized in terms 
of fields on Minkowski space (see Section 1.8.) Undoubtedly, it would be 
interesting to obtain analogous realizations for the unitary representations 
of the Poincaré superalgebra. How is this done? Clearly, the existence of 
field Poincaré representations was possible merely due to the fact that from 
the very beginning the Poincaré group was introduced as the group of 
transformations in Minkowski space. As for the Poincaré superalgebra, one 
cannot relate it to some ordinary Lie group but only to a super Lie group 
—the super Poincaré group. A super Lie group cannot be realized as a 
group of transformations acting in some ordinary space R”, only in some 
superspace R’!“, So, to achieve the above aim, one may choose some 
reasonable superspace, then define on it some reasonable action of the 
super Poincaré group and so on, and so forth, But what principle do we 
have to be guided by? Evidently, we cannot make use of the principle leading 
to the Poincaré transformations. Recall, they are those transformations of 
R+ which preserve the Minkowski metric. In our case, we know nothing 
about either superspace or its metric. We have only the super Poincaré group 
at our disposal. Fortunately, there exists a purely algebraic way to introduce 
Minkowski space and Poincaré transformations starting from the Poincaré 
group. It is this approach which may be generalized to the super case. 


2.4.1. Minkowski space as the coset space T1/SO/(3, 1)! 
Let us consider the left coset space I/SO(3, 1)', where FI is the Poincaré 
group and SO(3, 1)’ is the Lorentz group. We are going to show that this 
coset space can be identified with Minkowski space. 

Points of the coset space SO(3, 1)! are equivalence classes. For any group 
element gel, its equivalence class g is defined to be the following set of 
group elements; 


g = lyh, he SO(3, 1)"}. (2.4.1) 


Recall, every equivalence class g is uniquely determined by its arbitrary 
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element, i.e. g = gh, Yhe SO(3. 1)’. How can one parametrize points of the 
coset space? 

Elements of the Poincaré group are parametrized by ten real variables b°, 
K” = — K™, via the exponential mapping. 


six)=eo[i(-p. +44.) 


In particular, translations and Lorentz transformations look like g(b, 0) and 
gl0, K), respectively. Since [j.p] ~ p. making use of the Baker—Hausdorff 
formula gives 


y(b, K) = g(x, 0)g(0, K) (2.4.24) 
g(b, K) = g(0, K)g(y, 0) (2.4.2b) 


where x° and y° are functions of b" and K*. One can take the variables 
\x*, Kt or {y* K®} in the role of local coordinates on T. The variables 
|x*, K®} prove to be best adapted to the coset space IT/SO(3, 1)', since for 
any elements g(b,.K,) and g(b,,K ) from the same equivalence class 
geT1/SO(3, 1)' we have 


yb, Ky) = glx. 0)g(0, Ky) g(bz, K2) = g(x, 9)g(0, K3)- 


As a result, every equivalence class g(b, K) is uniquely determined by the 
translation g(x, 0) defined by equation (2.4.2a). Since translations g(x,0) = 
exp (—ix"p,) are uniquely determined by four real numbers x", we obtain a 
one-to-one correspondence between IT/SO(3, 1)’ and R*. Thus, we can identify 
T1/SO(3, 1)' and R+ by the rule: 


gib, K) = g(x, 0) = exp [—1x"p,]. (2.4.3) 


Let us consider the left action of the Poincaré group on the coset space 
TI/SO(3, 1)’. Namely, with every group element gp € M we relate a mapping ĝo: 
T1/SO(3, 1)' + T1/SO(3, 1)’ of the coset space to itself, defined as follows: 


9§>G =G0l9)=Go9 YGeT1/SO(3, 1)’. (2.4.4) 


Clearly, we have §,°92 = ġġ. Further, every transformation (2.4.4) induces 
some mapping of R, to itself, due to the identification (2.4.3). Let us analyse 
these transformations. It is sufficient to study two particular cases: the 
translations go = g(b, 0), and the Lorentz transformations g, = g(0, K). 


Translations 
In accordance with equation (2.4.4), one has 
g(x, 0)  g(b, O)g(x, 0) = g(x + b, 0). 
Therefore, the corresponding transformation in R* is 


xex = x? + 5% (2.4.5) 
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Lorentz transformations 
In accordance with equation (2.4.4), one has 


a(x, 0) + g(0, K)g(x, 0). 
Since g = gh, Yhe SO(3, 1)’, we can write 
g0, K)g(x, 0) = g0, K)g(x, 0)\g(0, — K). 
The expression under the bar can be rewritten as 
gO, K)g(x, 0)g(0, — K) = e$" ieit Pme 1K "I> = exp (—ixte? "Imp 2K" in), 
Making use of the Poincaré algebra gives 
“Khin — 


eK" pe (e~) py. 


Finally, since K,, = —K,,, we obtain 


gO, K)g(x, 0) = g(x’, 0) 
where 


x? = (eK)2,x°, (2.4.6) 


The expressions (2.4.5) and (2.4.6) reproduce ordinary Poincaré transformations. 
The above discussion shows that Minkowski space can be identified with 
the coset space I/SO(3, 1)’. 


2.4.2. Real superspace R*!* 

Let us try to generalize the left coset construction described above to the 
super case. Consider the coset space ST1/SO(3,1|R.)', where STI is the 
super Poincaré group and $0O(3,1/R,)' is the Lorentz group over Re Its 
elements are equivalence classes 


9 = {gh, he SO(3, 1|R)'} 


for any ge STI. Elements of the Poincaré supergroup are parametrized as in 
equation (2.2.20). Then, since [j, p] ~ p and [j.q] ~ q, the Baker-Hausdorff 
formula gives 


ab, €, =, K) = g(x, 8, 8,0) g(0, 0, 0, K) (2.4.7) 


where real c-numbers x° and complex a-numbers 8* and 0* (conjugate to 
each other) are functions of the supergroup coordinates. Evidently, equation 
(2.4.7) generalizes equation (2.4.2a). The variables {x*, 8”, 8%, K°’} may be used 
to parametrize STI, instead of the original coordinates. Now, it is easy to 
prove that points of the coset space SIT/SO(3, 1|R,)' can be identified with 
points of real superspace R*!* parametrized by the rule 


RHS = I(24) = (x°, 6%, 8,), 0, = (0,)*, x° E Ra 0,EC,}. (2.4.8) 


158 Ideas and Methods of Supersymmetry and Supergravity 


The identification is as follows 
a(b. €, €, K) = g(z, 0) = exp [i(—x*p, + 8q + 4q)]. (2.4.9) 


Furthermore, one may define the left action of the super Poincaré group 
on the coset space ST/SO(3,1|R,)' in the same fashion as in (2.4.4), This 
induces some action of the super Poincaré group on the superspace R4!* due 
to the identification (2.4.9). It is sufficient to find transformations of R*!4 
corresponding to the supergroup elements (2.2.21-23). Using the Poincare 
superalgebra (2.2.9), one obtains: 


Translations 
x = x" b’ g” = 07 B; = 8,,. (2.4.10) 


Lorentz transformations 


t 


x'a = (eny 


A 
a, = (cxr( 5 Kaa )) Ay (2.4.11) 
ĝ* = (<xo(; kta) a0. 


We see that odd superspace coordinates 8, and @* transform as (un)dotted 
spinors. To derive equations (2.4.10, 11), one has to perform the same steps 
as in deriving equations (2.4.5, 6). 
Supersymmetry transformations 
x’? = x" — i¢aO + iĝo’ 
0=0+ 8, =8, 46a. 


Let us comment on equation (2.4.12), In accordance with prescription 
(2.4.4), the element gf. €) (2.2.23) of the super Poincaré group acts on the 
coset space by the rule 


(2.4,12) 


glz, 0) > g(€, €)g(z, 0). 
One can write 


gl£, E) gz, 0) = exp [i(eq + €q)] exp [i(—x*p, + 8q + 8q) 
= exp(—ix"p,) exp [ilg + €q)] exp [i(@q + 9q)] 


because [p,, q,] = 0. Then equation (2.2.25) leads to equation (2.4.12), 
Combining equations (2.4.10-12) leads to the most general form of 
super Poincaré transformations on R*!*; 


x" = (eX), x" + i(8a%— — €0°D) + b° 
O = (6 *)*0" + ceo 8, = fe") Oy + E (2.4.13) 
B; = (€%),!B; + Eo B* = (eK) ae 
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where 


l 
Kuh = — Kpa = (Ku)*  Kap= Kp = 5O hKa Kaj = (K ap)". 


So, the super Poincaré group acts on the superspace R*'* asa group of linear 
inhomogeneous transformations. Using expressions (2.4,13), it is not difficult 
to obtain a supermatrix realization of STI analogous to the matrix realization 
of II given in subsection 1.5.1, 

Looking at equation (2.4.12), we see that the supersymmetry transformations 
represent z-independent shifts of the odd superspace coordinates together 
with 6-dependent shifts of the even superspace coordinates. More precisely, 
decomposing each even coordinate x*, a = 0, 1, 2,3, into its body and soul, 


x" = (x°) + (x°); (2.4.14) 


the supersymmetry transformations change tħe soul leaving the body 
invariant, 


(x°)s > (x°) (x*)5 + (x°) + i(O0°E — €a°0), 


Even if all x* were soulless before making a supersymmetry transformation, 
they acquire some soul afterwards. Supersymmetry requires soul. 

Recall that the transformation (2.4.12) corresponds to the supergroup 
element g(€, €) (2.2.23). Let us consider an element 


g = (9(E1s€ 1) lEz Ea)” "(Ess E )oglE as E) (2.4.15) 


where €7 and €3 are arbitrary undotted spinors, Due to equation (2.2.25), we 
have (glé, 5)! = g(—«, —€). On the same grounds, one finds 
g =e ihe b° = 2i(€,0°€, — €,0%€). (2.4.16) 

Therefore, the sequence (2.4.15) of supersymmetry transformations on R*'* 
presents a bodiless translation of the even superspace coordinates. In fact, 
every bodiless translation (2.4.10) may be represented as a sequence of 
supersymmetry transformations. 

It is useful to treat the superspace R*!* as a trivial fibre bundle over 
Minkowski space such that the projection z: R*!*  R* from the fibre bundle 
into the base manifold—Minkowski space—is given by 


n(x’, 8%, 83)) = ((x*)s) 
for any superspace point (x*, 67, @,). Every Poincaré transformation (2.4.5) 
or (2.4.6) on the base space can be extended to a transformation (2.4.10) or 
(2.4.11), respectively, on the fibre bundle. Every super Poincaré transformation 
(2.4.13) on the fibre bundle is projected into a Poincaré transformation 
(x), = (Gaii ola’ )p + (b*)g 


on the base manifold, where (K*"), and (b*), are the bodies of the parameters 
K” and b°. 
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2.4.3. Supersymmetric interval 

As is known, the Poincaré transformations leave invariant the interval (1.1.2). 
It is not difficult to find its superspace generalization invariant under all 
super Poincaré transformations. Consider a superspace two-point function 
w(z,.Z3), where z4 and z4 are arbitrary points of R*!*, defined by 


w"(2,, 22) = (x2 — x1)" + 10,08, — 8,) — (8, —8,)o"9,. (2.4.17) 


This two-point function proves to be invariant under supersymmetry 
transformations (2.4.12). Clearly, it is also invariant under translations (2.4.10). 
Hence every super Poincaré transformation (2.4.13) leaves invariant the 
two-point function 


ds? = w*w,. (2.4.18) 


This is called a ‘supersymmetric interval’, 

Let us recall also that every space-time transformation x° — x" = f(x) 
preserving the interval (1.1.2) is a Poincaré transformation. For this reason, 
flat space-time admits a preferable class of reference systems — inertial 
systems, in which the space-time metric has flat form (1.1.2). Below we shall 
show that every superspace transformation z^ — 2'4 = f“(z) preserving the 
supersymmetric interval (2.4.17) presents some super Poincare transformation. 
So, by analogy with Minkowski space, one can speak about super-inertial 
systems — that is, reference systems (z4) on R*'? in which the supersymmetric 
interval has the form (2.4.17). Given two super-inertial systems, their 
coordinates are related by a super Poincaré transformation. 


2.4.4. Superfields 
A supersmooth function V: R*+ + A, on real superspace R*!4 is said to be 
a ‘superfield’ (recall, supersmooth functions are defined to be smooth with 
respect to even superspace coordinates and analytic with respect to odd 
superspace coordinates). Since superspace is parametrized by rule (2.4.8) and 
spinor indices x or % take only two values, the odd superspace coordinates 
satisfy the identities 

809, =0 8,0,0;, =O. (2.4.19) 


Due to the reduction rules (1.4.6), we also have 


l ] 
6,85 = 5 en? 6764 = 5 ene 
1 A ; 
BOp——Sey? P= 1 aig (2.4.20) 


OBa E 1 (a,)us80°. 
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Therefore, an expansion of a superfield V(z) = V(x, 0, ) in a power series in 
(P and J; reads 


V(x, 0,0) = A(x) + Phx) + 0,07(x) + 07 F(x) + P G(x) 
+ Ho° AC, (x) + POA (x) + Ra x) + 678 D(x). (2.4.21) 


The coefficients in this expansion are said to be ‘component fields of the 
superfield’, 
From now on we restrict ourselves to the consideration of ‘bosonic 

superfields” 

VRI + C, 
and ‘fermionic superfields’ 

V:R*4 SC, 
only. In these cases component fields are ordinary bosonic and fermionic 
fields over Minkowski space. This should be understood as follows. Let V(z) 
be, for example, a bosonic superfield. Then, component fields A(x), F(x), 
G(x), C,(x) and D(x) are bosonic supersmooth functions on the c-number 
space Rê, the other component fields are fermionic supersmooth functions 
on R, Their restrictions from R? to R* represent smooth bosonic and 
fermionic fields on R* identified with Minkowski space. 


Given a superfield V(z), we define its complex conjugate superfield V*(z) 
by the rule 


V*(z)=(V(z))* — Vze RAN. (2.4.22) 
Since conjugation rules for the superspace coordinates have the form 
(x\¥=x" (P= (8,)* = 8, 
(0,0)* = 00, = (0°)* = 6? 
(8;0.)* = 0,04 = (B7)* = 0° (2.4.23) 
(6,0 ,)* = 0,0, = (80°0)* = 80° 


the component fields of V'*(z) are related to the component fields of V(z) in 
the following way 


V*(x, 0,3) = A¥(x) + (— 128% 9, (x) + (— 1)" 8x) + 67 *(x) 
+ B7F*x) + 60°BC#(x) + (—1)*"876%n,(x) (2.4.24) 
+ (—1)""978,74(x) + 6787D*(x) 
where 
dx) =(Glx))* Pix) = (W(x))* 
nlx) = (Alx))* 2 7(x) = (A(x))* 
and (V) is the Grassmann parity of V(z), 
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Introduce partial derivatives of the superspace coordinates 


ĉa = (Endy m= 5 -( Sy et ta ) (2.4.25) 


Toat abe’ an 
ex Gb? ôb; 


SB, = 0%, 8x? = F407 = 0. 


pS 


We also define partial derivatives ¢4 corresponding to the variables 
=4 = (Xas bas 8), 


64 = (2, 67, 3,) = (< 2 <i) (2.4.26) 
ôx, €0, 20% 
exp =ò, 6,= 0 =0 
Ary = ipd 70, = 6%, — G*x, = HF =0 
20 =ô tx, =0,0,=0. 
The derivatives G, and é* are related as follows 
Mant, P= ehi By = ept.. (2.4.27) 
Recall that partial derivatives of even superspace coordinates are always left 


ones. 
Basic properties of the partial derivatives are: 


1. [a B} = 42g — (— 1) 40,0, = 0; 

2. ĉa (V U) = (ĉa V)U + (1) ye U; 

3. e(a V) =e, + eV) (mod 2); 

4. (¢,V)*=6,V*, (0V = (1O Rv (FV = ai y, 


(2.4.28) 


Their derivation duplicates the general analysis of Section 1.10 with one 
modification: in Section 1.10 we parametrized superspaces R°? by real even 
and odd variables, R*'* is parametrized by four real c-number variables x* 
and four complex a-number variables 6* and 9* conjugate to each other. 


2.4.5, Superfield representations of the super Poincaré group 

The notion of tensor fields is easily generalized to the superspace. For example, 
a tensor superfield of Lorentz type (n/2, m/2) is defined by two requirements: 
(1) in every super-inertial system, it is determined by a set of (n + 1)(m + 1) 
superfields V,......5,44,---%, (Z) (component superfields), totally symmetric 
in n undotted indices and m dotted indices; (2) a super Poincaré 
transformation (2.4.13) changes the component superfields according to the 
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law 

yy ./ KYO Mp 

Vises nity EEA A E OV ae, cape. «coll? (2.4.29) 
where the Lorentz generators Map act on the external superfield indices only. 
Removing the restriction of V,,.5,4,%....5,(2) being totally symmetric in its 


undotted indices and dotted indices, the transformation law (2.4.29) defines 
an arbitrary Lorentz tensor superfield. 

The operation of complex conjugation maps every tensor superfield 
AT nhh: ME into 


Vam aa. aE Wana nii. AD (2.4.30) 


Which is also a tensor superfield, in accordance with equation (2.4.29). Given 
a tensor superfield of Lorentz type (n/2,m/2), its complex conjugate tensor 
superfield has Lorentz type (m/2.n/2). In the case n=m, we can consider real 
tensor superfields defined by the equation 


Be sgn teases EI Vases cancer year tl?) (2.4.31) 


As a rule. we will assume every tensor superfield carrying an even (odd) 
total number of indices to be bosonic (fermionic), 


El Via.. zna.. a (=n (mod 2). (2.4.32) 


The notion of tensor superfields given above will play a most important 
role in subsequent chapters for two basic reasons. First, in the case of Poincaré 
transformations (2.4.10, 11), equation (2.4.29) means nothing more than the 
fact that the component fields of V,,,..44,4,...3,(2) are ordinary bosonic and 
fermionic tensor fields. For example, let V(z) be a scalar superfield 
transforming according to the law 


V'(z')= V(z) (2.4,33) 


with respect to the super Poincaré group, Choosing a space-time translation 
(2.4.10) gives 


A(x) +O (x) + F40(x) +... 
= A(x) + OW AX) + FOX) + 
=A(x) +P yd + F,@4x)+.... 
İn the case of Lorentz transformations (2.4,11) equation (2.4.31) leads to 
A(x) + 0° (x) + FG NH 
= A(x!) + OES KH) Oy x!) + Ole RFA) +. 
= A(x) + Fy,(x) + Ox) +... 


Therefore, in expansion (2.4.21), component fields A(x), F(x), G(x) and D(x) 
are scalar fields, C,(x) is a vector field, w(x) and 4,(x) are undotted spinor 
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fields and @*(x) and #%(x) are dotted spinor fields. The second reason why 
tensor superfields are of primary importance is that the transformation law 
(2.4.29) automatically provides us with a realization of supersymmetry 
transformations on component tensor fields. Therefore, if we work out a 
technique to handle superfields, in particular to construct super Poincaré 
invariant functionals of superfields, we shall arrive at a supersymmetric field 
theory. 

Supersymmetry transformation laws of component fields will be analysed 
below. 

Tensor superfields provide us with representations of the super Poincaré 
group. For example, consider the space ¥,,,,», of tensor superfields of Lorentz 
type (n/2.m/2), With every element g =g(b, £, &, K) of the super Poincaré group 
we relate a one-to-one mapping 


T(g): Linon) p> Liami 
which is given by rewriting the transformation law (2.4.29) in the form: 
Tig): V> V= i yg) V ELnm (24-34) 


where we have suppressed indices. Here z'*=g7! -z4 is the super Poincaré 
transformation corresponding to the element g`’. Evidently, the 
correspondence g + T(g) determines a representation of the super Poincare 
group. Therefore, every representation operator T(g) can be expressed as 


T(y(b,¢,8,K))=exp[i(—b*P, +4K"J,, +2Q+eQ)] 
=exp[i(}b*P,,+K*I,,+ KJ +Q) — (2.4.35) 
where 
P,=d7(p,)  Ju=dTGn)  Q,=dTiq,) Q*=dT(a*) 


are generators of the representation. One can easily find the generators by 
recalling the explicit form for the super Poincaré transformations. The result is 


P,=—ié, 
Jan =iXp0q —Xalp + (0a) 0 8p (Ča) Oxo) — Ma) 2.4.36) 
Q,=i6,+(0"),30°6, 
Q; = -ila ase, 
or, in spinor notation, 
Py, =i; 
Jj = —4 (x2 Eps + Xp Âa) +4 (0,6 5+ O46,)— iM) (2.4.37) 
Jip= il aan + X plas) +4 (Fp + Fix) — iM 5p 
Q, =i2, + F2,, Q,=—ié,-—@2,, 
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where 
(23> ("5509 Ny =(O") 3% q S =e 20hef (2.4.38) 


As an exercise, one can check that the operators (2.4.36) really form a 
representation of the Poincaré superalgebra, The reader should always keep 
in mind that the Lorentz generators M,, in equations (2.4.34) and (2.4.36) 
act on external superfield indices. 

Infinitesimal supersymmetry transformations act on any tensor superfields 
by the law 


OV, ao TER a2) = ileQ + £Q) Va, sta adn x, (2). (2.4,39) 


As for the superspace supersymmetry transformations (2.4.12), they can also 
be written in terms of supersymmetry generators Q, and Q, as follows 


24 =24—-j(eQ+eQ)z4. (2.4.40) 


2.4.6. Mass dimensions 

In conclusion, let us discuss a technical question regarding dimensions (in 
units of mass) of the superspace coordinates, Evidently, for the even 
superspace coordinates we have 


[IxJ=-1 [€@J=l, (2.4.41) 


To determine the dimension of 6% and 6%, it is necessary to recall equation 
(2.4.12). which forces us to demand 


[67] =(6*] =—1/2 (é,]=(6,) = 1/2 (2.4.42) 


After this, having a superfield of some fixed dimension, one can easily 
determine dimensions of its component fields. 

The concept of superspace and superfields was first introduced by A. Salam and 
J, Strathdee. 


2.5. Complex superspace C*??, chiral superfields and covariant derivatives 


We are now going to describe one more realization of the super Poincaré 
group as a group of transformations in superspace. Using this realization 
will turn out to be very helpful in two respects. In the present section it will 
facilitate an introduction of chiral superfields—important representations of 
supersymmetry. Later, in Chapter 5, this realization will serve as a starting 
point for constructing supergravity—that is, a gauge theory of supersymmetry. 
The point of departure of our discussion is the observation that the set 
{x?.,, 6) of complex variables x?_,=x*+i00°G and 6? is closed with respect 
to the super Poincaré group, because the supersymmetry transformations 
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act on these variables as follows 


xt jx =x +200 +i Paete (25.1) 


All the other results of this present section are in a sense consequences of 
this observation. 


2.5.1. Complex superspace C4? 

Consider a complex superspace C** spanned by four complex c-number 
coordinates y“ and two complex a-number coordinates 07. We introduce 
super Poincaré transformations on C*? by associating with every element 
geSM a one-to-one mapping ° — y" =g- y“, 0% + 0 =g- 6 of C*” to itself, 
defined as follows: 


Translations 


gib) y°=y" + b° gib). 6° =6* (2.5,2a) 


Lorentz transformations 
glK): y =e y" g-Oa=lexph Koa) Og (2.5.2b) 


Supersymmetry transformations 
gE Ey =y 420o sic gD O*=O* +E" (2520) 
The most general form of super Poincaré transformations on C^? reads 
y=(exp K}, y’ + 280% +b" + ico 
9° = (exp(—K))% p9? +e” 


Evidently, expressions (2.5.2) define a group of transformations on C4?, i.e. 
gilga: y)=(9192)- 7" and g,(g,°4*)=(9,92)', for any elements g, and g, of 
the super Poincaré group. 

Beautifully, since C^? is complex, one can define an action on C4" of a 
complex super Lie group corresponding to the complex shell (2.2.17) of the 
super Poincaré algebra. Elements of this super Lie group are parametrized 
by complex c-number variables f°, K*”=K** and L*#=L** and complex 
a-number variables €“ and E,, 


g=exp [i(— fp, + K**4,4+ IP +q +E] 


where, in contrast to the super Poincaré group, L*4#(K*)* and F,4(e,)*. 
Transformations of C*? absent in expressions (2.5.2) have the form 


elk! ju. y% = (e - Kye ye elk” jr, ĝ8= (e - *) 0” (2.5.4a) 
el" ye =(e~ Ty yt eZ" p= 6" (2.5.4b) 


(2.5.3) 
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eit. y= ya eta. p= pF + e" (2.5.4c) 
esa, yl=y"+2i00%F e9 px = 9 (2.5.4d) 


The reader may forget, for a time, transformations (2.5.4) because they will 
be used only in Section 2.9 when studying the superconformal group. 


2.5.2. Holomorphic superfields 

Complex superspace C*” can equivalently be considered as a real superspace 
R4 with coordinates y*, °= (y°)*, 0* and 9* =(0*)*. In general, a superfield 
on C*? is a supersmooth function U: C? — A, of all these variables, 
U =U().7,0.0). However, objects best adapted to the complex structure on 
CH? are ‘holomorphic superfields’ depending on the variables y° and 6* only, 


O=O(y,6) + 80/6 j* =00/20*=0 (2.5.5) 
and antiholomorphic superfields defined by 
Y = (9,0) <= yy" = w/66" =0, (2.5.6) 


Clearly, an antiholomorphic superfield is complex conjugate to a holomorphic 
superfield. Every holomorphic superfield can be expanded in a power series 
in 4% 


D(y,8) = Ay) + FW i(y) +07 Fy), (2.5.7) 


In accordance with equation (2.5.3). the super Poincaré transformations 
represent holomorphic mappings of C*? to itself. Therefore, it is possible 
to introduce into consideration tensor holomorphic superfields like 
Dy... x54... 3,09) defined by the transformation law 


Dyan. TE Ea TE a (0) = EK MaD a, F TE TERA 3,08) (2.5.8) 


s=- Zy 


with respect to the super Poincaré transformations, where the Lorentz 
generators M,, act, as usual, on external superfield indices only. 

Similarly to ordinary holomorphic functions on C", a holomorphic 
superfield ®(y,@) proves to be an analytic function of complex c-number 
variables y°, This means that ®(y,@) possesses a convergent Taylor expansion 
in y” near each point of the superspace. In particular, holomorphic superfields 
are not localizable in y“, i.e. one cannot make a holomorphic superfield on 
C4? non-vanishing in a small neighbourhood of some point y3 only. Evidently, 
this is a very severe restriction from the point of view of field theory. 
Nevertheless, there is a way to obtain localizable holomorphic superfields. 
One should simply restrict the region of the superfield definition from the 
whole superspace C*? to a surface in C*” such that, for every point (y*.07) 
on the surface, the imaginary part of y” is bodiless, 


(y°—F*)p=0. (2.5.9) 
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This surface will be denoted C2? and termed the ‘complex truncated 
superspace’. 

The surface C4- is interesting for two reasons. First, due to equation (2.5.3), 
every super Poincaré transformation maps C*? on to itself. Therefore, the 
notion of tensor holomorphic superfields can be transferred from C*? to 
C +=, Secondly, every holomorphic superfield on C$? may be represented in 
the form 


My) = 


1 e"(x,8) (J) DOP (2.5.10) 


ni ex", sex, 2 
=r F 


where ®(x,() is a supersmooth function of four real c-number variables x” 
and two complex a-number variables 6%, Conversely, for every such 
superfunction ®(x,@), equation (2.5.10) defines a holomorphic superfield on 
C3? (but not, in general, on C*?). To confirm these assertions, the reader 
may recall the discussion in Section 1.10 concerning supersmooth functions. 
We adopt the convention that every holomorphic superfield appearing below 
is defined on C4? 


2.5. é R*4 as a surface in C” 
Let us introduce a family of surfaces in C4? determined by 
y= 24 +49, 0,5) (2.5.11) 


Here #", a=0, 1, 2, 3, are real superfields on R**. Every surface (2.5.11) can 
be parametrized by four real c-number variables x°, given by 


4=1(y +)" (2.5.12) 


and four complex a-number variables §7 and 4* conjugate to each other. 
Therefore, we may look on this surface as a real superspace R*'* equipped 
with a set of four real superfields #%(x,0,8) on R*!*. So, it seems natural to 
use the notation R*"(3) for such a surface. 

Now, let us try to find a super Poincaré invariant surface R*4(9)—that 
is, a surface which moves into itself when applying an arbitrary super Poincaré 
transformation. First, invariance with respect to the translations (2.5.2a) 
imposes the restriction 


Hx + b,6,0) = (x,6,8) 


because the combination (y— f) is translationally invariant. We see that #° 
is a function of 8 and @ only. Secondly, the invariance with respect to the 
Lorentz transformations (2.5.2b) leads to 


HG T) = ley t), 


The most general solution of this equation proves to be #“= k0a’ð, where 
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k is a constant real c-number, Finally, the invariance with respect to the 
supersymmetry transformations (2.5.2c) fixes this constant resulting in 


H= 00°F. (2.5.13) 


As a result, we arrive at a beautiful conclusion. Namely. the family {R2 )} 
of surfaces in C*? includes a unique super Poincaré invariant 
surface—R*!*(Aa8). But this is not the whole story. Restricting trans- 
formations (2.5.2) from C** to R*(@¢8) one finds they coincide with the 
super-Poincaré transformations on R*4 (see equation (2.4.10-12)). Therefore, 
one can identify the superspace R** with the surface R*4(0c8) in C**. The 
identification works as follows 


(x°, 0, Gi) e (x° + i00", 0%) (2.5.14) 


2.5.4. Chiral superfields 
Let ©, »,%,..4,(¥:9) be a tensor holomorphic superfield, Restricting it to 


the surface R*!*(4c6) and applying the prescription (2.5.14) leads to the tensor 
superfield 


C EA A) EA 54, 4,(x+i009, 0) (2.5.15) 


on real superspace R**, Evidently, it is a quite trivial fact that we have really 
obtained a tensor superfield on R**. However, due to its importance, let us 
comment on it in detail. Under a super Poincaré transformation, 
®,, _+,%,...4,(y:9) changes according to the law (2.5.8). For every point (y°,9”) 
from the surface R**(@c6), the transformed point (y’*,6*) will also lie on 
R*4(@c8). Therefore, we have 


Da, 4 (X HiT P= eR Mn, aa., (x+i008,0). 
This gives 
Dy phy ov cteg lO Tere Mon, aa, 4,240.8) 


which represents a tensor transformation law. Note that the transformed 
supertield depends on the superspace coordinates in the same fashion as in 
superfield (2.5.15), 


D, N.. EET PRERA) = D, Re ey 4, (Xx + i0o0,6). (2.5.16) 


A tensor superfield on R*+ defined by equation (2.5.15) is said to be a 
‘tensor chiral superfield’, Its conjugate tensor superfield 


Dy, ani, 4 (XOA=8,,  2.¢,...4(x—i808,8) (2.5.17) 


is said to be a ‘tensor antichiral superfield’. As may be seen, chiral superfields 

depend on x and @ only through the combination (x +i@o4), antichiral 

superfields depend on x and @ only through the combination (x —i@a8). 
Obviously, the set of tensor chiral (or antichiral) superfields of Lorentz 


170 Ideas and Methods of Supersymmetry and Supergravity 


type (n/2,m/2) forms a super Poincaré invariant subspace in the space of 
tensor superfields of Lorentz type (n/2,m/2). So it would be desirable to obtain 
a covariant constraint selecting this subspace, This is an easy problem upon 
taking into account the observation that equation (2.5,15) can be rewritten 
in the form 


C x4)... (XO SEO, 4 (x,8) (2.5.18) 
W =00°FC, 

Therefore, every tensor chiral superfield satisfies the equation 

Di, na 4,(%0,0)=0 

D, =e (— 7e" = —6, — i00 
Analogously, every tensor antichiral superfield can be represented in the form 
Darn aa aeaee A D aael (2.5.20) 

and hence it satisfies the equation 

D,®,, os 2. esa 3,6,8,0) =0 

D,=e7'*d,e% =6,+ i0 g 


(2.5.19) 


(2.5.21) 


2.5.5. Covariant derivatives 
The differential operators D, and D; introduced in the previous subsection 
anticommute with the supersymmetry generators 


{Dz Qa} = {Dx Qs} =0 
(Dp, Qs} ={Dz, Qe} =0. 


These identities can be checked explicitly. However, there are two different 
ways to understand relations (2.5.22). First, consider a tensor chiral 
superfield ®(z) (indices are suppressed). After applying an infinitesimal 
supersymmetry transformation, it takes the form 


@'(z)= D(z) + d@(2) 5@(z) = i(eQ + eQ)B(z). 
Superfields D(z) and ®'(z) are chiral D; = D,®’ =0. Therefore, we must have 
[D;, eQ+eQ]=0 


at least when acting on chiral superfields. Secondly, let us recall how the 
coset space STI/SO(3,1|R,)' has been identified above with real superspace 
R**, Namely, points of the coset space are in one-to-one correspondence 
with elements 


(2.5.22) 


glz) =e" -4 Pu + ha + 8q) 


of the super Poincaré group. The supersymmetry transformations act on these 
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elements by left shifts ly 
glz) > g(2')=lyeagl2) =e" *g(2) 
and lead to the superspace transformation 
24 = 2'4=24—i(eQ + eQ)z4 (2.3.23) 
Now, consider right shifts ry») 
gl2) > glz’) = rn gaz) = glz 
which induce the superspace transformation 
24 = 2'4=24+(nD+nD)z4 (2.5.24) 


Since the left and right shifts commute, laina gin,9)="ginayloieg) and from their 
explicit expressions (2.5.23) and (2.5.24), one obtains expression (2.5.22). 
Derivatives 


D,=(@,, D,, D’) (2.5.25) 


are seen to form a complete set of first-order differential operators commuting 
with the supersymmetry transformations, 
[Da eQ+eQ]=0 (2.5.26) 


This is the first reason why D, are called ‘covariant derivatives’. The second 
reason is that for every tensor superfield V,,,,5,,,(2), the superfield 


U ga). u'SglZ) =D AVe, ».. 28), 2642) 
turns out also to be a tensor superfield, with the transformation law 
U4, Ane D. AA (=e Ms U gy, oo Bey ss diglZ) 


with respect to the super Poincaré group. Here the Lorentz generators M p 
act on all external indices including index A. In other words, a covariant 
derivative moves every tensor superfield into a tensor superfield. The 
operators D, and D, are said to be ‘spinor covariant derivatives’, 


2.5.6. Properties of covariant derivatives 
The covariant derivatives satisfy the algebra 


{Da Da} = {D,, Dy} =[Da é,J=(D;, ĉ,]=0 
{D,, D;} = —2i€,;=2P,;. 


We see that the spinor covariant derivatives and the supersymmetry 
generators satisfy similar anticommutation relations. Furthermore, the dotted 
and undotted covariant derivatives are related by complex conjugation as 


(2.5.27) 
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follows 
(D,V)*=(—1)"B,V* (D*v)*=D?V* (2.5.28) 
for an arbitrary superfield V(z) (bosonic or fermionic), where we have 
introduced the notation 
D?=D*D, D* =D}; 
D’ = D, D* D= hD 
Let us list the identities involving the covariant derivatives which are 
known to be most relevant for practical superfield calculations: 


(2.5.29) 


D,D,=46,;D? D,Da= —4e D? (2.5.30a) 
D,D,D,=0 D,D,D.=0 (2.5.30b) 

[D D,J=—-4i@,,D*  [D}, D,j=4i2,,D* (2.5.30¢) 
D*D?D, = D,D D? (2.5.30) 

D?D? + D?D?- 2D*D?D, = 160 (2.5.30e) 
D?D,D?=0 D?D, D? =0 (2.5.30) 
D?D*D?=16D?70 DDD =i (2.5.30) 


All the identities can be readily proven with the help of relations (2.5.27), 
On the same grounds, one can see that a product of n>5 spinor covariant 
derivatives may be reduced to an expression containing terms with at most 
four D and D factors. 

It is worth pointing out two simple applications of the above identities. 
Given a tensor superfield Vy, ,4,. (2). the object 


D? ETTA AC | (2.5.31) 
is a tensor chiral superfield, and the object 
DV 2 0 2) (2.5.32) 


is a tensor antichiral superfield. The reader may check that every tensor 
chiral superfield can be represented in the form (2.5.31). Furthermore, for 
every chiral superfield ®(z), D,®=0, we have 


D?D,o=0 (2.5,33) 


as a consequence of equation (2.5.30c). 


2.6, The on-shell massive superfield representations 


The main goal of the present section is to give a realization in terms of 
superfields for the massive super Poincaré representations described in 
Section 2.3. 
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2.6.1. On-shell massive superfields 

To begin with, we must formulate what is to be understood by the notion 
‘on-shell massive superfield’, By analogy with the Poincaré case, every tensor 
superfield of Lorentz type (4/2,B/2), 


Va caat. al?) = Wa, naar.. pl?) (2.6.1) 

satisfying the mass-shell equation 
(=m?) Ve,..244...3,(2)=0 m> (2.6.2) 

and the supplementary condition 
Pte: aw, oct AZO P,,=—10 4s (2.6.3) 


imposed when A #0 and B#0, is said to be an on-shell massive superfield 
of Lorentz type (A/2,B/2). For arbitrary non-negative integers A and B, 
A+B=2Y, the space of all on-shell massive (A/2,B/2)-type superfields, 
denoted by #45, forms a representation of the super Poincaré group. 

Given a non-negative (half-)integer Y, spaces Hayop #(2y-1,ip «+» Hozr 
describe equivalent representations of the super Poincaré group. This 
assertion can be proved in the same fashion as was done in the Poincaré 
case. Namely, the operator Age (1.8.6) is invertible under the fulfilment of 
equation (2.6.2) and provides us with a one-to-one mapping of Hoyo) on 
Hany Where B40 and A+B=2Y, defined as follows 


Vri taki A an Oe Be (2.6.4) 


boss Aayi Ya 
where Vz, +,- (2) is an arbitrary element of Xi2yoy 
In contrast to the Poincaré case, every space #4 p constitutes a reducible 


representation of the super Poincaré group, because 3,4, s) contains at least 
three super Poincaré invariant subspaces; 


Hlib: {V(z)€ Xia.) D,V(z)=0} 
Hlm {V(2)€ (4,8 DaV(2)=0} (2.6.5) 
HED By {V(2)€ Xab) D?V(z)=D?V(z)=0} 


where superfield indices have been suppressed. It is seen that #({3),) consists 
of chiral on-shell superfields and 2#{ 3s includes antichiral on-shell superfields 
only. Every element of #9} p; is said to be a ‘linear superfield’, 

One can easily find projection operators for the subspaces fiey 3f13'5) 
and (9), Making use of identities (2.5.30) gives 


1 DD? 1 
xP — = D*D? 
"16 O 16m? 
I D:Ō i 
PF _.=— ——— = o (2.6.6) 
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pas DD i o oppo 
§ H 8m? 8m? 
PiyP (y= tP 
where Pa =(P- F,-), Pio) The equation (2,5.30e) leads to 
Pit P +P ol (2.6.7) 
therefore we have the decomposition 
Han Hi yO HN yD yy (2.6.8) 


It is not difficult to see that the super Poincaré representations on the 
spaces (Fh (but not on #9) p) are irreducible. Now, we have to decompose 
|9} p into a direct sum of invariant subspaces and then determine superspin 
values corresponding to each of the irreducible representations under 
consideration. But before doing this, it is worth discussing the question of 
where the difference between the Poincaré and super Poincaré cases lies. 
Why were restrictions (2.6.1—3) sufficient in the Poincaré case to select out 
irreducible representations and yet they have proved to be incomplete in 
order to play the same role in the super Poincaré case? The point is that in 
superspace, in contrast to Minkowski space, we have at our disposal not 
only the super Poincaré generators acting on superfields but also the spinor 
covariant derivatives which possess the property of preserving tensor 
structure when acting on superfields, As a result, each space #4, 5) 1s endowed 
with the action of a super Lie algebra including the super Poincaré algebra 
as a subalgebra. 


2.6.2. Extended super-Poincaré algebra 
Following E. Sokatchev, let us extend the set of super Poincaré generators 
(2.4.37) by adding the spinor covariant derivatives and consider the linear 
differential operators on #(4 2): 

il$b*P a+ KJ p+ R” g+ EQ +eQ)+nD+nD (2.6.9) 


where the super Poincaré parameter are defined in the standard way and 
(n*ña) are a-numbers forming a Majorana spinor. The set of all operators 
(2.6.9) is seen to form a super Lie algebra with respect to the ordinary Lie 
bracket, and the generators of the algebra satisfy the following 
(antij)commutation relations: 


[Jap P] = FEP pH ieg Pa 

Cap Jy] = deed g+ €,pJ 5+ 85096 +8595 ,2) 

[Jap QJ =38,.Q8+38,pQ, (2.6.10) 
[Jap D.J=$e,.D4+42,,D, 

{Q,,Q,} = {Dan Dy} =2P... 
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The remaining (antijcommutators vanish or may be found by Hermitian 
conjugation (using the rule (P,;)°=Psx, (Jap) =Jsg, (Qa) =Q, and 
(D,)* =D,). The algebra (2.6.10) presents nothing more than the N=2 
Poincaré superalgebra without central charges (see Section 2.2). 

It is a simple exercise to check that every space 3,49) has no non-trivial 
subspaces invariant under all of the operators (2.6.9). It is the spinor covariant 
derivatives which mix superfields from #{3)5, lab and #{%»). 


2.6.3, The superspin operator 
As the next step, we express the superspin operator (see subsection 2.3.2), 
corresponding to superfield representations, 


C=(Z, P)?—Z?P? (2.6.11) 
where 
Z, — W, -4 Qn Q,) 
W, = easa JP’ 
in an explicitly supersymmetrically invariant form. The point is that 
superspace is endowed with not only the supersymmetry generators but the 
covariant derivatives also. The covariant derivatives, being supersymmetric 
invariant objects, have a structure similar to the structure of the 
supersymmetry generators. On these grounds, it is worth expecting that the 
Casimir operator C can be re-expressed in terms of D, and D,. 
The basic observation is that the operator Z, can be rewritten, after some 
algebra with the super Poincaré generators (2.4.36), using the rule 
Z,=2Z,—A-P, 
Ža = —4 eana M" P’ + $(6,)"[D,, Ds] (2.6.13) 
A =4(0fôp—8’5;). 


(2.6.12) 


Here A is the generator of ys-rotations 
V(x,0,8) — V'(x,0,9) = V(x,e28,e- 298), 
It commutes with P,, so we have 
ZiaP a= Zi.P 5) 
and the superspin operator takes the form 
C=(Z, PP- ŽP? (2.6.14) 


Obviously, this expression is explicitly supersymmetrically invariant. The 
operator Z, consists of two terms. The first one, 


W, =r. Feasa ie P! Waz px M,y,P*, > M pP (2.6.15) 
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is the “space-time’ Pauli-Lubanski vector. It is sensitive to superfield tensor 
types and x-dependence but not to #-dependence. The second one, 
ta” [D Dy], is sensitive to superfield x- and 6-dependence and is inert with 
respect to superfield tensor type. 

After using the identity W°P,=0 and the mass-shell equation P? = —n?, 
one obtains 


2 2 
C=2 (PHD, Ds} [D3 DD, Dal +m?W? + WDD, Dy) 
(2.6.16) 


As for the third term here, we can profit from our old result (1.8.12), which 
leads to 


W?ly, „=m Y(Y + 1)) Y =(A+B)/2 (2.6.17) 


The first and second terms in expression (2.6.16) can be simplified with the 
help of equation (2.5.27), The final expression for the superspin operator is 


Cl aa =m YY +D +Z o+ B 
H iam { 47” 10) } (2.6.18) 


1 
B=— W*{D,, Ds] 
4m 
where 2o is the projector onto the subspace of linear superfields in #( 4.) 
The operator B turns out to have the following interesting properties: 
BA (9, =AoB=B 
B?=Y(Y + 1)2 o% —B 


where B is assumed to act on X4 B» So, we can rewrite equation (2.6.18) in 
the form 


(2.6.19) 


Cly” =m*(¥(¥ +1 ++B)2Z 0} (2.6.20) 
Recalling equation (2.6.5), this immediately gives 
Clip = Clr =M Y(Y +I) (2.6.21) 


Therefore, each of the spaces #$f h of (anti)chiral on-shell superfields of 
Lorentz type (A/2,B/2) provides us with the superspin-Y representation of 
the Poincaré superalgebra. 


2.6.4. Decomposition of H(X} p into irreducible representations 

We are going to show that every space #{9),, 4+B#0, describes two 
irreducible super Poincaré representations of superspins (Y+4), and the 
space #9), describes the super Poincaré representation of superspin 4. 
Since all of the spaces X Eyo #1S)_1.1)-.., #{8by) realize equivalent 


Supersymmetry and Superspace 177 


representations of the super Poincaré group (see subsection 2.6.1), it is 
sufficient to restrict our consideration to the case B=0. 
Let Va, ,,€-4/9'9, be an arbitrary linear on-shell superfield, 


D?V,,, 2, = Da. a = 2N ag ™=0 (2.6.22) 


When A #0, we have the identity 


| | A 
=-— DIDDY, . ..+—7 —— Du, DDN, 
8m? Rol nt ae, É 


A 
Te 2 TE FTA 


(2.6.23) 


where parentheses į...) denote, as usual, the total symmetrization of indices, 
for example, 


D,,,D?D*V,, z K Aia 


and symbol %, means that index %, is omitted, In accordance with equation 
(2.6.23), for every Va. =,€ 3X {9o there exist chiral on-shell superfields 
fay... 24- i EH 14! 10) and Nx, -X4 EHTS) 1 oy 

Dix, isi =(0 =m’) ia, E PET =0 

Diny, PET =(O—m Ma... ,=9 
such that the following representation 

Vara caa = D Zon, wy t Dianna) (2.6.24) 

takes place. Conversely, for arbitrary chiral on-shell superfields 


laaa CHG, and Ma. x, EX liL io the superfield V,, _,, constructed 
by the rule (2.6.24) belongs to X !9o. Moreover, the correspondence 


(Hay... 2400 Narsiah LA 


is one-to-one, because equation (2.6.24) can be resolved as follows: 


l 
lai- = gg D Dia Vag... 40) (2.6.25) 


8m? A 
We come to the conclusion that the super Poincaré representation on the 
space #{%)o) is equivalent to the super Poincaré representation on the direct 
sum space #17), | 9, @#{Z” 19), For every positive (half-)integer Y, the space 
Xl yop provides us with two irreducible super Poincaré representations of 
superspins (Y +4). It is not difficult to find a suppplementary condition 
selecting out each superspin. Namely, the highest superspin, Y +4, is extracted 
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by the condition 
DV»... he (2.6.26) 


zy) 


in accordance with equation (2.6.24). The lowest superspin, Y —4, is extracted 
by the condition 


Dis, V2,.,.2,.,)=9. (2.6.27) 


Now, it is worth recalling the decomposition (2.6.8). In accordance with 
equation (2.6.24), we can write every on-shell superfield U., a,€ X 4) in 
the form 


U,, z=.. igh th. i, FDZ.. t Die Mas. 24) 


(2.6.28) 
®, a, SHED) Paa EF lid 


‘ +) +) 
aan EMA 1.0) Nx, .. Xs EHNA 50) 


which represents a decomposition into irreducible superfields. 
The case Y=O is treated similarly. Every superfield V e {$o can be 
represented as 


f= moat D*D?D,V 
8m? 


and hence 


l 
V=D*y, Xe = gm? D’*D,V EMT 0r (2.6.29) 


These relations establish the eautyatence of the super Poincaré repre- 
sentations on 3(9),, and #7}, therefore the space foo; realizes the 
superspin-} representation. 

By analogy with equation (2.6.28), every scalar on-shell yi U Eoo 
can be written in the form 


U=0+"+D*y, (26:30) 


Do = Diya =0 D,¥ =(); 


We summarize the results. If A#0 or B40, the representation #;4 5) is 
the direct sum at four irreducible super Poincaré representations with 
superspins Y-4+, Y, Y, Y+} where 2Y=A+B, When A=B=0, the 
representation of Xoo is the direct sum of three super Poincaré 
representations with superspin 0, 0, 4. Every massive super Poincare 
representation can be realized in terms of (anti)chiral superfields. This is the 
reason why (anti)chiral superfields are objects of primary importance. 
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2.6.5. Projection operators 

To complete the above consideration, it is worth finding projection operators 
extracting from #{%g, the subspaces of superspin Y—4 and Y+4, 
respectively. To do this, one can use the following simple observation. If a 
linear operator F ona vector space ¥ takes eigenvalues /,, f3,..., f, such that 


L=L,OL,0...0Lf, Fly=fi 

then projection operators on elgenspaces Y; are given in the form 
TA i gy Ff) Fa fen) 

iz Sad (fi a) k R a Hes) 

1111; = ôT; T,+...+T,=1. 
In our case, the superspin operator acts on Jf; 4.g) and its eigenvalues are 
m(Y¥—1/2¢¥+1/2)  m*¥(¥+1) m*(¥ + 1/24 ¥ + 3/2) 
Then equations (2.6.19, 20) and the prescription just given lead to 


Il, = 


My_12= {Y1- B}? o) 


l 
2Y +1 
{((Y + DBZ o 


(2.6.31) 


Ilyin 
IPUR aye 


2.6.6. Real representations 

The mapping of superfield complex conjugation defined by equation (2.4.30) 
converts a mass-shell space %(4 5) to Xig,ay Using this mapping and the 
operator A,, which changes tensor type, one can define real massive superfield 
representations in the same fashion as was done in Section 1.8 for the massive 
field representations. In particular, in the case A=B one can impose the 
reality condition 


Vays cs Reky ce edi,62)= Rn 0 desl2) (2.6,32) 


which defines a real tensor superfield, 

Evidently, the set of real on-shell superfields of Lorentz type (A/2,A/2) 
represents a super Poincaré invariant subspace in #(4 4) To decompose a 
real on-shell superfield onto irreducible superfields, one can, as a first step, 
represent it in the form 


E P E A = Ob, E E E T = ee AE S (2.6.33) 


with U; 5,5,,..4, being some complex on-shell superfield; after this, it is 
sufficient to apply to U,,4,5,.,.%, a decomposition onto irreducible 
superfields as adopted in Xaa) For example, given a real scalar superfield 
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Viz}. we write it as 
V=U4+0 
and make use of equation (2.6.30). This gives 
V¥=0+6+D*7,+D,77=0+6+ 
D,®=D,,,=0 DV =D =Ù. 


It is possible to subject superfields to extraordinary reality conditions for 
thesimple reason that we have at our disposal the spinor covariant derivatives 
in addition to the space-time derivatives. In particular, when A=B + 1, one 
can demand the equation 


D” U yey .cteyeey sty — Eo 2 a EN . (2.6.35) 


(2.6.34) 


Let us analyse this equation in the simplest case A=1 and B=Q, Consider 
an arbitrary on-shell superfield U.(z). In accordance with equation (2.6.28), 
it can be represented in the form 


U,=0,+ P+ D*7,;+Dy 
D;%,=Dy7.,=Dyn=0 — xxgp=xy, DLP p=. 


Imposing the equation 


(2.6.36) 


D'U, =D,0* (2.6.37) 
leads to the equality 
D*o, — D,0* = D’) —D?y. 


Since ®, is a chiral superfield, the left-hand side is a linear superfield. The 
expression on the right is the sum of (anti)chiral superfields. Therefore, we have 


n=0 D*o,=D,6% (2.6.38) 
Taking D, and D; on both sides gives 
-1D?0,=P,,0% 4D; =P 0. (2.6.39) 


These relations provide us with one more example of possible reality 
conditions. 
A natural generalization of the final conditions to the scalar case reads 


-iD’o=1.b -1D*b=70 (2.6.40) 


where p is a complex constant. Since here ®(z) is a chiral superfield, D¿® = 0, 
equation (2.6.40) leads to the mass-shell equations 


(O=-|p)@=0 (O—|pl*}b=0. (2.0.41) 


So, one can look on the reality condition (2.6.40) as an equation of motion 
for a chiral scalar superfield. When imposing the mass-shell equations (2.6.41) 
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only, (anti)chiral superfields ® and ® are independent and describe two 
irreducible representations of superspin Y =0. However, choosing stronger 
equations (2.6.40) leads to dependence between © and ®, therefore the system 
is reduced to describing a single superspin Y =O. 

In conclusion, let us point out that the constant 4 in equation (2.6.40) can 
be made real after making a redefinition ®(z) + e'*(z). 


2.7. The on-shell massless superfield representations 


In this section, we give a realization in terms of superfields for the massless 
super Poincaré representations described in Section 2.3, 


2.7.1. Consistency conditions 
It has been shown in Section 2.3 that every massless unitary representation 
of the Poincaré superalgebra is characterized by the operatorial constraints 


P,,Q*=P,,0%=Q7=07=0. 


Recall that these constraints were necessary to make the supersymmetry 
algebra consistent with the unitarity and the on-shell equation P? =0. Since 
we intend to realize in superspace the massless unitary representations, we 
subject massless superfields to the operatorial constraints 


P,,Q*=P,,Q*=0 (2.7.1) 
and 
Q’?=97=0 (2.7.2) 


in addition to the on-shell equation 


P?=0, (2.7.3) 
Note that the supersymmetry generators in superspace can be written as 
Q,=i(2,+FP,,) Q= — il+ 0P a) 
which leads to 
P#*Q,=iP*2, —iĝ*P?. 
Then, equations (2.7.1) and (2.7.3) lead to 
Pai =P,,,0° = 0, (2.7.4) 
Analogously, equations (2.7.2—4) lead to 
6°23, = 00t =0, (2.7.5) 
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Furthermore, the covariant derivatives can be written in the form 
D= -PP = —;+P,;. 


Then, equations (2.7.3, 4) give 


P,,D*=P,,D*=0. (2.7.6) 
Analogously. equations (2.7.3, 5, 6) give 
D?=D’?=0, (2.7.7) 


The above considerations show that the set of equations (2.7.1—3) is 
equivalent to the set of equations (2.7.3, 6, 7). However, the second set seems 
preferable to the first one, because the corresponding equations are explicitly 
supersymmetrically invariant. 


2.7.2. On-shell massless superfields 

A tensor superfield of Lorentz type (A/2,B/2), V.,_..5,4,...4,(2) is said to be 
an ‘on-shell massless superfield’ if it satisfies equations (2.7.3, 6, 7) and the 
supplementary conditions 


PE Vi rity [Xp 42) =0 (2,7,8a) 
p? Vari 258) chp (z)=0 (2.7.86) 


as well. In fact, when A#0 or B#0, the on-shell equation (2.7.3) is a 
consequence of the supplementary conditions. 

We are going to classify on-shell massless superfields. First, consider the 
case A #0, B40. Given a (A/2,B/2)-type superfield under the supplementary 
conditions, we impose the first equation (2.7.6), 


P.-D’ Vi.. at x2) = 0. 
Then, making use of equation (2.7.8a), this leads to 
P.D” Ki: 1242y ska) =0. 


Analogously, imposing the second equation (2.7.6) and making use of equation 
(2.7.8b) gives 


Pg, D Vy, .. apa aal) = 0. 
Therefore, we have 
D” Vaio uta 1a 52) =O (2.7.9a) 
Di Vaat i (2)=0 (2.7.96) 


since the superfields in the left-hand sides of equations (2.7.9) carry zero 
momentum. Now, both equations (2.7.7) are satisfied identically, 


D Vi ai ga E —2D, D’ Va, P E AS) 


Supersymmetry and Superspace 183 


Tt is seen that the set of equations (2.7.6-8) is equivalent to equations (2.7.8, 9), 

Furthermore, we are to consider three possible superfield types to which 
V.,...4,4,...%, May belong: (a) chiral; (b) antichiral; (c) neither chiral nor 
antichiral. In the first case, the total set of massless constraints (equivalent 
to equations (2.7.8, 9)) is 


D.®,, aui. 44(2)=0 
D'Dina, i al A= (2.7.10) 
PHD, atida. (2)=0. 
Similarly, in the second case we haye 
D Da.. aa, dal?) =0 
D’ S. ajara (2)=0 (2.7.11) 
PPD yaaa iin alz) = 0. 


Equations (2.7.10, 11) determine massless (anti)chiral superfields. Finally, let 
us consider the last case. Now, we can construct, starting from Va.. 44,...44s 
two secondary superfields: 


Dur, tightly, (2 = DE May: cesta cdg, AO (2.7.12) 
and 
®,, 1 Maj gl) = D,, Vas: Z44141 „aéalZ) (2.7.13) 


The first superfield is chiral and symmetric (due to equation (2.7.9b)) in its 
dotted indices, hence it belongs to Lorentz type (A/2,(B + 1)/2). What is more, 
it satisfies all the constraints (2.7.10). Similarly, ©,, 2, ,4,...4,(2) is an 
antichiral superfield of Lorentz type ((A + 1)/2,B/2) under constraints (2.7.11). 
Therefore, the (anti)chiral secondary superfields are also on-shell massless 
superfields. One can look on a general massless superfield as a superposition 
of massless (anti)chiral superfields. 

As the next step, let us treat the case A #0, B=0. Now, one can readily 
see that the total set of massless constraints is given by the equations 


D'V,5,...2, (2)=0 
PPV a.a, (2)=0 (2.7.14) 
D'V... a (2) =P, D'V.. .a,(2)=0. 


When taking the massless superfield to be chiral, equations (2.7.14) are 
simplified drastically. Namely, each (A/2,0)-type superfield ©, , (2) under 
the constraints 


D;®,,,.x(z2}=0 
D’®,,., ua (z)=0 


(2.7.15) 
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proves to be massless. One more solution of equations (2.7,14) reads 
D., ,(2)=0 


; (2.7.16) 
PO... 4, (2)=0 


DS, ,(2)=0 


which defines an antichiral massless superfield of Lorentz type (A/2,0). 
Finally, in the case of a general massless superfield, neither chiral nor 
antichiral, one can construct two secondary superfields: 


Dy. lz) = Da.. a2) (2.7.17) 
and 
Ean ED Rina « l2) (2.7.18) 


which are chiral and antichiral massless superfields, respectively. 

The case A = Oand B # 0 is treated in complete analogy with the previous 
one. So, we investigate the last possibility, A = B = 0. Now, the total set of 
massless constraints can be represented in the form 


D?V(z) = D?D,V(z) = 0 
(2.7.19) 
D? V (2) = D’D; Viz) = 0 
due to the identities 
[D?, D;] = 4P,;D* (D>. D] = —4P,,D’. 
There is no need to impose the on-shell equation 
OV(2)=0 


since it follows by virtue of equation (2.5.30e), from equations (2.7.19). In 
accordance with constraints (2.7.19), a massless chiral superfield is defined by 


DB, dz) = 0 D?@(z) = 0 (2.7.20) 
and a massless antichiral scalar superfield is defined by 
D,®(z) = 0 D?@(z) = 0. (2.7.21) 


In the case of a general massless scalar superfield V(z), one can construct 
two secondary massless superfields: chiral 


®,(2z) = D,V(z) (2.7.22) 
and antichiral 
@,(z) = D,V(z). (2.7.23) 


In the following chapters of our book it will be shown how massless 
superfields, described in this section, arise in supersymmetric field theories. 
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2.7.3. Superhelicity 

As is known, massless super Poincaré representations are classified by 
superhelicity « (see subsection 2.3.5), We are going to determine superhelicity 
values corresponding to all of the massless superfields considered earlier. For 
this purpose, we rewrite the superhelicity operator 


Kas TOQ QJ 


l 
W, = Espa d P’ 
g ahed 


in an explicitly supersymmetric invariant form. Recalling expressions for the 
super-Poincare generators (2.4.36) and taking into account massless 
constraints (2.7.4), one finds 


Li, = Wiz — [Ds D,] (2.7.24) 


where W,, is the ‘space-time’ Pauli-Lubanski vector (2.6.15), It acts on a 
superfield of Lorentz type (A/2, B/2) subject to the supplementary conditions 
(2.7.8) as follows 


1 
hi O ARES E E = 514 ~ BYP Vg, tatia Sel?) (2.7.25) 


(see subsection 1.8.3). We say that a massless superfield has a superhelicity 
w if it satisfies the equation 


L,; = (« + i) P,;. (2.7.26) 


Only (anti)chiral massless superfields have definite superhelicities. Every 
chiral massless superfield of Lorentz type (4/2, B/2) proves to have 
superhelicity 


K 


l 
(4/2, B/2) chiral = 3t4 — B). (2.7.27) 


Every antichiral massless superfield of Lorentz type (4/2, B/2) proves to have 
superhelicity 


K 


l ] 
(4/2. B/2), antichiral = 5 (4 — B) — 7 (2.7.28) 
Given a massless chiral superfield ©, 4,4, 4, its secondary antichiral 
superfield 

as ~ EREE le) =Dze,®,,. 2, . iy 22) 
is also massless, and both superfields have the same superhelicity. 
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2.8. From superfields to component fields 


In our opinion, the reader has had the opportunity to become convinced 
that working with superfields is not much harder than with fields in 
space-time. The formalism developed in Sections 2.4-2.7 makes it possible 
to handle a superfield as a simple indivisible object such that at any stage 
of practical calculations there is no need to think about its explicit 
construction in terms of the components fields. Unfortunately, at present it 
has not been possible to extract all the necessary physical information directly 
from superfields. For example, so far no-one has a clear unerstanding how 
to formulate canonical quantization on superfield language. It is a quite 
genera] situation that in order to do reasonable physical analysis of a 
supersymmetric theory one must re-express the theory in terms of components 
fields. Hence one should carry out the reduction from superfields to 
components in an optimum way. In this section we describe the reduction 
technique invented by J. Wess and B. Zumino. 


2.8.1, Chiral scalar superfield 
To fix the ideas let us start with a chiral scalar superfield (2) = 
exp [i@0°8é,]®(x, 0). Its component expansion is 


(x, 8, B) = Alx) + Pya) + O2F (x) + io, Alx) + < B52, ix) 


2.8.1 
+ {OP DAtx) a 


In this expansion only the first three components are independent fields, the 
rest are secondary fields. Expression (2.8.1) determines the chiral superfield 
in terms of the component fields. Now we want to discuss the task of 
determining the component fields from the superfield. 
Introduce a mapping projecting every superfield V(x,@,) into its 
zeroth-order (in 67 and 6*) component field; 
V 


= V(x, 0, ðo =0.7=0: (2.8.2) 


We will refer to this mapping as the ‘space projection’. Obviously, component 
fields of any superfield can be obtained by first taking some partial derivatives 
in @ and @ and then applying the space projection. In the chiral scalar case 
we have 


A(x)= 0] lx) = 2,0 Fix) = 00,0 Al) = 212, 2,10 


and so on. But proceeding in such a way, we have no explicit realization of 
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how, for example, [¢,, 6,]®| is expressed through ®|, How can one implement 
this? Recalling expressions for the covariant derivatives, one finds the 
identities 


D,V| = ð V] D?V| = —é*6,V| 
DVi|=-%&V) D? V| = -72V ] (2.8.3) 
[D,. D,]V = —[6,, V| 
where (2) is an arbitrary superfield. After this, the independent component 
fields of our chiral superfield can be defined as follows 


A(x)=®| Wx) =D,0) = F(x) = — ;D?0), (2.8.4) 


It is now evident that, due to the chirality constraint D;® = 0, the space 
projection of any number of Ds and Ds applied to ®(z) is expressed in terms 
of the above fields. 

The given definition is very useful for obtaining supersymmetric 
transformation laws of component fields. Namely, in accordance with the 
identity 

i(€Q + Q) = —(ED + ED) + 2i(€0°9 — Oo), 
we have 
i(€Q + €Q)V| = —(€D + ED)V| (2.8.5) 


for every supertield V(z). Since the covariant derivatives anticommute with 
the supersymmetry generators, fields (2.8.4) transform according to the rule 


5A(x) = (EQ + EQ)O| = —EDO| = —ey/(x) 
dw.(x) = D{i(€Q + €Q)O}| = i(cQ + EQ)D,| 
= —<DD,6| — <DD,®| = —2¢,F(x) — 2i272,,A(x) (2.8.6) 


6F(x) = — =D*{ileQ + €Q)o}| = — Feo + €Q)D?0| 


= {DD*o = —i85°?, W(x), 


Therefore, in this approach the determination of transformation laws consists 
of simple manipulations with the covariant derivatives. 

Consider the antichiral superfield ©(z) conjugate to (z). It is characterized 
by the component fields 


Ax =] xx) =D,6) Fix) = — EDS), (2.8.7) 
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The supersymmetry transformations act on them according to the law 
Ax) = —Ep(x) 
Sx) = — F(x) +2ie* ĉr A(x) (2.8.8) 
bF(x) = — ito"? W(x). 

Rather beautifully, using definition (2.8.4), one can immediately obtain 


component equations which follow from the massive superfield equations 


s {Dro babad (2.8.92) 


= Lpo + md =0 (2.8.9) 


defining the superspin-0 representation. Namely, taking the space projection 
of equation (2.8.9) leads to 


F+mA=0 F+mA=0. (2.8.10) 
Then, taking D, from equation (2,8.9a) and D, from equation (2,8.9b) and 
making the space projection gives 
i," + muy, =0 —16 5," + mip, = 0, (2.8.1 1) 
Finally, taking (— 4D?) from equation (2.8.9a) and (— $B?) from equation 
(2.8.95) and making the space projection we obtain 
OA + mF =0 OA + mF = 0. (2.8.12) 


lt is seen that the complex scalar field F(x) does not have independent 
dynamics, since it is expressed in terms of A(x), while the complex scalar 
field A(x) and the Majorana spinor field 


W(x) 
es (Fo) 
satisfy the Klein-Gordon equation 
(0 —m?)A=0 
and Dirac equation 
liy, + mY =0 
respectively. 


2,8,2, Chiral tensor superfield of Lorentz type (n/2,0) 
Consider a chiral tensor superfield ©, ,..,,(z) totally symmetric in its indices. 
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By analogy with the scalar case, we define its component fields according to 
the rule 


Ae ves, bE) = Ora l 
W ma AAA) Fz Dp®,, x, | (2.8.13) 


l 
Fayz. a(x) == -D’*O,, 2, 
3 4 
Obviously, the first and third fields are totally symmetric in their indices, As 
for the second field, it can be decomposed into two Lorentz irreducible fields, 
of Lorentz types ((n — 1)/2, 0) and ((m + 1)/2,0), as follows 


1 s 
W px, „a (X) = N px, eal) p= Ay F Y PE, E A È > 
1 


i 


n+ l= 


(2.8.14) 
VETE TERE T (x) = Diz, Px,.,. x,) 


Kavianitr,-) (X) = DIO jinan ite 


Therefore, a chiral tensor superfield of Lorentz type (n/2,0) contains four 
irreducible tensor fields of Lorentz types ((n — 1)/2. 0), ((n/2, 0), (n/2,0) and 
((n + 1)/2, 0), respectively. 

Transformation laws of the component fields with respect to the 
supersymmtery transformations can be obtained in the same fashion as was 
done in the scalar case. The results are 


i Ll . 
6A,,, a(x) = — Ehh py, etX) + Serna Ex Aa, tO 


Biz, a, (X)= —2PF py, on, (XO) + ieg A pa.. a (X) 
: Pais pon Ada. (2.8.15) 


«oi dae 


OF 5.x A(X) = — itgan pa.. alx) = = Y PI aa > 
n+l 


It is instructive to clarify the component form of the equation 
D!Dpaa;.,.0, |= 9 
defining a massless superfield. This equation has the following consequences 
DO, x, = Oy, on, | = CPD, Opas, a, = 0. 
Taking the space projection of all the equations gives 
lainan (AX) = Faal) = 0 (2.8.16) 
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and 
SBP A py, x, A= ahh Npa. AX) (2.8.17) 
Therefore, component fields Ż4, 3, , and F,,,, vanish on-shell, and the 


rest are on-shell massless fields, The on-shell form of transformation laws 
(2,8.15) read . 


5As,..x(X) = tlnn.) 


, ERE. (2.8.18) 
naia., an (X) = Eaa 7A 3,2, AN 


2.8.3. Real scalar superfield 
Consider a real scalar superfield V(z), We define its component fields as 
follows 


Aix)=V|  ydx)=D,V) Pax) = DV] 
Fix) = -30° F(x) = - iDV Va = 5 [D Dal 


3 1 n (2.8.19) 


1 
Ay = -32D ha = — 7D.D*V| 


D(x) = zDD + D?D’)V|, 


Note that the last three component fields here do not coincide with the 
corresponding ones in the power series expansion (2.0.5) because, for example, 
we have 


| 1 i 
— reid = goats V | + zôu V|. 


The supersymmetry transformations act on the component fields of V(z) 
as follows 
A(x) = — E(x) — E(x) 
dus,{x) = —2€,F(x) — BV ,(x) — iF2,,A(x) 
5F(x) = —€X(x) 
BV gal) = UEAK) — Fal) — (EP pxW lx) + Eee") (2.8.20) 
+ i6,,(€Y(x) — Epix) 
b4,(x) = —2€,D(x) — i€,6, V(x) — 21€*2,,F(x) 


6D(x) = — 5 Sal 748) + ix). 
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2.8.4. Linear real scalar superfield 
Finally, let us consider a real scalar superfield restricted by the linearity 
constraint 


D*V=D*V=0. (2.8.21) 
In accordance with expressions (2.8.19), this superfield has the following 
component fields 


1 = 
Ax)=V\ W(x) = DV pax) = DaV| Vialx) = iDa DAV]. 


(2.8.22) 


Not all of these fields are unconstrained, Indeed, one can readily prove the 
identity 


[D?, B?] = —4ié**[D,, D4]. 


This identity and equation (2.8.21) show that the vector field V,,(x) is 
transverse, 


V(x) = 0. (2.8.23) 


Analogously, every linear tensor superfield contains a constrainted component 
field. 

Transformation laws of component fields (2.8.21) follow from expressions 
(2.8.20): 


5A(x) = — Epix) — Epix) 
dW4(x) = -ËV alx) — 18 Alx) (2.8.24) 
ÖV glx) = — Riles gah "(x) + Eða) + ib ,(EP(x) — Epix). 


It is not difficult to see that c°(dV,(x)) = 0. 

To summarize, the reduction of superfields to component fields is done 
most effectively by means of covariant differentiation supplemented by space 
projection. 


2.9. The superconformal group 


We have seen in Section 2.5 that the super Poincaré transformations (2.5.3) 
acting on the complex superspace C4! leave invariant the surface R*!*(008) 
defined by 


y* — ° = 2100°8. (2.9.1) 


This surface has been identified with the real superspace R*!* by setting the 
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variables 
1 


Vs 50° +0’) (2.9.2) 
to be the c-number coordinates on R*'*, It seems reasonable to ask: do other 
holomorphic transformations of C*!* exist leaving R*!*(9c6) invariant? The 
answer is yes. Before reading the present section. it is worth recalling the 


remark given at the end of subsection 1.7.4. 


2.9.1. Superconformal transformations 

A holomorphic mapping of C*!? onto itself leaving R*!*(6c@) invariant is said 
to be ‘superconformal'’. Clearly, the set of all supercciijormal transformations 
forms a group. It is called the superconformal group. All the super Poincaré 
transformations are superconformal. The simplest superconformal trans- 
formations are: 


Dilatations 

eld. ya = eye ed. gz — eA/2gx (2.9.3) 
Axial or +s-roltations 

els. ya = yt eia, pa _ p-iN2g2, (2.9.4) 


Here A and Q are real c-number parameters, d and a denote the generators 
of the scale and axial transformations, respectively. The above transformations 
act on R*!*(@08) as follows: 


Dilatations 

eisd. ye esya eiid g ed? eisd D, = eA, (29.5) 
7s-rotations 

cia, ya — ye eis, gt — e- iNo e% = eW, (2.9.6) 


Combining 8, and 6* in the four-component column 


A 
o=(5) 
that is a Majorana spinor, the 7,-rotations act on © by the rule: 
e.O = e O, 


Next, let us consider the antiholomorphic mapping defined on C*? as 


pe 


y= Ry =} a*= RQ = 
ï 


TUP t 
ELNA (2.9.7) 
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This mapping is called the ‘superinversion’. Obviously, it represents a 
superspace analogue of the space-time inversion (1.7.19). One can easily verify 
that the superinversion moves R*!4(@c@) into itself. In addition, it coincides 
with the inverse mapping, 


R? = | (2.9.8) 


Therefore, for every superconformal transformation S, the mapping RSR is 
superconformal. As a result, taking one of the known superconformal 
transformations (super Poincaré, scale or axial) in the role of S, we may 
obtain a new superconformal transformation. Recall that the analogous trick 
has been applied in Section 1.7 in obtaining the special conformal 
transformations in Minkowski space. 
First, we choose space-time translations exp(—if“ p,) in the role of S 

and consider the transformations 


exp(—i/“v,) = Rexp{(—if"Ppa)R. (2.9.9) 


Using the relation (2.5.2a) and (2.9.7), one then arrives at 


Speciul conformal transformations 


enw), = Oe A ae 
1+2fy+f7y 
ea), g= = y f(00,65)" (2.9.10) 


1+ 2(f.y) +f? 


generalizing the space-time transformations (1.7.18d). As an exercise, we 
suggest the reader find the restriction of (2.9.10) to R*!*(@a8), 

Further, let us choose a supersymmetry transformation in the role of S. 
So we are to evaluate the mappings 


ellis: + ñ’) = Retr% + TR, (2.9.1 1) 


Making use of the relations (2.5.2c) and (2.9.7) gives 


S-supersymmeiry transformations 
elim +78), ya = y” — 280%G ny” + il2y ya — Y8 i + 4070" y" 
+ 4iy yaban? — yy in? 
SFE, a (2.9.12) 
els + 75.97 = 6 + 2770? — itia, y [l — 26n + 677] — nn y 
+ 0n’ Rèy’. 


Note, ordinary supersymmetry transformations (2.5.2c) are sometimes called 
Q-supersymmetric, to distinguish them from the S-supersymmetric ones. 
Subsequent application of the above trick does not give new superconformal 
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transformations, since one can readily prove that 


Re? K” jar R = gl K“ ju 
Re'4R =e '44 (2.9.13) 
RiR se, 


However, it can be shown that the transformations described turn out to 
generate the superconformal group. Namely, in a neighbourhood of the 
identity of the superconformal group, every group element looks like 


y = oxp i( —H, -fT Kja + Ad + Qa + + eg + Eg +ys +7) | 


(2.9.14) 
We shall argue this assertion in Chapter 6. 
Tn the case of infinitesimal parameters in equation (2.9.14), the corresponding 
superconformal transformation of C*'? reads 


yt =y + iy, 0) 0 =O + Ay, A) (2.9.15) 
where 
Z(y, 0) = be + Kyt + Ay* + Sey? — 2y*(f. 9) + 2i@a"~ — 280%, ny” 
(2.9.16) 
Py, 8) = € — ilā)? + 5 (A — i0)6* + f°y"(Bo,54)* — K*,0° + 2n*6?, 


When restricted to R*!4(8a8) (defined by equations (2.9.1. 2)), this transformation 
acts as follows: 


xt = xt + GEN 0) + eY itia, i 


6% =6* + e" 7(x, 8) (2.9.17) 
B, = 8, + e~ "7.x. 8) 
where Jf = boô, 


2.9.2. The supersymmetric interval and superconformal transformations 
We have seen in Section 2.4 that the super Poincaré transformations leave 
invariant the supersymmetric interval 


ds? = w*w, w = dx” + iĝo°dð — id@o°B. (2.9.18) 


Let us now consider how superconformal transformations act on this object. 
Evidently, the dilatations act on ds? in the manner 


eld: ds? — 45? (2.9.19) 
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and the ;'.-rotation leave ds? unchanged. Next, the superinversion (2.9.7) 
changes ° according to the rule 


wo? = ae Xa pix go 
where we have introduced the notation 
xf = X* + 100° 
As a result, the inversion locally rescales the interval 
- . —ds?. (2.9.20) 


Xf X= 


R:ds? > 


The same is true, owing to identities (2.9.9) and (2.9.11), for the special 
conformal and S-supersymmetry transformations. Therefore we come to the 
remarkable result: the peculiar feature of superconformal transformations in 
that they, at most, locally rescale the supersymmetric interval. 


2.9.3. The superconformal alyebra 
The generators of the superconformal group obey the algebra: 


{Qu a} = 2px {Ss 54} = Wy 


[dal=- 4. [ds] 55s (29.21a) 


1 I 
(a. qa] zka ze [a, s] = J“ 


[Yaz qa] > 26,483 [Pres sa] = 26,24 
{Su 4p} = 4ij.y + 2ie,pd + 66,0 
and 
[d, prs] = —ipre Cd. Vaa] = Vas 

i L s (2.9.21b) 

ri Piil = Expdap T Caplap + by pe (d 
and 

Lisp, q,] SS 1844p) [zp s.] = 16,84) 

Hap: Py] = if yaP pi Dap Yal = 18-42% yp (2.9.21c) 
Lisp js] = IE 4a) py5 + Esada 


The other (antijcommutators vanish or can be found by Hermitian 
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conjugation (considering p,,v,,d,a as Hermitian operators and setting 

Üa) = Jap (Qa) = qand (s,)~ = 5). The above (anti)commutation relations 
define the superconformal algebra. 

To derive (2.9.21), one can consider a simple representation of the 

superconformal group acting on the space of scalar superfields by the rule 

g: U(z) + U (z) = U(g™* +z) (2.9.22) 

for every superfield U and every element g of the superconformal group. 


This representation is characterized by the super Poincaré generators (2.4.37) 
(with Mj, = Mz, = 0), the dilatation generator 


i 
D= = (xt, + xi), + O76, + 076,} (2,9.23a) 
the axial generator 


l p 
A= 50, — F) (2.9,23b) 


the special conformal generators 


Fag = (0) Va = — srs Pa + Xe-ja Xitan 
+ 284%, )%g8p + Bax, -fdp (2.9.23¢) 
and the S-supersymmetry generators 
Sa = —ix,. POG gy + 21076, + xj- jalp GAA 


§, = ix, haB + xfaðp — 20T. 


Other superfield representations of the superconformal group will be 
discussed in Chapter 6. 

In conclusion, we would like to describe one of the possible explanations 
of the symmetry between expressions in the l,h.s. and r.h.s. of (2.9.21). Consider 
the transformations (2.5.4). Together with transformation (2.5.2a), where b° 
is complex, they define the action on C*!? of the complex shell of the super 
Poincaré group, Let us introduce the holomorphic mappings 


(if*v,)=R if*p,)R 
exp (if t exp (if Pa) (29.24) 
exp (i7*s,) = R exp (i7.q7)R exp (ix,5*) = R exp (ix7q,)R. 


Now, the transformations (2.5.2a) and (2.9.3, 4), where b° and A, Q are complex, 
and the transformations (2.5.4) and (2.9.24) define the action on C*!? of the 
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complex shell of the superconformal group. It is a simple exercise to check that 
R exp (iAd)R = exp (—iAd) R exp (iQa)R = exp(—iQa) T 
Rexp(iK*j,,)R = exp (iK*/j;9). fe 


The relations (2.9.24, 25) make it possible to reconstruct the expression on 
the r.h.s, of (2.9.21) starting from the corresponding ones on the 1h.s. 


3 Field Theory in Superspace 


Gaily bedight. 

A gallant knight, 

In sunshine and in shadow, 

Had journeyed long, 

Singing a song. 

In search of Eldorado. 
Edgar Allan Poe: 
Eldorado 


3.1. Supersymmetric field theory 


We proceed to a systematic study of supersymmetric field theories. By 
definition, a field theory is said to be ‘supersymmetric’ if its symmetry group 
coincides with the super Poincaré group or includes this supergroup as a 
subgroup. The family of all supersymmetric field theories forms a subclass 
in the class of all relativistic (or Poincaré invariant) field theories. Our primary 
goal is to define requirements on a field theory in order for it to be 
supersymmetric. Then, we are to clarify dynamical properties of supersymmetric 
field theories, both at the classical and quantum levels. This chapter is devoted 
to consideration of classical aspects. Quantum theory will be discussed in 
the next chapter. 


3.1.1. Quick review of field theory 

To begin with, it is worth restoring in mind basic principles of classical field 
theory; for a more detailed treatment see, for example, the lectures of B. De 
Witt*. As is well known, any dynamical system is determined by specifying 


*B.S. De Witt, The Space-time Approach to Quantum Field Theory, in: Relativity, 
Groups and Topology, eds B.S. De Witt and R. Stora (Elsevier Science Publishers 
B.V., 1984) 
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a ‘space of dynamical variables’ (or ‘space of histories’) ® and an ‘action 
functional’ S[@]. Each point ø = {@'(x)} of ® is said to be a ‘field history’, 
Here g'(x) are smooth bosonic and fermionic fields on a space-time, where 
index ‘i’ (labelling field statistics types and tensor types) takes a number of 
values fixed for the given system. Fields g' forming histories possess an 
arbitrary behaviour in finite regions of the space-time but obey certain 
boundary conditions at infinity, appropriate for the system. The action 
functional S[@], which is a mapping 


SO + R. (3.1.1) 
determines the dynamical field equations of the system 
» Sle] = dS[¢]/dg' = 0 (3.1.2) 
where left functional (or variational) derivatives are defined as follows 


éS[e] 
d(x) 


with d(x) being arbitrary field variations. In obtaining the dynamical 
equations, the following identity 


b—(x') 
dep'(x) 


is often helpful. Every solution @ = {@(x)} of the dynamical equations is 
said to be a ‘dynamical field history’, The set of all dynamical histories forms 
a subspace in ®, called the ‘dynamical subspace’ (or ‘mass shell surface’) and 
is denoted by ®,. Throughout this book we adopt the following convention 
with regard to the global structure of ®: for every history g@ ¢@, there exists 
PoE Dp such that the displacements 


dS[e] = S[o + ĉe] — S[y] = [axon (3.1,3) 


= 5/54(x — x’) (3.1.4) 


Ag'(x) = p(x) — po(x) 
have compact supports in the space-time. 


In the case of a dynamical system in Minkowski space, the Poincaré group 
is assumed to act on the space of histories ® by means of some transformations 


g'(x) + p(x) = ei(x) (3.1.5) 


defined for every group element geI. The dynamical system is said to be 
a ‘relativistic field theory’ if the dynamical subspace ®, is a Poincaré invariant 
surface in ®, 


» SE] =0=,, S[g,] = 0. (3.1.6) 


This requirement is satisfied automatically when the action functional is 
chosen to be a scalar with respect to the Poincaré group 


Sle] = Slo] (3.1.7) 
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for every field history @—@ and every group element geTI. One can look 
on equation (3.1.7) as a postulate of relativistic field theory. More generally, 
having a field theory with some invariance group (rigid or gauge), the action 
functional should remain unchanged under al! transformations from the 
invariance group. 

One more assumption of relativistic field theory is that dynamical variables 
(x) may be chosen in such a way that Poincaré transformations (3.1.5) are 
linear and homogeneous. As a result, (x) are tensor fields on Minkowski 
space, with the Poincaré transformation law (1.5.13). 

The field theories usually considered are local ones. A field theory is said 
to be ‘local’ if the dynamical equations involve a finite number of time 
derivatives (and space derivatives, as a consequence of the Poincaré 
covariance). In local field theory the action functional has the form 


S[w] = artic PiP: +s Og, Casas Oa.) (3.1.8) 


where the integral is performed over Minkowski space. The integrand L is 
called the ‘Lagrangian’ (or the ‘Lagrange function’). To guarantee equation 
(3.1.7), it is sufficient to choose the Lagrangian to be a scalar field, 

L(x) = L(g +x) (3.1.9) 


with respect to the Poincare group. Explicitly, since the Poincaré 
transformations preserve the space-time volume, 


det(& )- x’ =g tx" (3.1.10) 
x 
we have 


Sip] = | d*xLig7*+ x)= arene = S[o]. 


In practice, one never needs to know the concrete values of S[p] on fixed 
histories, but only its functional structure. In this respect, a number of formal 
manipulations with the action functional, like integration by parts for 
instance, are available. These operations are justified by adding suitable 
boundary terms to S[ọ] or by imposing convenient restrictions on the 
dynamical variables, as will always be assumed below. 

The most popular field theories are those in which the dynamical equations 
are at most second order in time derivatives. In this case the action functional 
can be represented in the form 


S[o] = | d*xL(g, 6.9) (3.1.11) 


modulo boundary terms. 
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3.1.2. The space of superfield histories; the action superfunctional 

In a supersymmetric field theory the space of field histories is a transformation 
space of the super Poincaré group. So it is worth finding a systematic way 
of obtaining representations of the super Poincaré group on functional spaces. 
At present, the only known systematic and most elegant way is based on the 
use of superspace and superfields. Indeed, we have seen that tensor superfields 
provide us with representations of the super Poincaré group. What is more, 
every unitary representation of the super Poincaré group admits a superfield 
realization. Furthermore, each superfield is determined in terms of its 
component fields and they automatically form a multiplet with respect to 
the super Poincaré group. Therefore, every space of tensor superfields leads 
to some space of tensor fields (‘component field space’) with defined action 
of the super Poincaré group. 

Conversely, the question arises: does any space of fields with defined action 
of the super Poincaré group admit a structure of component field space for 
some space of superfields? We do not know the answer to this question. But 
all known N = 1 supersymmetric field theories admit superfields realizations, 
and we restrict our consideration to the case of such theories. In each theory 
from this class, there ate two equivalent realizations of the space of dynamical 
variables: as the space of field histories ® and the ‘space of superfield histories’ 
which will be denoted by V. Any point of V presents a set of tensor superfields 
v = {v'(z)} on R*!* and the totality of all their component fields gives a field 
history {@'(x)} from ®. In other words, ® is the component field space for 
V. Since the spaces ® and V are in one-to-one correspondence, the action 
functional S[@] can be re-expressed as a functional on the space of superfield 
histories, i.e, as a mapping 


S: V — R, (3.1.12) 
which will be denoted by S[v]. It is useful to call S[v] the ‘action 
superfunctional’ (more generally, any mapping from a space of superfunctions 


into the Grassmann algebra A,, is said to be a ‘superfunctional’), If v is a 
superfield history and ¢ is the corresponding field history, then 


S[v] = SL]. (3.1.13) 


The ‘super Poincaré invariance’ means that the action superfunctional should 
remain unchanged under the super Poincaré transformations (2.4.29), 


S{v] = S[v,] (3.1.14) 


for every supergroup element g e STI. 

The dynamical subspace ®, consists of field histories corresponding to 
stationary values of the action functional. When gp is a dynamical history, 
we have 


Slepo + ôg] — S[v,] = 0 Y¥do\(x). (3.1.15) 
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Let us denote by Vy the subset in V, for which ®, is the component field 
space. The set Vg is the superfield version of the dynamical subspace. Any 
Vo = {vh(z)}e€V_ will be called a ‘dynamical superfield history’. Due to 
one-to-one correspondence between ® and V, equation (3.1.15) leads to 
S[v9 + ôr] — Siro] =0  Yôv'(z) (3.1.16) 


for every dynamical superfield history vo(z). So, the action superfunctional 
S[v] takes stationary values at each point of Vo. We see that the dynamical 
behaviour of the superfield system is determined by the stationary action 
principle. 

To rewrite equation (3.1.16) in a differential form, it is worth discussion 
superfield variational derivatives. 


3.1.3, Integration over R*'* and superfunctional derivatives 

Now is the time to resort to the integration theory over R?'? developed in 
Section 1.10. We will be mainly interested in integrals over R*!* of the general 
form 


fe (z) = fas [eo fea u(x, 0.8) (3.1.17) 


where v(x, 0, 0) is some superfield, The integrals over a-number variables 6” 
and @, are defined as follows 


| dé, 0? = ô,’ | dë By = 5%, (3.1.18) 
and the multiple measures are 
d? = a” d0,d0, d?0= ts da d0’ (3.1.19) 
instead of equation (1.10.41), such that 
[oe f= j [eo P= I, (3.1.20) 


The difference in definition (by a constant) of multiple integrals (1.10.41) and 
(3.1.17, 19) is introduced to have the property 


{ats V(z) = faxo (3.1.21) 


where D(x) is the highest component field of V (2) in the 6, @-expansion (2.4.21). 
Therefore, if v(z) is a real superfield then integral [{d®zv(z) is a real 
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supernumber. More generally, we have 


(feza) = feao (3.1.22) 


Superfields arising as integrands will always be assumed to vanish when 
the bodies of x” go to (+ œ), which implies, together with equation (1.10.31c), 
the relation 


| d®2(é,v(z)) = 0 (3.1.23) 
where ¢, are the partial derivatives defined in equation (2.4.25). This result 
presents the superspace rule for integration by parts. It can be rewritten in 
terms of the covariant derivatives (2.5.25): 

[eto =O (3.1.24) 
which follows from 


[ape = arse +i | d®2(0°8),2,v = [ate + i fazeta 


Recall that integration in a-number variables is equivalent to differentiation. 
Then, due to equation (3.1.20), one obtains 


| dq = tare, [ea = 3% (3.1.25) 
4 4 


By analogy with the derivation of equation (3.1.24) from equation (3.1.23), 
the final relations can be rewritten in terms of the spinor covariant derivatives: 


[orene =— fos d?6D?(z) = $ fasonat) at feli D?D?) 


(3.1.26a) 
and 
fatza) = ; [atx d?8D?71(z) = J, | atx D+ = fax(2 Dènè) 
4 16 16 
(3.1.26b) 
where symbol ‘|’ means space projection (see Section 2.8), 
Introduce the 6-function on R*'4; 
5°(z) = 5*(x)d7(0)57(8) 
(3.1.27) 


(0 =0 = B?. 
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It is characterized by the properties: 
[aza = z'je{z') = v(z) 
d8(z — zwi) = piz — z')viz) (3.1.28) 
öz) = ô% z) (d%(2)? =0 880) =0 

for an arbitrary superfield v(z) (compare with equations (1.10.38, 39)). 

After the given excursion into integration theory, we are in a position to 
introduce variational derivatives associated with different superfield types. 

Let us consider a dynamical system with the space of histories V being 
the set of all real scalar superfields V(z), V= V, under some boundary 
conditions. For any superfield VeV, we denote by {(x)} the set of 
component fields of V(z). Using the supernumber norm (1,9.6), V can be 


turned into a metric space with the distance function p(V ,, V2) between two 
arbitrary superfields V,, VeV defined as follows 


AV, Va) = {max loil) — p(x) |, xeR*), (3.1.29) 

Three basic properties 

l. pV i V3) = p(V3, V,;)>90, ifV,+# V, 

2. pV, V)=0 

3. PWV i Va) < PV i V3) + p(V2, V3) 
are obvious. The mapping (3.1.12) defining the action superfunctional will 
be assumed to be continuous. Then, under reasonble assumptions about the 
form of S[V], two values of the action values S[V] and S[V + 6V] where 


ôV (z) is an infinitesimal displacement, p(V, V + 6V)— 0, are related by the 
rule 


aS[V] 
V (2) 


SSV] = SCV + ôV] —S[V] = | d®25V(z) + O((6V)?). (3.1.30) 


The superfield 6S[V]/dV(z) will be called the ‘superfunctional derivative’ of 
S[V] at V[z]. 
In complete analogy with ordinary variational analysis, one can prove that 


farrea =0 YV(z) = V(z)>¥P(z) =0. (3.1.31) 


Here V can be restricted to have compact support in the space-time. 
Therefore, due to the arbitrariness of the superfield variation V (z) in (3.1.30), 
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the stationary action principle (3.1.16) leads to the equation 
dS[V1/6V(z) = 0 (3.1.32) 


which is the ‘dynamical superfield equation’ of the system. 

For calculating the superfunctional derivative of different possible actions 
S[V], it is useful first to do this in the case of a special superfunctional 
defined by 

F:V>R, F(V)=V(z’) 


where =’ is a fixed point of R*!*, Making use of the superspace d-function 
(3.1.27) gives 


bF(V) = 6V(z') = fasza V(z)d(2 — 2’). 
Therefore, we have the relation 
SFIR = ô?(z — 2’) (3.1.33) 
which can be used further in practical calculations as a formal rule. 
When a dynamical system is described by p real scalar superfields V1(z), 


V! = P’, completely arbitrary modulo certain boundry conditions, equation 
(3.1.30) should be substituted by 


b éS[VJ 
öS[V] = |dëzôV (z 3.1.34 
[v] | Ama (3.1.34) 
and, instead of equation (3.1.33), we will have 
òV *(z') J58 j 
VO = 6,°6°(z — 2’). (3.1.35) 


When the total number of V” is even, it is sometimes useful to combine the 
superfields under considerations into complex scalar superfields V’ and their 
conjugate P '(z). Then equation (3.1.35) tales the form 


BV(2') _ ôP) | 
6V(z)  5V(z) 
r J 3.1,36 
6V(2') _ dV) _ 55. _ 2 ( ) 
dV(z) dP (z) 
where indices are suppressed. 
Now consider a dynamical system, for which the space of histories V 
coincides with the set of all possible pairs (®, ®), where @(z) is an arbitrary 


chiral scalar superfield, D,® = 0, modulo boundary conditions. How can 
one represent an infinitesimal variation of the action superfunctional S[®, 6]? 
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Recall, each chiral superfield ®(z) is of the form 
O(z)=e'" B(x,6) Æ = boð, (3.1.37) 


Hence ®(z) is determined by superfield (z,@) which represents a 
superfunction on superspace R* x C2. Therefore, ong can look on the action 
superfunctional as a superfunctional of ®(x, 8) and B(x, 8) = (Êx, 0))*, 


S[®, 6] = S[Ê, ĝ]. (3.1.38) 


Obviously, (x, 0) is an arbitrary (modulo the boundary conditions) bosonic 
superfunction on Rê x C2, Then we can write 


dS[®, D] = S[ + ðt, P + 56] — S(O, 8] 


i (3.1.39) 
A | d°zdd(x, 6) o> + fazan- Fino 
5O(x, 8) bB(x, A) 


where we have introduced the notation: 
dêz = d*xd?0 d°z = d*x d76. (3.1,40) 
Note that 6S/50(x, 8) is a superfunction on R# x C2, 
Furthermore, due to equation (3.1.37), the following identity 


fasz f) = | d®z@(z) (3.1.41) 


holds if the component fields of Ê vanish at infinity. Therefore, one can 
rewrite equation (3.1.39) in the form 


dS[®, O] = fazaa a + fazana a a (3.1,42) 
where 
ee ee 
Üiz) ôĝ(x,0)  ôğ(z) ix, 
Evidently, we have 
San = 0 Des 5 = 0. (3.1.43) 


Chiral superfield 6S/5@(z) is called the ‘superfunctional derivative’ of S[®, ®] 
at D(z). 
By analogy with equation (3.1.31) one readily proves that 
| dêz B(x, A)P(x,8)=0  Y¥O(x, 0) = Pix, 0) = 0. (3.1.44) 


Then the stationary action principle (3.1.16) and equation (3.1.42) give the 
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dynamical superfield equations: 
AS BS. 
50/2) 5O(z) 
Since the action superfunctional is real, these equations are conjugate to each 
other. 


For calculating the superfunctional derivatives, it is useful to operate with 
the identities: 


0. (3.1.45) 


dD(z') I 5 , 

—— = D — 2’) = 6,(z,2 

dQ(z) 4 \ (2:2) 

d5G(z') 1 

—— = — -Dz — z') = 5_(z, 2’) 3.1.46) 
shi Re ee ( 


One can readily prove these identities by considering the superfunctional 
F(®, 6] = 2’) 


with z’ being a fixed point of R*!*, Its variation is represented as 


bF[®, &] = 5@(z') = [arson — 2')60(z) = — p arzo — 2')5®(z)) 


= | d®z5@(z)d +(Z, z’) 


where equation (3.1.26a) has been used. The ô, (z, 2’) will be called the ‘chiral 
delta-function’. We list its basic properties: 


D,6,(z,2)=0 65(2,2')=d,(z,2 
faszo 4(z, z)O(z') = D(z) (3.1.47) 


(ô (zz) =0 6,(z,2)=0 


where @(z) is a chiral superfield. The 5_(z,z’) is called the ‘antichiral 
delta-function’. Conjugating the above identities, one obtains the basic 
properties of 6_(z, z’). 

Equations (3.1.33) and (3.1.46) show that there is no universal form for 
superfunctional derivatives, in contrast to the space-time case, where we had 
equation (3.1.4). The point is that different superfields are in fact, defined, on 
different superspaces (real superfield on R*"*, chiral superfield on R* x C2). 

We have discussed two possible realizations of dynamical variables: in 
terms of real scalar superfields and in terms of (anti)chiral scalar superfields. 
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Generally, throughout this book. we will consider only supersymmetric field 
theories described by unconstrained tensor superfields and unconstrained 
tensor (anti)chiral superfields. This means that the superfields variables V'(z), 
parametrizing the space of histories V, may take arbitrary values modulo the 
boundary conditions and modulo the constraints of chirality and antichirality, 
which superfields v‘(z) satisfy. For every such theory the stationary action 
principle (3.1.16) is equivalent to the dynamical superfield equations 


dS[v]/de"(z) = 0 (3.1.48) 


and the superfunctional derivatives are calculated by applying identities like 
(3,1,33), (3.1.36) or (3.1.46), depending on superfield types. 


3.1.4. Local supersymmetric field theories 
We are going to describe a wide family of local supersymmetric field theories. 
It is useful to start with two simple theorems. 


Theorem 1. All the super Poincaré transformations on R*!* have unit 
Berezinian, 


a w) (3.1.49) 


Proof. It is sufficient to prove the theorem for particular super Poincaré 
transformations (2.4.10-12). In the cases of translations (2.4.10) and 
supersymmetry transformations (2.4.12), the statement is evidently satisfied. 
In the case of Lorentz transformations (2.4.11), the statement is also satisfied 
since matrices (e*)*, and (e*),’ are unimodular. 


Theorem 2. Let #(z) be a scalar superfield, and Z (z) be a chiral scalar 
superfield, D,.%. = 0. Then the integrals 


[= | PL) fis fasse (3.1.50) 
are invariant under the super Poincaré transformations. 


Proof. In accordance with equation (2.4.34), a supergroup element ge SIT 
moves (z) into 
$2) = L(g~*-z) 


and hence 


se fero = [ezo t.z). 
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Introduce the new integration variables 


: uf Es. 
z4=g-.z dêz = d’? Ber (2 z») 


Ja 


Making use of (3.1.49) gives J’ = J. 
To prove the second part of the theorem, we note that #.(z) can be 
represented in the form 


Zj: =- {Dut (3.1.51) 


where U(z) is a scalar superfield, see also subsection 2.5.6. Then, due to 
equation (3.1.26a), we have 


i= farzu 
Therefore, the second part of the theorem is reduced to the first part, and 
the proof is complete. 


Remark. In accordance with equation (3.1.26a), we have 
[ezgu =0 DZ. = 0. (3.1.52) 


Now, consider a supersymmetric field theory with an action superfunctional 
of the general form 


Sir] = faze Dat Dari DV} 


+ | [eee Diti Dy. Da0) toe} 


=F D,¥.=0 (3.1.53) 


where ¥ and Z, are supersmooth functions of their arguments; the symbol 
‘c.c.’ means complex conjugation. The reality condition Z = # is imposed 
in order that S[v] be real. To guarantee the requirement of super Poincaré 
invariance (3.1.14), Z and Z, should be scalar superfields constructed in 
terms of tensor superfields v“(z), D,v"(z), D4Dgv'(z),.... The function # will 
be called the ‘super Lagrangian’ and Z, will be called the ‘chiral super 
Lagrangian’, Using the technique of reduction from superfields to component 
fields (see Section 2.8) one can readily see that S[v] leads to a local field 
theory at the component level, with the action functional 


S{e] = [erste Cn. vee a, pog 64,9) 


3.1.54a 
t= (p7, Dej- iD, ; ) 
32 4 


-! pg, 
4 
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(see also equations (3.1.26)). Up to total derivative terms, the Lagrangian can 
be represented in two different forms: 


L= Loy | = De, _! peg, (3.1.54b) 
16 4 4 
or 
Ü ca i Li 
L=—D*D’y|--_p’v,|--D?Z. (3.1.54c) 
16 4 4 


Any action superfunctional of the form (3.1.53) will be called ‘local’. 

We have taken the super Lagrangians to be dependent on covariant 
derivatives D, of v! but not on partial derivatives 6, of v’. The reason for 
this is that the spinor partial derivatives are not tensor operations; when 
i!(z) are tensor superfields, then é,v(z) or 4v’ (z) are not. It should be pointed 
out that in Minkowski space partial derivatives 0, are automatically covariant 
ones. 

In accordance with (3.1.26), one can rewrite the action superfunctional 
(3.1.53) as follows 


S[v] = fasza + cc. 


3.1.55 
2,= 2,- DY. rean 


Evidently, this action superfunctional is local. As a result, one can work with 
chiral super Lagrangians only. But a reverse transformation, being possible 
in principle, may result in a non-local superfunctional. We can represent 2, 
in the form (3.1.51), to obtain 


S[v] = fase H=L+U+T0. (3.1.56) 


As a rule, this superfunctional is non-local. For example, consider the chiral 
super Lagrangian 


¢ (0) =o 


where m is a constant, and ®(z) is a chiral scalar superfield. Using identities 
(2.5.30e) and (2.5.33), we have 


ip? 2 
da PD ers -tp+{(-")o2 of. 
6 oO 2 4 
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This leads to 
2 
T fatza? == "fao 0 (3.1.57) 
2 8 o 


and the obtained superfunctional is non-local. 

In conclusion, we must answer the following question; what restrictions 
on the action superfunctional can we impose in order to make the dynamical 
field equations at most second order in time derivatives? Recall that the 
space-time derivatives can be expressed by the rule 


A Paas. JE Da D;}. 


Therefore, the dynamical superfield equations should be at most of fourth 
order in the spinor covariant derivatives. Then, the action superfunctional 
can be represented in the general form 


Su} = | d°2-£(0, Dv, D,Dpt) 


(3.1.58) 
+4 | d®2¥,(r, Div. D,D,v, D,DgDcv) + c.c. 


3.1.5. Mass dimensions 

As is known, the action functional is dimensionless (in units of mass). The 
same is true for the action superfunctional. We wish to find mass dimensions 
of super Lagrangians. By virtue of equations (2.4.42) and(3.1.20) one obtains 


[d?6] = [d0] = 1. 


Since [d*x] = —4, we have 
[d°z] = —2 [dz] = —3. (3.1.59) 
hence, the dimensions of super Lagrangians are 
C2]=2 LEIE 3: (3.1.60) 


3.1.6. Chiral representation 

When investigating a dynamical system, it very often proves useful to consider 
different pictures (or representations) for dynamical variables. For example, 
the two most popular quantum mechanical pictures are the Schrödinger 
representation and the Heisenberg representation. In field theory one may 
choose the dynamical variables to be fields in Minkowski space or, after 
taking Fourier transforms, in momentum space. In the case of supersymmetric 
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field theory, there is a representation for dynamical variables — the ‘chiral 
representation’—which does not have an analogue in ordinary field theory. 
This representation is characterized by the requirement that, for every chiral 
superfield ®, its chiral transform ®'® coincides with the superfield Ê defined 
by equation (3.1.37). 

The chiral representation is introduced as follows. Consider a dynamical 
system with the action superfunctional S[v] being of the form (3.1.53). One 
changes every superfield variable V"(z) to 


i2) =e" plz) =o = 0o08, (3.1.614) 
and every differential operator F to 
FE x p H gpn; (3.1.61b) 
Obviously, the super Lagrangians can be represented as 
Pie, Dae) = E Liv, D rv, h= iA PNO, Dv, mA; 


Pt, Dad, cx) Sel” Flv, DCH 5.) SM GH LEY Dy Chyler.) 


Therefore, the action superfunctional does not change (modulo total 
derivative terms), 


S[v] = SOL]. 


In accordance with equations (2.5.19, 21), the chiral transformed covariant 
derivatives are 


DE = -7% DO =e 7G e = 3, + 2i06,,.. BLEJ 


Therefore, in this representation each chiral superfield depends only on x" 
and 6%, 


D,® = 0 O(z) = D(x, 4), (3.1.63) 


Further, recalling the explicit form of the super Poincaré generators (2.4.37), 
their chiral transforms are 


pio =P, J = Ja 


(c) — 74 (C) a — ja 2a op 2i a. a A (3.1.64) 
QO =i, QP = —ie Ge?" = —id, — 2678.4 


It is clear that all the super Poincaré transformations preserve the 
8-independence of chiral superfields. 

The chiral representation is best suited for operating with chiral superfields. 
For other superfield types, it leads to complications. For example, the 
operation of superfield complex conjugation in this representation is as 
follows 

VE age Yo (3.1.65) 


where V(z) is an arbitrary superfield and F(z) is its conjugate. In particular. 
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if V(z) is a real superfield, V= V, then 
VO = eY plo. 


We see that the chiral representation modifies the reality condition. On these 
grounds, the previously used representation will be called ‘real’, to distinguish 
it from the chiral representation. 

One can easily see that 


et e1'58(2 — z’) = 58(z — 2’). 
Therefore, the chiral transform of 5,(z,2’) is given, using equation (3.1.62), 
in the form 
Eiz, z’) = tz — 2')67(0 — 8’). (3.1.66) 


By analogy with the chiral representation, one can introduce an ‘antichiral 
representation’ best suited to describing antichiral superfields. It is defined 
by replacing the operator # by (—+# ) in equations (3.1.61). 


3.2. Wess—Zumino model 


We now review the most popular supersymmetric field theories. To maintain 
the tradition, we start with dynamical systems described by (anti)chiral 
superfields—supersymmetric analogues of scalar fields. 


3.2.1. Massive chiral scalar superfield model 

As has been shown in Section 2.6, the massive superspin-0 representation 
can be realized in terms of a chiral scalar superfield ®(z) and its conjugate 
@(z) using the equations 


— 


—-D*d + mod =0 


p> 


3.2.1) 
- {D0 + md =0 ( ) 


with m being the mass. We wish to find a dynamical system for which 
equations (3.2.1) are the dynamical superfield equations. 

The above equations are linear in ® and 9, hence the action superfunctional 
S[®, ©] must be quadratic in the superfields under consideration. Recall that 
the variational derivatives d®(z')/5@(z) and 5@(z')/d@(z) involve the covariant 
derivatives (see equations (3.1.46)), Therefore it seems reasonble that the super 
Lagrangians will depend on ® and © only. Then there are three possible 
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= [ats o> l= {avs ? h= [ace 


which may contribute to S[®, ©]. Two other structures f d®z ©? and f d*z 6? 
vanish identically, in accordance with equation (3.1.52). 
Making use of equations (3.1.46) gives 


òl, - faz dO(z') = [ars (-; Dae — 21) 
wa | roe) = dêz’ Gz’) 5 ) 


~ - 1? fats Oz’) Sz — z) = — 20°84) 


structures 


fs dD(z' a i 
a 2 [azon E e Q(z) ð, (z 7) = 2fasz D(z) 6 .(z',z) 


-[on(-tpr( sees) 


= 2 | ato D(z’) eez — z) = 2@(z) 
òl; _ 
ô®(z) 
It is instructive also to reobtain 6/,/5@(z) in the chiral representation. One 
finds, after using equation (3.1.66), 
sD z) 


=2 fasz Nz) Oz, 2') 


= 2| d*x’ d?6, bx’, 8) 54(x — x') %40 — 8) = 20a), 
The above identities show that the action superfunctional is of the form 
8 Mi 62 ™” | 46302 
S[@, $] = | d’zGO + 3 déz? + > d®z6?. (3.2.2) 
Here the first term is called the ‘kinetic term’ and the rest are said to be the 
‘mass terms’. Obviously, the action is invariant under super Poincaré 


transformations. Representing @(z) = e” (x, 0) and (z) = e~'” B(x, 8) and 
integrating by parts, S[®, 6] can be rewritten in the form 


S[®. 6] = [edu ĝje™* D(x, A) + — m [asso 6) + — r fasz 7(x, 8). 
(3.2.3) 
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One can readily find the mass dimension of ® and ®. Explicitly, equations 
(3.1.59, 60) lead to 


[®(z)] = [O(2)] = 1. (3.2.4) 


3.2.2. Massless chiral scalar superfield model 
A massless model is obtained by setting the mass parameter in (3.2.2) to be 
vanishing, The action superfunctional reads 


S[, 6] = { db = fezo +6) (3.2.5) 


and the dynamical equations are 
— ‘ye = — lpo =0. (3.2.6) 
4 4 


These equations determine on-shell massless (anti)chiral scalar superfields 
(see subsection 2.7.2), and the corresponding superhelicities are 


K(®) = 0 K(®) = —1/2. (3.2.7) 


3.2.3. Wess—Zumino model 
We now consider the model of interacting (anti)chiral scalar superfields, 
proposed by J. Wess and B. Zumino, with the action 


S[, 6] = | a*-40 + | d°z f(D) + [azz 
(3.2.8) 
D7 ((2)) = 0. 
Here , is a holomorphic function of an ordinary complex variable, called 
the ‘chiral superpotential’, Clearly. (z) = Z. (®(z) is a chiral scalar 
superfield, therefore the action superfunctional is super Poincaré invariant. 
The dynamical superfield equations have the form 


- {D*% + £'(b)=0 — ;b%® + #'(6) = 0. (3.2.9) 
We will refer to the above theory as the "general Wess-Zumino model’. 

At the classical level, there is no restriction on the form of #,(®). The 
situation is different at the quantum level. As will be shown in Chapter 4, 
the theory with classical action (3.2.8) is renormalizable if the chiral 
superpotential is at most a third-order polynomial, 


P(O) = pd + So 4 o (3.2.10) 


where u, m and Å are coupling constants. Note that the first term in 2 (0) 
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can be removed by the superfield redefinition ® + ® + č, where č is a suitable 
constant. Then. one obtains the action 


S[®, 0] = [a0 + | [are( Zo = żer) + cel (3.2.11) 


This theory will be called the ‘standard Wess-Zumino model’, 


3.2.4. Wess-Zumino model in component form 

Let us rewrite the action superfunctional (3.2.8) in terms of the component 
fields of ® and ©. We shall follow the prescription (3.1.54c) to obtain SL]. 
Recalling definition (2.8.4) of the component fields, we have 


| 535460)! = | px@574) 

16 | 16 | 
S + D00 4 ¥(D°0)|D,0°O) 4 + 9|D'D*5| 
= F(x)F(x) — 3(D0)|2,:D°5| + 0/06) 


= F(x)F(x) — Sao) + ANDA) 


the next contribution is 


-iDo = — DDO) 1) 
= — |DO). ¥{)| = $ (DD) ID:0)| 2O) 


1 
= P(x) Z 4A(x)) — 4 Waly? (A(x) 
the final contribution is 


7 {DP (0) = Fly PAs) — Tales PAA»). 


Then, after introducing the notation 
¥(A) = PLA) (3.2.12) 
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the action functional reads 


S[y] = ess] FF — A,A — swore 


1 (3.2.13) 
+ (Ga A Law | + ca.) 


where o = {A, A, ,, ¥*, F, F} represents the complete set of field variables. 
It is instructive to rewrite the action in four-component spinor notation. 
Introducing the Majorana spinor 


v= H) (3.2.14) 


and recalling expressions for y-matrices (see Section 1.4), one obtains 


Sig] = | atx] FF — @AG,A — se 


+ (Ga = ACI + io | + ec.) 


Not all of the component fields have non-trivial dynamics. The first 
dynamical equation (3.2.9) is equivalent to three component equations 


(3.2.15) 


F+¥(A)=0 (3.2.16a) 
ioe D) — YAW = 0 (3.2.16b) 
DA + ¥ (ASF — sv AW =0. (3.2.16c) 


Therefore, on-shell F(x) is expressed algebraically in terms of A(x); F(x) does 
not have an independent dynamics. On these grounds, F(x) and F(x) are said 
to be ‘auxiliary fields’. 


3.2.5. Auxiliary fields 

Now, we would like to describe what the notion ‘auxiliary fields’ means in 
general. Let » = {ĝ, @} be field variables of a field theory with an action 
functional So] = S[, %]. Suppose that the dynamical equations for fields 
@ are such that: (1) they do not involve time derivatives of ; (2) they can be 
uniquely resolved by expressing @ in terms of the remaining fields, 


ISL V1/50 = 0 b = f ($) = do. 


Under these assumptions, @ are said to be auxiliary fields and @ are said to 
be physical fields. 
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Instead of working with the total set of fields, one may eliminate from the 
very beginning the auxiliary fields, resulting in the ‘physical’ action 


SEG] = S2, O]la = fa 
Then, two actions S[g] and S[@] lead to equivalent dynamical equations in ?; 


dS[G] _ ÖSC] +. Ste] ef (@) 
öp Sp los 86 |p, ô$ 
therefore 
SLA] _ ge Sle] >i 
60 òP | & 


However, very often it is convenient to keep the auxiliary fields, since their 
elimination may produce complications such as the loss of explicit covariance 
or the non-locality of the ‘physical’ action and so on. In particular, linear 
symmetry transformations may turn into nonlinear ones after elimination of 
the auxiliary fields. If S[ọ] possesses an invariance under linear transformations 
of the form 
b0=R°°GO+R**D d5G@=RY°O+RY*H 
then S[@] is invariant under transformations 
6 = RG + RY fl), 


which are nonlinear, as a rule. The Wess—Zumino model provides us with 
an example. 


3.2.6. Wess-Zumino model after auxiliary field elimination 
Substituting equation (3.2.16a) into (3.2.15) expresses the Wess-Zumino 
model in terms of physical fields @ = { A, A, Ya U*} as follows 


sE] nay fasaa + U(A, A) Ea traw 


1 Ti (3.2.17) 
a qh (Ayre +YP + ay (APU = ioe 
where 
U(A, A) = |X (A)|? (3,2,18) 


is the potential of scalar fields. Note, the scalar potential is positive 
semidefinite, which is a direct consequence of the energy positivity in 
supersymmetric theories (see subsection 2.3,1). 
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In the case of the standard Wess—Zumino model (3.2.11), we have 
1 
¥ (A) =mA + 544? 
and the action (3.2.17) takes the form 


S[¢] = — [as fa- O+m)A+ sire, +m) 
+ milá +AA? + zaal (3.2.19) 


+ SAA + Ayer + GHA ~ aww) 


where we have supposed that the coupling constant / is real. The resulting 
action describes cubic and quartic self-interaction of the scalar fields and 
Yukawa coupling between the scalar fields and the Majorana spinor field. 

Now, let us discuss supersymmetric properties of the Wess-Zumino model, 
before and after elimination of the auxiliary fields. Since the action 
superfunctional (3.2.8) is super Poincaré invariant, it does not change under 
infinitesimal supersymmetry transformations 


ôD =i(Q+ EQ) ôP = iQ + EQO. 


At the component level, they are given by equations (2.8.6,8) (these 
transformations leave invariant the action functional (3.2.13)). The equation 
(2.8.6) defines a linear field representation of the supersymmetry algebra. In 
particular, commuting two supersymmetry transformations gives a space-time 
translation, 


Ôc, Ôe] = b°, 
lende] (3.2.20) 
be = 2i(€, 0°78, pag €,0°€,) 


in accordance with equation (2.2.24), 
As for the action functional (3.2.17), it is invariant under the supersymmetry 
transformations 
ĝ:A = — Ep OW, = 2¢, 9 (A) — 2i1€6,,A 
x ; (3.2.21) 
OA = —ty by = 2€,¥ (A) + 2i€*0,,A 


which follow from equations (2.8.6, 8) by setting F = — 7 (A) and F = —¥(A), 
We see that the spinor transformation laws become nonlinear after 
elimination of the auxiliary fields. This, however, is not the whole story. 
Taking the commutator of two supersymmetry transformations 6,, and 6:, 
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applied to A and wW,, one finds 
Lea ĝe JA = b°G,A 
Lôe de], = bapa + ib,,dS[O]/dp;, 


The second relation indicates that the supersymmetry algebra becomes 
broken when the auxiliary fields are eliminated! The supersymmetry algebra 
closes only modulo the dynamical equations of the spinor fields. 

To summarize, auxiliary fields are needed to make the supersymmetry 
transformations linear as well as to make possible the very existence of the 
super Poincaré algebra off-shell. Without use of auxiliary fields, the super 
Poincaré algebra cannot in general be realized on the space of field histories 
but only on the mass shell surface. 

It should be pointed out that the problems just discussed arise only when 
working with ordinary (component) fields. Living in superspace and operating 
with superfields, there is no need to worry about supersymmetry. Superspace 
makes supersymmetry manifest. 


(3.2.22) 


3.2.7. Generalization of the model 

The Wess-Zumino model can be easily generalized to describe the dynamics 
of n chiral scalar superfields ' and their conjugates 6, 2) = (@(z))*. An 
action superfunctional is taken to be 


S[®, 0] = [avs ii + | [a%22J0',0% ce OY) + cc (3.2.23) 


where ¥. is a holomorphic function of n complex variables. The action leads 
to the following equations of motion for ®' 


- {D's + ¥ {®) =0 Y (D) = 6L()/E0'. (3.2.24) 
Turning from the superfields to the component fields 
A(x) = O'| Wi(x) = D,@'| Fi(x) = — : D*0'| (3.2.25) 


the action reduces to the form 


$= | ats} FiFi — @ Alô, ai — sorted 


-) 188A) } (3.2.26) 
F'y- (a) — > S19 pis cc., 
+ A TOAS © EEA 
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Ifone eliminates the auxiliary fields, the purely scalar part of the action reads 


S[A, A] = - [asxiormea' + U(A, A)} 


z n (3.2.27) 
U(A, A) = ¥ YA). 
i=1 


The scalar potential is positive semidefinite. 
From the expression (3.2.27) it is seen that not every scalar field theory of 
the general form 


S[o] = — ; | d*xéo'2,o! — favo (3.2.28) 


where g’ are real scalars can be supersymmetrized. An admissible model is 
one with an even number of real fields which can be combined into complex 
ones in such a way that the scalar potential has the structure (3.2.27). 


3.3. Supersymmetric nonlinear sigma-models 


In this section we endeavour to clarify the conditions under which a nonlinear 
scalar field theory of the general form 


1 
S[g] = -4 [atsto ay! ay! (3.3.1) 


generalizing the kinetic term in equation (3.2.28), can be extended to a 
supersymmetric field theory. First, it is worth saying some words about 
models (3.3.1) known as nonlinear o-models. 


3.3.1. Four-dimensional o-models 

Nonlinear o-models naturally arise in a geometrical framework as follows. 
Let .#" be an n-dimensional Riemann manifold with metric g,,(@), where o' 
are local coordinates on .#”. The o-model space of field histories coincides 
with the set of all smooth mappings 


o:R*— M" (3.3.2) 
from Minkowski space into .#" (‘target space’). So, fields are coordinates on 


." depending on points of Minkowski space. An action functional is required 
to be invariant under the Poincaré transformations on Minkowski space and 
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the general coordinate transformations 


g' + o" =f ‘(g) 
o” dy" (3,3.3) 
F Ee delo) 


of the target manifold. Evidently. the choice (3.3.1) is consistent with these 
requirements. 

Of primary importance for us will be o-models on complex manifolds. 
Recall, a manifold .#?" is said to be a complex n-dimensional manifold if 
local coordinates g!, I = 1,2,.... 2n, on the manifold can be chosen in such 
a way that, after introducing complex local coordinates u‘ and Ñi, 


GAY) > glp) = 


Ty ‘ s 
gy! =—(u' + a) git a lay =a ‘f= 1..n (3.3.4) 
2 2i 


the transition functions are holomorphic, 
u = f'(u) (3.3.5) 


in any non-empty overlap of two arbitrary charts. Given a positive metric 
ds? = g,(¢) dg’ do” on the manifold, in complex coordinates it takes the form 


ds? = 2g, dui di! + g,, dui du! + g; div! da! 
gji = (9i))* gy = gji = (gi,)*. 
The metric is said to be Hermitian, if it is of the form 
ds? = 2g;(u, id) du‘ di, (3.3.7) 


Under the coordinate transformations (3.3.5), the components of Hermitian 
metric change according to the rule 


(3.3.6) 


ĝui 
gilu’, R) = P W gu u, ü). (3.3.8) 


In the case of a complex target manifold with some Hermitian metric, the 
action (3.3.1) is rewritten as 


S[u, a] = — | d*xgilu, ewe u". (3.3.9) 


One can look upon the actions (3.3.1) and (3.3.9) as nonlinear analogues of 
the kinetic terms in (3.2.28) and (3.2.27), respectively. 


3.3.2. Supersymmetric o-models 
We are now going to generalize the superfield kinetic term in (3,2.23) to 
nonlinear case. Demanding the super Lagrangian to be independent of the 
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covariant derivatives of (anti)chiral superfields ®t and ©‘, the most general 
form of the action superfunctional reads 


S[®, 6) = fazo. ®)) (3.3.10) 


where K is a real smooth function of n complex variables and their conjugates. 
Since the integral over R*!* of a chiral superfield vanishes (see equation 
3.1.52)), K(®, Õ) is determined only modulo the transformations 


K(®, ©) + K(®, ©) + A(®) + A(S) (3.3.11) 


with A being an arbitrary holomorphic function of n complex variables. The 
action (3.3.10), which has been suggested by B. Zumino, defines a 
‘supersymmetric nonlinear o-model’, 

Evidently, the action is super Poincaré invariant. Furthermore, the 
chirality-preserving reparametrizations 


Ppi =f) i g! = 740) (3.3.12) 
leave the action invariant provided K(®, ©) changes as follows 
K'(0’, BD’) = K(®, 5) (3.3.13) 


modulo a transformation (3.3.11). 

Let us investigate the component structure of the theory (3.3.10). In 
accordance with the prescription (3.1.54c), the action functional is represented 
as 


S= 5 f d*xD?D7K(®, ®)| = f d*xL, 


Defining the component fields of ®' by the rule (3.2.25), a simple calculation 
leads to 


L= -Kaea -FiFi + i petap) 
= aKuAF Wi! — ig, Awe) (3.3.14) 


a =: j 1 , ; 
- EK APE + i16,A pop!) + Té Kyb bip 
where we have introduced the notation 
6°**®K{A, A) 
OA" .,.CA"EA! 0A! 


By comparing the obtained supersymmetric action with the nonlinear 
o-model action (3.3.9), it is seen that the dynamics of scalar fields A’ and A! 


Kiii {= 
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is determined by a Hermitian metric of the special type 


0°K(A, A), (3.3.15) 

9y = x 
€A‘GA! 

Every such metric induces an interesting geometry known to mathematicians 

as Kahler geometry, 


3.3.3. Kéihler manifolds 
Let .@ be a complex manifold with Hermitian metric g,(u, @). Using the 
metric one can construct the second-order differential form 


wa Egi dui a dūi (3.3.16) 


which is called the ‘Kahler form’. The exterior differential of w is written as 


i EG, wj Pa Gij C9 ik 
dw = -| — — du*A dut A da! + į £ 
o (Si mal =) u u Tua a A dala dak 


The Hermitian metric is said to be ‘Kahlerian’ if the corresponding Kahler 
form is closed. 
dw = 0. (3.3.17) 


Then, .# is called a ‘Kahler manifold’. The above requirement is equivalent 
to the equations 
69 a 09% 09, = CFik 


= — 3.3.18 
ĉu" éu' éak oul l ) 


These imply that the metric can be locally represented in the form (3.1.15). 
The corresponding function K(u, i) is called a ‘Kahler potential’. It should 
be pointed that K(u, ñ) is defined locally and only modulo the transformations 


K(u, a) + K(u, a) + A(u) + A(t). (3.3.19) 


Let us calculate the Christoffel symbols and the curvature tensor of a 
Kahler manifold. For this purpose we introduce ‘real’ coordinates 
p" = {u', üt} labelled by capital Latin letters. In these coordinates the metric 
and its inverse are 


0 Jij Pr ( a 
= 3 —? (er ? 3.3.20 
O13 (. 0 ) a gi 0) ( l 


Here gij =g; 94 =g" and g¥gy = ĝa ggg =}. In accordance with 
equation (1.6.12), the Christoffel symbols are defined by the rule 
1 ég ôg O9sx 
Fics e tk, Gn _ Ogwr ), 
K 2" Veet bof Bye 
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Making use of the explicit form of the metric (3.3.20) and equations (3.3.18) 
gives 


ri ! (Cdn, On [= „ĉi 
w= SO Nat aa) =o ae 


9 eet (3.3.21) 
Ths = y! IE g i 74 = (r'i,)* 
CH- é 
where equation (3.3.6) has been used. On the same grounds, the other 
components prove to be vanishing, 
In accordance with equation (1.6.14), the curvature tensor is 
AP irL = OU py — êl ks + gel ts — eg. 
Looking at (3.3.22), one reads off 
‘kL = Rik, =0 (3.3.23) 


hence Ziru = Gi F jx, = 0 and Rix. = = Gi F' ike = 0. Due to the properties of 
the curvature tensor, we also have #y,;; = 0 and R grij = 0. Therefore, the 
only non-vanishing components are: Riri Rijki A x and Rije which are 
related to By, Rigi, A’, and 2' jkb respectively. 

A straightforward calculation gives 


i or’, ars, 
cr PUS 
i i 
Ri, = ory bs ae ay (3.3.24) 
a Be um dut 


We see Bi, = (A y))* and Bi), =(B'),)*. We also have By) = By, 


Expressions (3.3.21, 24) lead to 
07g, an Gin 9 mj 


Rik = : 
RL ka] ĝu* dul 


Then, taking into account equation (3.3.15), one obtains the result 
R ict = Kinji — 9" Kian K mj! (3.3.25) 


where we have used the notation adoted in the previous subsection. Now, 
it is obvious that 
R ijkl = R kjil = R, Ij (3.3.26) 


Relations (3.3.23, 25) determine the curvature tensor of a Kahler manifold. 
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3.3.4. Kahler geometry and supersymmetric a-models 

Above it has been shown that in supersymmetric o-models, scalar fields 
couple via the Kahlerian metric and the Kahler potential coincides with the 
super Lagrangian in (3.3.10). So, every supersymmetric o-model defines some 
Kahler geometry. Remarkably, the converse is also true. Namely, with a 
given Kahler manifold one can associate a supersymmetric o-model. However, 
in this situation (anti)chiral superfields occurring in the action (3.3.10) take 
their values not in the Kahler manifold but in a supermanifold, in which the 
Kahler manifold is embedded, 

First, let us show how to embed a real n-dimensional manifold .#" in a 
real supermanifold of dimension (n,0) (a supermanifold of dimension (p, q) 
looks locally like a domain of R?'%). The basic observation is that every 
smooth function of n ordinary real variables f(q!), defined on an open set 
Ve R", can be extended to a supersmooth function of n real c-number variables 
fw"). defined on the domain ? = n~ tV) c R}, where z: R" > R" is the map 
projecting any point (w’)e R” into its body, 


niw") = (w) = g". 


The above mentioned supermanifold is a fibre bundle M" over base manifold 

a" with fibre F = 27 "(o), oe R", and T: .@"— M" being the projection 
mapping. It is endowed with the structure of a supermanifold as follows. 
Choose an arbitrary chart (U, ») in æ”, where U is an open set of .#" and 
(i: U > Vc R" is a homeomorphism defining local coordinates œ’ on U, 
Next, we extend (U, ø) to a chart (0, w) in M", where Û = TIT t(U} and œ: 
U—+V=n ‘(V)< R? is a homeomorphism, introducing local c-number 
coordinates w on U, which are taken to satisfy the relation go IT] = 2°, 
If two charts U and U’ have non-empty overlap with the transition functions 
being of the form (3.3.3), then their transition superfunctions for the 
corresponding charts U and U’ are taken to be the supersmooth extensions 
of the function f'(¢), 


wo! +o! = fw). (3.3.27) 

As a result, .#@” turns out to be a supermanifold. 
Furthermore, given a manifold .~?" endowed with the structure of a 
complex manifold, the corresponding supermanifold .#?" also admits a 


complex structure. Explicitly, if one parametrizes .#*" as in equations (3.3.4, 5) 
and introduces local complex coordinates ®' and ®! on 4?" 


w = -(0' + 64) oi" = (0-0) ii=1,..4n (3.3.28) 


then the transition superfunctions prove to be (anti)holomorphic, 
=/(®) =ð) 
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Finally, if. °" possesses a Kahlerian metric, it can be extended to a Kahlerian 
metric on #2". 

Now, we are in a position to give the geometrical interpretation of 
supersymmetric nonlinear o-models. Let . be a Kahler manifold and M 
be the corresponding supermanifold. We introduce into consideration the 
family of superholomorphic mappings of the form 


gC? (3,3.29) 


In local complex coordinates on .# every such mapping looks like 
Oy, 8) = Ay) + Oily) + PF Ky) 
: (3.3.30) 
ô! ôy" = 20/7 = 0. 


When restricted from C$}? to the surface R4!*(808) in C4!?, on which 
y* = x° + iĝo, © becomes a chiral superfield. So, we recover o-model 
superfield variables. Therefore, one can take the following point of view, The 
set of all superholomorphic mappings (3.3.29) is identified with the o-model 
space of superfield histories. The action superfunctional is taken in the form 
(3.3.10), where K(®, ) is a Kahler potential related to the Kahlerian metric 
on .# by the rule 


GA, ©) = K (D, b)/a0'a@, 


Note that K(®,®) is locally defined on .#. But the action (3.3.10) is well 
defined globally on R*!*, since the inherent arbitrariness (3.3.11) in the choice 
of the super Lagrangian coincides with the arbitrariness (3.3.19) in the choice 
of the Kahler potential. 

In conclusion, let us investigate the action of the transformations (3.3.12) 
(coordinate transformations on .#) on the component fields of ®(z). One 
readily finds 


At = f(A) 
ri ti 6A" j 
' l 1 dA" eA" 
Fi = —-D?o0"| = — =- ——_ yi + ——_ F! 
4 | 4 aA y eAl 


It is seen that w, transforms as a vector field on .#. The transformation law 
for F' is not covariant, Redefining F' by the rule 


F' = Fi_- Eray (3.3.32) 


where I‘, are the Christoffel symbols (3.3.21), one obtains the vector 
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transformation law 


F= F. (3.3.33) 
ĉi 


After the redefinition (3.3.32), the Lagrangian (3.3.14) can be rewritten in the 
form 
= > 2 1 Less 
I= -aeaea — PIF' + iyii) + TAAA (3.3.34) 

Here Æ; is the curvature tensor (3.3.25), and V, denote the target space 
covariant derivatives. 

Valls = Cal, “+ TCA 

Va = C05 + Pye AD, 


We see that the supersymmetric o-model Lagrangian is expressible in 
geometrical terms. 


3.4, Vector multiplet models 


3.4.1. Massive vector multiplet model 

In Section 2.6 it was shown that the superspin- + representation of the 
Poincaré superalgebra can be described in terms of a real scalar superfield 
subject to the Klein-Gordon equation and a supplementary condition. Now. 
we present the supersymmetric model of an unconstrained real scalar 
superfield V(z), V=V, in which the Klein-Gordon equation and the 
supplementary condition arise as consequences of the dynamical equation. 

Let us consider the dynamical system with action superfunctional 


l 
S[VJ = ; | s#2vD*D,¥ +m? [ater (3.4.1) 


The kinetic term is real due to the identity (2.5.30d). Integrating by parts and 
making use of equation (3.1.26a), one can represent the action in the form 


S[v]= ; | d°zW*W, + m? {ate y? (3.4.2) 


where we have introduced the superfield 


W= = ;D*D.V DW, =0. (3.4.3) 
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Due to equation (2.5.30d), this chiral spinor superfield satisfies the reality 
constraint 


D*W, = D,W*. (3.4.4) 


Let us also point out the identity 
few, = [emm (3.4.5) 
To find the dynamical equation, one uses the relation (3.1.33). The result is 


; D*D°D,V + m?V=0. (3.4.6) 


Acting by the operators D? or DB? on the left side and using equations (2.5.30), 
one obtains 


D?V=D?V=0. (3.4.7) 


Therefore, on-shell the superfield V is linear. Then, by virtue of equation 
(2.5.30e), the equation of motion is equivalent to 


(O — m*)V=0. (3.4.8) 


These are the equations (3.4.7, 8), which determine the irreducible superspin-} 
representation. 


Remark. Mass dimensions of V(z) and W_{z) are 
[V]=0 (Ws) = 3/2. 


Remark. The action superfunctional has been taken in the form (3.4.1) in 
order that the dynamical subspace was given by equations (3.4.7, 8) as well 
as to have a standard mass term for the component vector field of V(z), 


2 
Viz) ~ boB, = meV? ~ — oe Vay, 


On-shell, only four component fields of V (z) are non-vanishing (equations 
(2.8.22)). The multiplet of fields includes a transverse vector field. On these 
grounds, the theory under consideration is called the massive vector multiplet 
model. 

The superspin-+ representation describes four particles of spins 0, 4, } and 
1. It should be pointed out that there are three super Poincaré representations, 
of superspins 4, | and 3, including vector particles. But only the former 
representation describes particles of spins not higher than one. 
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3.4.2. Massless vector multiplet model 
Let us set the mass parameter in equation (3,4.1) to zero. The resultant action 


l 1 
S[V]= i | d:7D°D*D,¥= «| awe Wa (3.4.9) 


= 


turns out to be invariant under the following gauge transformations 
p'a V+5(A—A) D,A=0 (3.4.10) 


where A(z) is an arbitrary chiral superfield. Making use of equation (2.5.30c) 
gives 


Wi =W,+ 5D?D,A =W, 


We see that (anti)chiral superfields W, and W, are gauge invariant objects. 
W, and W, will be called ‘superfield strengths’. 
The dynamical equation can be written in two equivalent forms 


DW, =0=D,W* =0 (3.4.11) 


due to the identity (3.4.4). Now, it is time to recall the results of Section 
2.7. Obviously, the above equations state that W, and W, are on-shell 
massless superfields and their superhelicities are 


K(W,)=1/2 KWa) = -1, (3.4.12) 


Therefore, W, describes two massless particles of helicities 4 and 1, while 
W, describes particles of helicities —1 and —4. 


3.4.3, Wess-Zumino gauge 
It is instructive to investigate the component structure of the theory. First, 
let us discuss gauge transformations. Since A is chiral, we can write 


A(x, 8, B) = e?u) + O% p(x) + 67 f(x). (3.4.13) 
Here u(x) and f(x) are arbitrary complex scalar fields and p,(x) is an arbitrary 
undotted spinor field. Then the transformation law (3.4.10) takes the form 
V(x, 8,8) = (ax) — ux) — 5 O*palx) — 5 Of (x) + Dap la) 


i l (3.4.14) 
+ 5 T + za) + (x) ð +... 


where dots mean terms involving partial derivatives and at least third order 
in 0, 8. Obviously, the component fields A, W, and F of our superfield (see 
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equation (2.8.19)) have arbitrary displacements, hence they can be gauged 
away. Then V is reduced to 


V= 00°DV, + 87671, + 670,3* + 00A. (3.4.15) 


This gauge fixing, known as the “Wess-Zumino gauge’, can also be defined 
as follows 


V| =D,V| = D?r|=0. (3.4.16a) 
Under these requirements, the component fields in the expansion (3.4.15) are 
given by the same relations as in equation (2.8.19), 


1 
Va = 51D» BV! l = — {D°D.v 


3.4.16b 
p= = (> D3. a c 


Imposition of the Wess-Zumino gauge does not completely fix the 
invariance (3.4.10). The transformations preserving the above gauge 
correspond to the choice 


A(x, 0,8) = ee Pe(x) é=E (3.4.17) 
with ¢(x) being a real function, and their explicit form is 
Vi=V,+0¢ k=4, DeD (3.4.18) 


Obviously, the gauge transformation of V, is the same as in Maxwell 
electrodynamics, 

As for the component fields of the superfield strength W,, they can be 
easily determined using equations (3.4.16). One finds 


Wal = ża 


D*W,| = -= {D?, D?}V]| = —4D 


(3.4.20) 
DW pl = 2iF 4p 
-{D'W, Pa 5D.D'W,) =i 
where we have introduced the vector field strength 
Foy = OV, — OV a 
(3.4.21) 


l ! . 
Fap = 50 hFa == 5 Cte Vay 
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Therefore, the expansion of W, as a power series in 0 reads 
W Ax, 0) = 2, + 2D0, + 2iF ,yO! — ilna 0. (3.4.22) 


The Wess-Zumino gauge is especially helpful, due to the gauge invariance 
of SV], for calculating the action functional. Following the prescription 
(3.1.54) gives 


| fad 
S=- axorwew s = Al d*x(D/W*|D,W,| — W*/D?W,)). 


Making use of equations (3.4.20) leads to 


fa 


S= | dêx{— FF y —i776,47° + 2D*}. 


it only remains to recall the identities 


| 
5 FOF y= FU p+ FF y 


_ (3.4.23) 
[eE = [onPrrn 
Then, the action functional takes the final form 
ca | atx} = iF — ijo" 7 + 20°}. (3.4.24) 


Beautifully, the first term coincides with the action of Maxwell electrodynamics. 


3.4.4. Supersymmetry transformations 
The action (3.4.9) is invariant under the supersymmetry transformations 


ÒV = i(EQ + Qr (3.4.25) 


having the form (2.8.20) at the component level, Every such transformation 
breaks down the Wess-Zumino gauge. Indeed, if V is under the constraints 
(3.4.16), then making a supersymmetry transformation generates non- 
vanishing component fields y, and F, 


Wi, = ËV; F = —¢} 
in accordance with equation (2.8.20). So, the Wess-Zumino gauge is not 


supersymmetric. 
Of course, one can restore the Wess-Zumino gauge by accompanying the 
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variation ôV with the ¢-dependent gauge transformation 


dng = (Ke — Ae) 


=s = (3.4.26) 
A(e) = e7 2)8a"EV, + 21077). 
The resultant supersymmetry transformation 
V =i(cQ + CQ) + 5 (Ke ~ A) (3.4.27) 


has not, however, the universal form (3.4.25), In other words, imposing the 
Wess-Zumino gauge modifies the superfield supersymmetry generators. As 
a result, the Wess-Zumino gauge, being quite useful for component 
calculations, does not fit into covariant (explicitly supersymmetric) superfield 
calculations. 

The supersymmetry transformation (3.4.27) acts on the component fields 
(3.4.16b) in accordance with the rule 


ÒV a = ôV, = €6,4 + A0,€ 


buts we Dik, = EDDA = —2iF p” —26,D (3.4.28) 


5.D = òD = Zê A20 — €0*7) 


where we have used the relation (2.8.20). The last two expressions can also 
be obtained by applying results of subsection 2.8.2 to the chiral spinor 
superfield W,,. 


3.4.5. Super Lorentz gauge 

As we have seen, the Wess-Zumino gauge is not supersymmetric. One would 
like to have a covariant gauge fixing condition — that is, one commuting 
with the supersymmetry transformations (3.4.25). A useful gauge choice 
consists in imposing the linearity constraint (3.4.7), which restricts the 
component vector fields of V(z) to be transverse (see subsection 2.8.4). On 
these grounds, this gauge is known as the super Lorentz gauge. 


3.4.6. Massive vector multiplet model revisited 


The massive vector multiplet model defined by action (3.4.1) possesses a hidden 
point: several component fields have non-canonical dimensions. Therefore, 
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we should carefully define the component fields of V in order to avoid higher 
derivatives at the component level (in any case, such potential higher derivatives 
are not dangerous and can be eliminated by a field redefinition). 

Instead of using the definition (2.8.19), now it is more reasonable to 
introduce the component fields of V by the rule 


l 1 l i 
— B(x) = V| = Xa(x) =D, V! — G(x) = -—-D’V| 
m m m 4 
l 7 id 
Vaatii) = zlPe: DalV| ho(x) = -75°D V| 
D(x) = E D5?D, V! ; (3.4.29) 


With such a definition the component fields of W, remain unchanged, see relation 
(3.4.20). Hence, we can use our old result (3.4.24) establishing the component 
form of the first term in action (3.4.2). As to the mass term in action (3.4.2), its 
component structure is 
3 l = l 
m? f atav? = fë ~ 50“BðuB + 2m BD + 2GG — z" VV, 
-ixo“ðuž -màx +iz)} (3.4.30) 


It is seen that the superfield mass term contains the kinetic terms of the 
component fields B and x. The component Lagrangian of the massive vector 
multiplet reads 


"EEN = n 4 u-z a uB —- 
L af Fup = V, oh Bô, B zM B 
— iA" dA — ixo“ 8X — mz +AX) 
s 1 
+2GG +2(D + mB)’ . (3.4.31) 
Eliminating the auxiliary fields, the Lagrangian turns into 


1 1 1 1 
= — gE Fup = sm" Y= 59° BB = 5m Be 


—Wpliy"d + mp. (3.4.32) 

Here we have introduced the Dirac spinor 
p= ( ze ) ; (3.4.33) 
The massive vector multiplet model can be reformulated as a gauge theory 


such that all component fields have canonical dimensions in a Wess-Zumino 
gauge. Such a formulation is based on a superfield generalization of the 
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Stueckelberg approach to the gauge covariant description of massive vector 
particles. We introduce a compensating chiral scalar superfield $(z) and its 
conjugate ®(z) by making the replacement 


V— V+ o — >) (3.4.34) 
in action (3.4.2), The resulting action superfunctional 
S[V. ©, d] = ; [oe W° Wy +m? [a v? 
+im fë: V(®—ĝ) +5 [ae do (3.4.35) 
is invariant under the gauge transformations 
ôV = LA —A) 6&=mA (3.4,36) 


with A an arbitrary chiral scalar superfield. The gauge freedom can be used to 
completely gauge away ®. In the gauge 


>’=0 (3.4,37) 


we return to the original model (3.4.2). Instead of imposing such a gauge fixing, 
however, we are now able to choose the Wess-Zumino gauge (3.4.15). Then, 
the residual gauge invariance given by equation (3.4.17) can be further used to 
eliminate the real part of ®|. As a consequence, it is in our power to impose 
the conditions 


Vi=D,Vi=D°Vi/=0 l+ğ]=0 (3.4.38) 


which completely fix the gauge freedom. 
Gauge fixing condition (3.4.38) is most useful for passing to components. 
From action (3.4.35) one readily obtains the component Lagrangian 


l ub l 2 l l 2,42 
ae 2 = -mt V? V, = >93“ = ee 
= Fe” Fub m u a“ Að Á m“A 


— ido, 4 — grat z zrOy ~ iv) 
- SFF + 2(D — Imay (3.4.39)) 


where A = A = —i®|. The component Lagrangians (3.4.31) and (3.4.39) are 
seen to coincide if we identify B = —A, G = $F and x = $y. 
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3.5. Supersymmetric Yang-Mills theories 


The main goal of the present section is the construction of Yang-Mills 
theories possessing supersymmetry. Our strategy consists of finding superfield 
theories having the Yang-Mills form at the component level. The role of 
matter will be played by (anti)chiral scalar superfields since their component 
content is scalar and spinor fields only, The role of gauge object will be played 
by a multiplet of Lie-algebra-valued real scalar superfields V‘(z) transforming 
by 


5y! = 5(K! ~A)+0(V) DB,A'=0 (3.5.1) 


with A/(z) being arbitrary chiral superfield parameters. This transformation 
Jaw is reasonable on two grounds: (1) when reduced to the linearized level, it 
describes a set of free vector multiplets (see equation (3.4.10); (2) it admits 
the Wess—Zumino gauge 


Vi = 00°OV,! + 02072,! + 670,27" + DD., (3.5.2) 


To start with, we consider an Abelian gauge model. 


3.5.1. Supersymmetric scalar electrodynamics 

As is well known, an Abelian gauge vector field V(x), transforming by the 
law ôV (x) = 6,¢(x), arises as a compensating field when trying to make local 
the rigid phase invariance 


A(x) = e!@ A(x) 


in the theory of a complex scalar field A(x) with the action 
S=- [assemaona. 


A gauge real scalar superfield V(z), transforming by the law (3.4.10), can be 
introduced in a similar fashion. 

Consider the massless chiral scalar superfield model (3.2.5). The action is 
invariant under the rigid U(1)-transformations 


Oz) + eO(z) =f. (3.5.3) 


In trying to localize these transformations, one is faced with the following 
problem: the choice of Q(z) as a real superfield is inconsistent with the chirality 
of 0, 
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Xz) = Az) = Ded) ¥ 0. 


Therefore, if one wishes to have a local transformation, the parameter should 
be chiral 


D> P =e DA = 0. (3.5.4) 


But this breaks the invariance of the action: 


BO > Heil — Aig, 


Following the ideology of gauge field theory, we introduce a compensating 
real scalar superfield V, with the transformation law (3.4.10), and change the 
action to 


| dêze?” o. (3.5.5) 


Obviously, this superfunctional is gauge invariant. 

Note that the transformation law (3.5.3) corresponds to unit U(1) charge. 
In the case of a chiral scalar superfield, having U(1) charge q, the above law 
reads 


D(z) > e' (2), (3.5.6) 


This leads to a slight modification of the gauge invariant action (3.5.5) 
consisting in the insertion of q into the exponential, resulting in 


SiO, ; V] = [arstewre. (3.5.7) 


The action is invariant under the gauge transformations 
Q ="^ D,A=0 


euv = eltAg2a¥o—igh (3.5.8) 
Adding the free vector multiplet action (3.4.9), the total gauge invariant action 


takes the form 


S= | dêze + > | d°2W*W,, (3.5.9) 


Unexpectedly, the action turns out to be non-polynomial. However, in the 
Wess-Zumino gauge (3.4.15), where V° = 0, the exponential terminates. 

Let us determine the component form of the action (3.5.9) in the 
Wess-Zumino gauge. Using equations (3.4.16) and defining the component 
fields of © by rule (2.8.4), one obtains the Lagrangian 
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L= | —(a" + igV")A(E,, — iqV,)A + 2GAAD — 5 vores +igV 0 


a E s 3 (3.5.10) 
— gAwi — qAwi+ Fr} — j 1 F% Fapt iAo*0,7 — 2D? >. 


After eliminating the auxiliary fields F and D, this takes the form 
ere i ; 
= —(e"+ iqgV)A(E, gi ig V m)A Pi 59 (AA) = V a + CLA 


p z l (3.5.11) 
— qAÄYi — gAwi — ge Ew — iho, 7. 


One can iook upon this model as a supersymmetric generalization of scalar 
electrodynamics. 
The Lagrangian (3.5.11) is invariant under the gauge transformations 


A=e%A y=, 
VieVi+Gg tyme 


Using the spinor component field W, of ®, we can construct three 
four-component spinor objects: 


(3.5.12) 


(1) the Majorana spinor field 


1/4 - 
vy = | :) (3.5.13a) 
AAt 
(2) the left Weyl spinor 
Y= {a (3.5.13b) 
0 
(3) the right Weyl spinor 
0 
P= (5) (3.5.13c) 
In accordance with equation (3.5.12), ¥y, Y, and Yp transform as follows 
Wy, = elt op, (3.5.14a) 
Pi = ely, (3.5.14b) 
Pi = eip, (3.5.14c) 


Correspondingly, the gauge invariant spinor kinetic term in equations 
(3.5.10, 11) can be rewritten as 
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= Pu, — igy Va) Pu  (3-5.15a) 
— shore, + iqV E= d 5 Para iVe (3.515%) 


i 
= 5 Fries + iVa) Yr (3.5.15¢) 


Therefore equation (3.5.12) describes local chiral or ).-transformations. We 
see that the theory under consideration describes chiral fermions at the 
component level, 


3.5.2. Supersymmetric spinor electrodynamics 

To obtain a Dirac spinor field in component form, let us consider two chiral 
scalar superfields ®, and ®_ with U(]) charges q and — q, respectively. Their 
spinor component fields 


W+ = D,®,;| Y -+= D,®-_]| 
transform according to the laws 
Wi ely, yy =e ty a 


in accordance with equation (3.5.12), Then, the Dirac spinor 
Yp = ( yta ) =V; + Ur (3.5.16) 


is characterized by the transformation law 
Pi = iiy (3.5.17) 
inherent to spinor electrodynamics, 
The most general (renormalizable) gauge invariant action for ®, and ®_, 
coupled to a gauge superfield V, reads 
Ssep = fazor, Jr eo} 


; as biz (3.5.18) 
+m) d°z®.0_ +m | d°26_d_ +5 d°zW*W,, 


Note that a mass term is forbidden in the case of a single chiral scalar 
superfield with non-zero U(1) charge. In components, the above action is 


Ssep = | d*xLsep (3.5.19) 


1 1 
Lsep = — ra = z Foly lið, + qV,) + m} Yp 
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—(6" + ig V") A (Ôm — iqV,,)A- —(6" —ig¥™)A (m + iqV,,)A- 


—m(A,A, + 4_A_) -ig (Ā A; —A_A_)*? — = Awi@oAw 


| < = 
-34 {A.¥od — ys)Am — A_Aw(I— ¥s)Wp +c.,| 
+(F, +mA_\F.+m4_)+(F_+mA_\F- + mA,) 
s = 2 
+ 2( + 4q(A,A, —A-A_) ) 


where we have introduced the Majorana spinor 


_ Ake 
Av =(—} 


Obviously, the model obtained represents a supersymmetric extension of 
spinor electrodynamics. 

In conclusion, we rewrite the action (3.5.18) in a different form. We unify 
®, and ®_ into a two-component column 


ie (Sr 6 =(5,,5_) (3.5.20) 


and make the redefinition 


Ok —i tt) 
p = — ; = ; 3.5.21 
ret ) 3 fee 


After this, the action takes the form 
Ssep = fazeres + IE Zx+ Lwew.) + ce) (3.5.22) 


where g, is the second Pauli matrix. The transformation law of y is 
g = eN, (3.5.23) 


In summary, we have constructed the supersymmetric generalization of 
spinor electrodynamics. 


3.5.3. Non-Abelian gauge superfield 
We now generalize the above results to the non-Abelian case, 

Let G be a compact connected Lie group (in general, G is the product of 
a finite number of simple and U(1) group factors). Given a finite-dimensional 
unitary G-representation, we denote by (T'}„ where I = 1,2,...,dim G, its 
Hermitian generators: 
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[Th T] =if YTS (T+ =T! (3.5.24) 


and the structure constants are assumed to be totally antisymmetric. Any 
operator of the representation is written in the form 


exp(in'T') 9leR 


since every compact connected Lie group is covered by the exponential 
mapping. 
Consider a system of free massless chiral scalar superfields ®'(z), The action 


S= [ooo ~ | d'z ð, = (')* 


is invariant under the rigid transformations 
O =e" TO p'eR. 


As in the Abelian case, when attempting to localize these transformations, 
the parameters are to be taken chiral, 


=^ O = Genii 
AEAT ASNT DA= 


In addition, it is necessary to modify the action by introducing a compensating 
multiplet of real scalar superfields V‘(z) transforming by the rule 


eV = eeen pa Vt a pT! (3.5.26) 


(3.5.25) 


The gauge-invariant action is 
S= [enero faraoa (3.5.27) 


Lie-algebra-valued Hermitian superfield V with the transformation law 
(3.5.26) is said to be a ‘gauge superfield’ (or “Yang-Mills superfield’), The 
transformations (3.5.25, 26) will be called ‘supergauge’ transformations. 

The equation (3.5.26) shows that V’ is Hermitian, (V’)* = V’, Next, due to 
equation (3.5.26) and the Baker—Hausdorff formula (2.1.62), V’ has the form 
V' = V"T'. To see the explicit connection between V” and V’, let us consider 
infinitesimal gauge transformations (3.5.26). 


3.5.4. Infinitesimal gauge transformations 
In the infinitesimal case, equation (3.5.26) takes the form 


de?” = eV + OV) _ e? = jAe?” — je?" A. (3.5.28) 


Our goal is to determine ôV in terms of V, A and A. For this purpose we 
use the identity: 
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1 
eí +68 = (1 + | dt e7" ene" ) (3.5.29) 


0 


where 4 and B are arbitrary operators and e is an infinitesimal parameter. 
This identity can be easily proved with the help of the auxiliary function 


Kit, 8) = eT Tiet + 7B) 


which satisfies the equation 


KAL e774 eB etA Kir, e) = e774 eB e, 
dt 
Defining operator L, by the rule 


L,B=[A, B] 

the relation (3.5.29) can be rewritten as 

e4 +B = At] + (La) I — "eB. (3.5.30) 
Now, making use of equations (3.5.28, 30) gives 

(LA U — e74)6V = ie *4'A — iA 
and acting on both sides by Lye” 

2 sinh(L,)6V = iL, (e~4"A — et A) 
= iL, cosh (L XA — A) — iLp sinh (L XA + A), 

This leads to 


ôV = — 5Lv(Ā + A) + 5 Lv coth (LyXĀ —A) 


i z 3.5.31 
=5(A—A)-SWVA+Al +iV.[V,A—A]] +o." ; 


In the Abelian case, this transformation law reduces to expression (3.4.10). 

We see that the supergauge transformations are highly nonlinear. However, 
since V = 4(A — A) + O(V), these transformations can be used to impose 
the Wess—Zumino gauge. Those supergauge transformations which preserve 
the Wess-Zumino gauge are described by the parameters 


A(x, 0,0) = Pu) é= EIT = E* (3.5.32) 


They act on V under the Wess-Zumino gauge condition by the rule 


sV= (RK - A)-S{YA+A] (3.5.33a) 
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or, in components, 
syd a pl SK ¢KJIy J 
ÒV a i f 7 Vi 


óh = = sR fI (3.5.33b) 


As for the matter multiplet ®, defined by equation (3.5.25), the transformation 


(3.5.25) acts on the corresponding component fields 
A=! Y = D,0' F'=— 5D! (3,5,34) 


as follows 
SA = iTA òp = ERT pa 
OF! = iT F. 
Therefore, we recover ordinary Yang-Mills transformations. In accordance 
with equation (3.5.33b), V4 is a gauge Yang-Mills field. Its superpartners 4! 
and D! transform, due to (3.5.33b), in the adjoint representation of the gauge 
group. 


(3.5,35) 


3.5.5. Super Yang-Mills action 
We proceed by finding the gauge invariant action for the gauge superfield. 
Let us introduce the following Lie-algebra-valued spinor superfields 


1 
W, = — Die" Dae? ) = W,'T! 


3.5.36 
W = De De? ) = (W.)* ( ) 


and study some their properties. First, in the Abelian limit W, reduces to 
the form (3.4.3). Secondly, W, is chiral and W, is antichiral, 


DLW, =0 D, W, =0. (3.5.37) 


Finally, W, and W; change covariantly under the supergauge transformations 
(3.5.26), Explicitly, we have 


Wi=— Diete e AD cere) es EDAEN D, (eei) 
= ^W e-i — ae"? 


Since BD?D,7 = 0 for every chiral superfield n, we have the result 
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w, = e^ W em^ 

= abay an (3.5.38 

wW, = Ae, ) 

W, and W; will be called the “Yang-Mills superfield strengths’. 
The relation (3.5.37) tells us that the (anti)chiral scalar superfields 

tW W  u(W*W,) 
where tr denotes matrix trace, are invariant with respect to the supergauge 
transformations. Therefore, the superfunctional 


1 
S = — | d®ztr(W*W,) + c.c. (3.5.39) 
4g? 


where g is a coupling constant, can bè taken in the role of the gauge invariant 
action. Above we have supposed that the generators T’ are normalized by 


tr(T' Th = 6”. (3.5.40) 
Let us investigate the action at the component level. Imposing the 
Wess-Zumino gauge, W, takes the form 


Wise {D°D.V+ PU., D,V)) 


To calculate the component content of Wa we point out that the 
Wess-Zumino gauge is characterized by the conditions (3.4,16), Then, one 
readily obtains 


W,\ = Ay 
D*W,| = —4D 
, (3.5.41) 
Da W pl = 2iGap 
1 pj 
—-D?W,| = —iV.,47. 
4 
Here we have introduced the Yang-Mills field strength: 
Gar = EVs T) ÒV a —i[M as V] 
1 1 i (3.5.42) 
Gag = =(0") uGay es ZÂ p ry = [Vaz v] 
2 2 4 
and the Yang-Mills covariant derivatives 
V,B = ĉ,B' —iV)(T"),B! 
a oe (3.5.43) 


V 4% = 6,4% — i[ Vn 27], 


Based on the above expressions, one finds 
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l 6 a 4 l af l 2 oa TA 2 
z d°ztr(W*W,) = | d*xtr ieee Gaa a Vat + D*>. 


Now, it is helpful to recall the identity 


[ars tr(G*4G,5) = [os tr (GG, 4) 


modulo total derivatives. This means, in particular, that the relation 
[eww fas: tr (WW?) (3.5.44) 


holds in the Wess—Zumino gauge and, due to gauge invariance, in the general 

case, Finally, we can write the component action 

S= t fes d = 56"%Ga —iso°V,4 + 20°). (3.5.45) 
g 


As is seen, we have obtained the supersymmetric extension of the Yang-Mills 
action, 


3.5.6. Super Yang-Mills models 
Gauge invariant coupling of matter to a Yang-Mills superfield is described 
by an action superfunctional of the general form 


S= faae io + [arzga Ea ce} 


1 (3.5.46) 
— afe tr (W*W,). 
2g? 


Here the chiral superpotential ¥ (®') should be a group-invariant function, 
E 
si (T' je =0. (3.5.47) 
In particular, if the chiral superpotential 1s of the form 
1 
# {P') = Smo + Thi ial (3.5.48) 
the coupling constants m; and /,, should be invariant tensors of the group 
under consideration, 
It is instructive to analyse the component form of the action. Defining the 


component fields of ®' by rule (3.5.34) and imposing the Wess-Zumino gauge 
condition (3.4.16) on V, one arrives at the action functional 
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S= fos} —V" AN WA! + 2D!A(T "A? — FVV, — DANTA 


1 2 (A) 
4 ACAI 


— A\T'V 4!) + FiF + (ee (A) y w| + ce.) (3.5.49) 


= a IGHI Gup! + ižlo V E ~ 2p} 


where ¥ (A) is given by equation (3.2.24). After eliminating the auxiliary 
fields F'. F; and D', the scalar fields have the non-negative potential 


U(A, A) = FV 4A + Pyara. (3.5.50) 
i 2 1l 
3.5.7. Real representations 


In conclusion, we would like to discuss one important question similar to 
that arising when constructing supersymmetric spinor electrodynamics. 
Namely, let Yp” be a multiplet of Dirac spinors transforming in some 
(complex) unitary representation of the gauge group, 


SPa = iTo (ZY HT! (3.5.51) 
coupled to the Yang-Mills field in the standard fashion: 


1 z 
S= — > | d*x¥p,(iy°V, + mp". (3.5,52) 


Suppose, one would like to find a super Yang-Mills model of the form (3.5.46), 
in which, after reduction to components, the spinor fields from ' and 6, 
can be combined somehow into Dirac spinors such that the spinor part of 
the action (3.5.46) coincides with expression (3.5.52). The question is the 
following: what is a group representation by which the multiplet {®‘| must 
transform? 

Let us decompose Yp“ into a combination of two Majorana spinors: 


Wy = WE + iv? 


f i (3.5.53) 
ji wt we — £ Wa 
Pe yey 
Introducing a multiplet of Majorana spinors in the manner 
ft). = Ts Wa 
w= (£) Y'= (s) (3.5.54) 
it transforms by the real representation: 
=: ič'(T') i 
(3.5.55) 


r=( ilm7! Liebe 
o \-iRe7!  ilm7'/ 


Field Theory in Superspace 247 


Since 7! are Hermitian, the matrices ReZ/ are symmetric and the matrices 
Im7'! are antisymmetric. As a result, Tf are antisymmetric Hermitian 
matrices, 


(Mrs! rS -r (3.5.56) 


Now, it is clear how to resolve the problem raised above. First, one must 
take a set of chiral scalar superfields {®'} = {4, O*} transforming by the 
introduced real representation. Secondly, the multiplet (3.5.54) should be 
identified with the spinor component fields of ®' and 6! by the rule 


D Ak 
3 aa 
(ie 
Then, the gauge invariant matter action 
$= [aoea + "4 | dob TH + ce (3.5.57) 


leads to the desired dynamics of spinor fields. Therefore, in order to have a 
complex representation in components, one must use its real realization in 
superfields. When taking a complex representation for superfields, there is 
room for chiral fermions at the component level and, hence, for chiral 
anomalies in the quantum theory. 

In what follows, we will often restrict ourselves to the consideration of 
real group representations for a description of matter chiral superfield 
multiplets. As applied to the gauge superfield V = V'T‘, this requirement 
means 


Yrte=yp Vvre-¥% (3,5.58) 


3.6. Geometric approach to super Yang-Mills theories 


In this section we intend to give a clear geometric interpretation of supergauge 
transformations and the gauge superfield. This will be done after reminding 
ourselves of some relevant mathematical notions. 


3.6.1. Complex and c-number shells of compact Lie groups 

In formulating super Yang-Mills theories, there arise several groups: the 
gauge group G, its complexification G° and their c-number shells G and G°. 
We are going to describe these objects. 
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We begin with an excursion into the theory of Lie groups. Let G be a 
compact connected n-dimensional Lie group, and ¥ be the corresponding 
Lie algebra, The exponential mapping exp: ¥ — G turns out to cover G (due 
to compactness and connectness), therefore real coordinates n/(J = 1,...,n) 
in @ with respect to a basis {E'}, 


Xe@G X =in'E! nieR (3.6.1) 
can be used to parametrize G, 
gin) = exp (in’ E’). (3.6.2) 


It is worth noting that the map exp is on to but not one-to-one. Generators 
E! are assumed to satisfy the commutation relations 


fe! E] =if URES (3.6.3) 


with the structure constants f‘/* being real and totally antisymmetric. 

Introduce the complex shell 4° of the algebra 9. The ¥° is a complex 
n-dimensional Lie algebra arising from Y by taking the coordinates to be 
complex, 


XeF X=iwWE! wie. (3.6.4) 
Supplying Y° with the operation of complex conjugation (involution) 
X + X* =ið F! © = (w) (3.6.5) 


makes it possible to identify the initial algebra Y with the real subset of 9°. 
The algebra 4° can be equivalently treated as a real 2n-dimensional Lie 
algebra, denoted by ($‘)g, with elements 


i(Re w!E! + Im wS") 
and generators E! and S/(=iE') under the commutation relations 
[E!, E’} = if*E* [E;, s’] = iy PES [S, s] = —if "ESEK, 
Then, the conjugation map *: 9° Y acts as an automorphism on (#°)p. 
This automorphism has a transparent meaning in the basis 
I 
Etaj = zE F iS’) 
: (3.6.6) 
[Elsp F(a s if Ea [Ef Ei.) =0 
with respect to which every element of (4°) is written 
ilo El, + O'E! )). (3.6.7) 


It is seen that (9*°)g has the direct sum structure, (¥°)p = ¥/,,@ ¥f_,, and 
the complex conjugation maps f+) on to ¥f_, and vice versa. 

There exists a unique (up to isomorphism) complex connected Lie group 
S* satisfying two requirements: 
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(1) is the Lie algebra of G*; 
(2) considering G° as a real 2n-dimensional Lie group, G is isomorphic to 
the subgroup in G° corresponding to the subalgebra Y in ¥*. 


G* is said to be ‘the complex shell’ of G (for example, if G = SO(n), then 
G° = SO(n, C); if G = SU(n), then G = SL(n, C)). In a neighbourhood of the 


unit of G", every element can be represented in the exponential form 
g(a) = exp (iw E’) (3.6.8) 


The variables w’ play the role of local complex coordinates on G°, at least 
in a neighbourhood of the unit. When treating G° as a real Lie group, it is 
parametrized by variables w! and their conjugated @! as follows 
7 an tet BL lel 
g(w, ©) = exp [i(w E+; + @E;_,)) 3.69) 
= exp (iw'E/_,) exp (ia! El). 

Therefore, G° possesses the direct product structure, G° = Gf, , x G/_), where 
the subgroups G/,, and Gf_, are mutually conjugated. The initial group can 
be identified with the diagonal in this product, Note that G° is non-compact, 
in contrast to G. 

Now, let us discuss c-number shells of the groups G and G°, Starting from 
the group manifold G, we embed it in the supermanifold G using the rule 
described in subsection 3.3.4, G is naturally endowed with the structure of 
a real super Lie group which is induced by the Lie group structure on G (see 
also the discussion of supergroups in subsection 2.1.6). Elements of G are 
parametrized as in equation (3.6.2), but in contrast to G, the local coordinates 
n! on G are real c-numbers. Similarly, the group manifold G® is embedded 
in the complex supermanifold G*, which becomes a complex super Lie group 
after inducing the group structure from G°, Elements of G" can be represented 
in the form (3.6.8), where œ" are complex c-numbers. 

Every unitary finite-dimensional representation 7 of the compact group 
G with Hermitian generators T!(= d7(E")), 


Figny=e"'T (T) =T (3.6.10) 
can be continued to a holomorphic representation 
FT (gw) = T (3.6.11) 
or antiholomorphic representation 
F (glo) = eer” (3.6.12) 
of the complex group G°. Choosing in equations (3.6.10—12) parameters n!(w") 


to be real (complex) c-numbers, one obtains representations of G and Ĝ', 
respectively. 
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3.6.2. K-supergroup and A-supergroup 

The basic symmetry principle underlying Yang-Mills theories is invariance 
under local (or gauge) group transformations. Every gauge transformation is 
specified by a smooth mapping of Minkowski space into the group G, 


A: Rt >G. (3.6.13) 


In classical field theory, when fields are treated as Grassmann-algebra-yalued 
functions on a space-time, it is more correct to consider mappings from 
Minkowski space into the c-number shell G of G, 


XR? >Â (3.6.14) 


in the role of gauge transformations. The set of all such mappings forms an 
infinite-dimensional group (with respect to the multiplication law (4; -.#,\x) = 
X (x)¥ a(x) called the local G-group. It is the gauge group of classical 
Yang-Mills theory. 

Trying to keep a literal analogy with ordinary Yang-Mills theories, it may 
seem natural that in the supersymmetric case the role of gauge group should 
be played by the supergroup consisting of supersmooth mappings from the 
superspace R*!* in G, 


HRI G. (3.6.15) 


This group will be called ‘the superlocal’ G-group (or the ‘K-supergroup’). 
Every element of the K-group is determined by a multiplet of real superfields 
K!(x, 8, 8): 


X(x, 8,8) = exp (iK"(x, 8, DE") K'(z) = K"(z). (3.6.16) 


Unfortunately, the K-supergroup has not arisen in the previous section. The 
point is that in the supersymmetric case there exists another natural candidate 
for the role of gauge group. 

Recall that the complex truncated superspace C4!*, rather than the real 
superspace R*!*, is the fundamental object in supersymmetry; R*'* is 
embedded into C?!? in the super Poincaré invariant fashion. Therefore, it 
seems reasonble that C4? should be taken in the role of the arena upon 
which rigid G-invariance is promoted to a local invariance, Furthermore, 
localization should be done in a way consistent with the complex structure 
on C$!*. This means that we change G to its complexification G* and consider 
superholomorphic mappings of the form 


ACIP + Gs. (3.6.17) 


Every such mapping is determined by a multiplet of holomorphic superfields 
A'(y, 8), 
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A(y, 8) = exp (iA'(y, AE") (3.6.18) 
Which become chiral when restricted from C4!" to R*!4 (setting y" = x° + i00B) 


A(z) = expQA(zjE!) DB A(z) = 0. (3.6.19) 


Given two superholomorphic mappings 4, and A, their product (4, -4,)(y, 8) = 
4,(¥, @)A2(y, 8) is also superholomorphic, Hence, the set of all mappings (3.6.17) 
forms a supergroup, which will be called the ‘A-supergroup’. The 
A-supergroup is the invariance group of the super Yang-Mills action (3.5.46), 


3.6.3. Gauge superfield 
Now, we are in a position to demonstrate, following E. Ivanov, the geometrical 
origin of the gauge superfield. 

Consider the complex supermanifold 


MA tlt S Piik GE (3.6.20) 


which can be parametrized by the complex coordinates y*, 4% and w! 
corresponding to C*!* and G°, respectively, The A-supergroup naturally acts 
on .@*~"!? by means of left nonlinear shifts of the coordinates w" 


y=; 0% =O g(a) = exp(iA(y, DENg(w). (3.6.21) 
In addition, one can realize the K-supergroup as a transformation group 
of Mt**"!? acting by right nonlinear shifts of the coordinates o!: 
y= yf? @’* = 6 


(3.6.22) 
g(a’) = giw) exp ( ~iK'(Sy = sf 8, a)e"), 


It is clear that the A-transformations commute with the K-transformations. 
Next, we embed the real superspace R*'¢ into .W4+*"!? as follows: 


y = x* + i608 
w! = 2! (x, 0,8) 
where 9! is the complex scalar superfield which determines the embedding. 


In accordance with equations (3,6.21, 22), the A- and K-supergroups act on 
Q! according to the law 


exp (iQ'(z)) = exp (1A(z)) exp (iQ(z)) exp (—iK(z)) (3.6.24) 


where we have introduced the shorthand notation: Q = Q'E! and so on. 
Let us discuss the transformation law (3.6.24). We decompose Q’ into real 

and imaginary parts. Obviously. real superfields ReQ! and Im @ live in 

the subgroup G of G and the coset space G‘/G, respectively. Since the 


(3.6,23) 
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K-supergroup acts on exp(iQ) by arbitrary local G-transformations, one 
can gauge away Re! by a proper choice of K-transformation. Therefore, 
the superfields Re Q'(z) are purely gauge degrees of freedom. Imposing the 
gauge fixing condition 


Re Q(z) =0 (3.6.25) 


we work only with the A-supergroup which acts on the multiplet of real 
scalar superfields 


Vz) = Im Q(z) (3.6.26) 


spanning the coset space G°/G. Hence, the K-invariance is auxiliary. Its 
meaning is that G-directions of the embedding (3.6.23) are never observed 
dynamically. 

To find the transformation law of V“(z), it is worth noting that, to preserve 
the gauge (3.6.25), every A-transformation should be supplemented by a 
A-dependent K-transformation: 


exp (—V’) = exp (iA) exp (— V’) exp (—iK[V, A] (3.6.27) 


where K'[V, A] are rather complicated functions. Instead of finding their 
explicit form, we take another course. In the gauge (3.6.25), we have 


exp (—2V) = exp (iQ) exp (—iQ), (3.6.28) 


In the general case, this relation defines a set of real scalar superfields V‘(z) 
(the reality of V’ follows from the fact that the conjugation map f: glo) > g(@) 
represents an antiholomorphic isomorphism of G° on itself, f(g(w,)g(w>)) = 
9(@,)g(®2). Equivalently, in the expression of (3.6.28) the imaginary part of 
Q is excluded by construction. Next, taking the conjugate of (3.6.24) gives 


exp (ið) = exp (iA) exp iñ) exp (—iK). (3.6.29) 
Finally, from the relations (3.6.24, 28, 29) one obtains 
exp (—2V’) = exp (iA) exp (— 2V) exp (—iA). (3.6.30) 


As may be seen, we have recovered the transformation law of the gauge 
superfield (3.5.26). Therefore, the Yang-Mills superfield can be identified 
with the multiplet of real scalar superfields V/(z) residing in the coset space 
G*/G and transforming by the law (3.6.30) under the A-supergroup (clearly, 
this interpretation differs drastically from the well-known geometrical 
interpretation of ordinary Yang-Mills fields). It is worth emphasizing, 
however, that in the geometrical approach developed the real multiplet V! 
represents the gauge-fixed version of the initial complex multiplet Q’. This 
observation serves as the foundation for the following point of view of super 
Yang-Mills theory: 


(1) the full invariance group is the direct product of the A- and 
K-supergroups; 
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(2) the true dynamical object is the multiplet of complex scalar superfields 
Q(z) residing in G° and transforming by the law (3.6.24) under the 
invariance group. 


Taking the above point of view, one can see a close analogy between 
formulations of two quite different theories: the super Yang-Mills theory 
and gravity. Objects corresponding to each other in the super Yang-Mills 
theory and in gravity, are given below: 


D2! (z) + eg (x) 
v"(z) — Iml X) 
K-supergroup + local Lorentz group 


A-supergroup + general coordinate transformation group 
el = ele Pg, = Cn On Nad: 

In fact, the analogy can be promoted further. As is known, the vierbein e,,"(x) 
plays the role of a converter which turns curved-space tensors (transforming 
under the general coordinate transformation group) into tangent-space ones 
(transforming under the local Lorentz group), The vierbein’s superanalogue 
Q(z) is seen to have a similar meaning. Consider a multiplet of chiral scalar 
superfields ®'(z) transforming according to the law (3.5.25) under the 
A-supergroup. We convert this multiplet into the nonchiral one 


i ,=(-%o awT. (3.6.31) 
In accordance with equation (3.6.24), ®,, changes according to the law 
O,=e%,  K=K'T! (3.6.32) 


under the K-supergroup and is unchanged with respect to the A-supergroup. 
Next, converting the antichiral multiplet ©, in the manner 


Dni = Bey, Q='T! (3.6.33) 
one arrives, due to equations (3.5.25) and (3.6.29), at the transformation law 
Din = Õe“. (3.6.34) 


Surprisingly, it follows from equation (3.6.28) that the action (3.5.27) can be 
rewritten in the free form 


S = fadno (3.6.35) 


as if the interaction were absent. 
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3.6.4. Gauge covariant derivatives 
Gauge superfields Q! and {’ can be used to construct gauge covariant 
derivatives—that is, first-order differential operators preserving the trans- 
formation laws of matter multiplets. In the rest of this section, we restrict 
ourselves to consideration of real G-representations in which the generators 
satisfy equation (3.5.56). 

Introduce some matter multiplet '(z) and its conjugate 6'(z) (the © index 
is given in the upper position in accordance with the reality of the 
G-representation), transforming under the A-supergroup by the laws 


=D =e (3.6.36) 
T > DT = ADT (3.6.36b) 
Taking a covariant derivative of ® breaks the initial transformation law, 
D,®>D,0' 4e'*D,@. 


To preserve the transformation laws, it is Worth changing D, by new sets 
of operators Z'\"! and 21? of the form 
giz) = (2S). gitl G*>)) 
4 Aik: (3.6.37) 
gp = D,+ iF ) rt) = r4=\2)T! 


with I4+\z) being ‘superfield connections. One demands that the 
A-supergroup act on ZF! in such a way that the following relations 


Fto > Zo’ = eZ o (3.6,38a) 
AST +918" = eA Gt (3,6.38b) 
hold. This means 
Br) —> OY) = Ag eT (3,6.39a) 
BD) 4 BP) = alr ei, (3.6.39b) 


The operators @'=’ are said to be ‘gauge covariant derivatives’. 
A particular solution of the above problem, based on the use of the gauge 
superfield V'. is given as follows: 


Q\*) =e-?”D,e2" a =D, 


(3.6.40a) 


B= (a°); „2 = igus B+ " 


oe 


BI =D, Fl = De 


i (3.6.40b) 
D) = (0932 = “| ia E W 
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Since D,A = B,A = 0, making use of equation (3.6.30) leads to 
Gi) =e” D e?" = d^e Ye- iD eet e 
= g^ e-2’D eVe =i = eG tie-in 
Fog = D, = AD, ea iA = PAG eT, 


Note, if ® is chiral, then it is gauge covariantly chiral with respect to Z'*?. 
It is worth noting also that the two sets Z(t?’ and Z‘-' are connected by 


gS) = eg e, (3.6.41) 


In the general case, the gauge covariant derivatives (3.6.37) satisfy the 
algebra 


LZE, DF") = DOF) -(- 1g tgi>) 
= Tyg Dit! + iF (3.6.42) 
Fix) = FLETE, 


Here T,,° is the supertorsion tensor defined in terms of the covariant 
derivatives D,: 


[Da Ds} = Tas De. 


F‘j5) is said to be the ‘supercurvature tensor’, It is expressed in terms of the 
connection superfields by the rule: 


Fé) = Dt) — (— 1)", 'F) + iF), THF}. (3.6.43) 


It is evident that F$ transforms covariantly under the A-supergroup (in the 
adjoint scien 


bas PS) ai a 4 (3.6.44) 
rg = Figg) = ^F pe". (3.6.44b) 
In the case of the derivatives (3.6.40), the algebra (3.6.42) is 
(2, 912) = -219 
(2# pith = (2#), ZE) =0 


ZF a1 = meal (3.6.45) 
[ait Oa) = 2ie,gW ie 
ca‘, 7) “il = -EAZ WIE) — 2, 2 WIE, 


Here the supercurvature components W‘*! and W>? are connected with the 
superfield strengths (3.5.36) by the formulae 


WHEW, WP = eY We (3.6.46a) 
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Wi) = e?”Wie7 2” Wi) = W, (3.6.46b) 
Let us comment on the derivation of the relations (3.6.45), As a result of 
(3.6.40a), we have 
ry'= ie De") Py =0> Ty) = SDr. 

This immediately leads to 

LZS’, Dih] = DiesaW p 
Similarly, one readily obtains 

L2’), 2gp] = 2ie,yW j. 


Then, making use of the relation (3.6.41), one obtains the commutators 
[7 2p] and [Z\-’, Zip]. Finally, a commutator of vector derivatives 
can be calculated by the rule 


(az) gah = sae a), ip 


is ) a5, qth +3 Git) (a>, a] 1 


It is worth pointing out that this expression een be antisymmetric with 
respect to the double transposition zf and xf. On the other hand, 
from expressions (3.6.45) we see that 


gar 


A i] = =e 2a Wi) = eA Di Wt) 
+ 5 Fanta 29) = git= with, 


This requires the identity 
git) = Gatiy'>) (3.6.47) 


The reader can check this explicitly, 


Remark. Since the superfield strengths W, and W, are chiral and antichiral, 
respectively, it follows from the relations (3.6. 40, 41, 46) that the supercurvatures 
W‘*) and W) are gauge covariantly chiral and antichiral, respectively: 


Zi wis) = i PW =Q. (3.6.48) 


In conclusion, we introduce gauge covariant derivatives Z 4 for a matter 
multiplet transforming under the K-supergroup by the law (3.6.32). They are 
given in the form 

= e-ia Git ein =e7if Zire 


G, =e De FG, =e; ei (3.6.49) 
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i $0 
Gus = 5 (Pn Fs) 
where we have used equations (3.6.28). In accordance with equation 
(3,6, 24,29). the operators Y, are characterized by the transformation law 


Dp F' =i G ei, (3.6.50) 


3.6.5, Matter equations of motion 

Gauge covariant derivatives arise in dynamical equations for matter 
multiplets. For example, consider the dynamical system (3.5.57). It is 
characterized by the equation of motion 


= {Diet o + mō” =0 


ns (3.6.51) 
= {Die 57 + mo =0 


From this equation one obtains 


l 2 2 
see D'e” © — m =0 


“Dre D?e~2" or = mT 50; 


Recalling definition (3.6.40), we can rewrite the equations in terms of the 
gauge-covariant derivatives: 


Zgaga S. m Ò =0 


TOSE (3.6.52) 
— g” Iz T = m T = 0. 
16 


Now, since 7\*'® = 0 and Z!~'O™ = 0, these fourth-order equations can be 
easily reduced, after some work with the algebra (3.6.45), to the following 
second-order equations; 


(ana - wg) — saws Me n? Jo =0 


| z (3.6.53) 
(Cae + WG" + SPW - mè)" =Í. 


Evidently, the equations obtained are explicitly gauge covariant, 
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3.6.6. Gauye superfield dynamical equations 
In conclusion, we would like to obtain dynamical equations corresponding 
to the pure supergauge action (3.5.39). To this end, it is worth discussing 
how to do functional variation with respect to V in an optimum way. 

Let F[V] be a functional of the gauge superfield. Making an infinitesimal 
displacement in V changes the functional by 


dF(V] 


. (3.6.54) 
dV (2) 


dF[V] = F[V+ 6V] —F[V]= r aovee 


If FDV] is gauge invariant, F[V'] = F[V], V’ being as in equation (3.5.26), 
then the equation 


—— =0 (3.6.55) 


proves to be gauge covariant, 


OPEN ge es 
ôV ôV” 
However, the variational derivatives 6F[V]/6V transform into a nonlinear 


representation of the A-supergroup, since the variation dV changes in a 
complicated nonlinear way: 


0. 


et = ee e-i 


eX V HV — gihgAV + óVle—iA, (3.6.56) 


Instead of considering ôV, one can introduce covariantized variations A'*)V 
defined in the manner 


QAM = eT? pe?! = eM eAV+ SV) _ ] 


QAlV = fe eT? = eA + Vie av _ (3.6.57) 
which transforms covariantly: 
Aty’ = elAAtt Ve iA 
(3.6.58) 


Apy = eAAl— pe iA 


in accordance with (3.6.56). The initial variation ôV is in a one-to-one 
correspondence with A'*’V or A'Y, since it follows from (3.6.57) that 


1 —exp(—2L,) 
2Ly 
ôV = Ly coth (LAV + LpA? y 


and similarly for A'~'V. Expressing òV in (3.6.54) in terms of A®'V or AY, 
one obtains 


ASO V =V +... 


(3.6.59) 
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A'=/F[V] 


ee (3.6.60) 


OF[V] =tr CESE 


If FLV] is gauge invariant, then A'=’F[V]/A'='V transforms covariantly: 
AS F[V’] =i A F[V] in 


Alt ~ Ay 
AFER] = iA AM FLV] ia (3.6.61) 
AC! AY à 
Finally. equation (3.6.55) is satisfied if and only if the covariantized forms 
A+ FEV] 
Seal = (3.6.62) 


hold. 
Now, let us vary the action (3.5.39), Taking into account equations 
(3.5.36, 44), we obtain 


l , 
óS = — r faszawew, =r fatza D’e*")W, 
y? 2g y 


i : 
= 5e | atca-iv (DW, + (it), wey] 


-Lu | d'A yg W,). 
g 


Therefore, the dynamical equations are 


Pow, = 0. (3.6.63) 
Using the identity (3.6.47), they can be written in the form 
Ort wt) = DW (3.6.64) 


representing the non-Abelian generalization of the vector multiplet equation 
of motion (3.4.11), 


3.7. Classically equivalent theories 


It has been shown in Sections 2.6 and 2.7 that different superfields can be 
used to describe the same super Poincaré representation. In the present 
section we would like to acquaint the reader with some supersymmetric field 
theories, each of which is characterized by classical dynamics identical to 
that arising in one of the previously considered models but realized in terms 
of other superfields. 
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3.7.1. Massive chiral spinor superfield model 
Consider the theory of a chiral spinor superfield ,(z), Dy, =, and its 
conjugate 7; with action superfunctional 


Stz.7] = - [ase — m? [eze —m? [ez 


1 =, - (3.7.1) 
G= zP sf D;7 TE G. 
Here the real scalar superfield G is linear, 

D?G = DG =0 (3.7.2) 


in accordance with the identities (2.5.30 f),To find the dynamical equations 
of the model, one can use the variational rule 


Plz 1 
òx ad 5 -ò "D78 {z — 2’), (3.7.3) 
öy”(z) 4 
This gives 
~D°D.G + my, =0 <D?D,6 + my; = 0. (3.7.4) 
Since D*D?D,G = D,D*D*G, one obtains the on-shell constraint 
D*x. = Dx. (3.7.5) 
After this, the system (3.7,4) can be rewritten in the form 
(E — m*)x, =0 
= i 2a (3.7.6) 
l i Gi aD x 


where we have used the chirality of 7, (D*D*y, = 160X) 

Recall that when imposing the first equation (3.7.6) only, the (anti)chiral 
superfields y, and y, describe two independent superspin-+ states (see Section 
2.6). Adding the second equation (3.7.6) expresses 7, in terms of yẹ As a 
result, the theory (3.7.1) describes the irreducible superspin-} representation, 
similarly to the massive vector multiplet model (3.4.1). Therefore the theories 
(3.4.1) and (3.7,1) are dynamically equivalent. 

The equivalence of the two theories (3.4.1) and (3.7.1) can also be seen as 
follows. Let us introduce an auxiliary model with action 


SCV, y. Z] = fe — 2V G)- m? faze — m? faz (3.7.7) 


where V’(z) is a real scalar superfield. We vary the action with respect to V, 
obtaining the equation 
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V-—G=0. (3.7.8) 


Next, taking the variation with respect to y, gives 
L3 
z DDV + mj, =0. (3.7.9) 


Due to equation (3.7.8), V can be eliminated from the action. This produces 
exactly the action (3.7.1), 


SLV.% Zlasjsv—o = SE% Z]. 


Similarly, using equations (3.7.9), one can eliminate 7, from the action (3.7.7). 
This procedure (up to a factor) the action (3.4.1), 


1 
S[V, hs Ussisy =0 7 masir]: 


Hence, the action (3.7.7) plays the role of a converter from the massive vector 
multiplet model to the massive spinor superfield model and vice versa, On 
these grounds the models (3.4.1) and (3.4.2) are said to be dual to each other. 


3.7.2. Massless chiral spinor superfield model 
Let us set the mass parameter in (3.7.1) to zero. The action 


Six: J = — ; faao + D7} (3.7.10) 


turns out to be invariant under the gauge transformations 
67, = iD*D,K ô% = —iD?D,K K=K (3.7.11) 


where K is an arbitrary real scalar superfield. What are the superhelicity 
states that the model (3.7.10) describes? 

Note that the linear superfield G (3.7.1) is gauge invariant. The equations 
of motion derived from the action (3.7.10) 


D’*D,G =0 D’*D,G =0 (3.7.12) 


together with the identities (3.7.2) show that G is an on-shell massless 
superfield (see Section 2.7). G has no definite superhelicity. However, one can 
construct from G two secondary superfields: antichiral 7, = D,G and chiral 
4, = D,G. These superfields prove also to be on-shell massless, in accordance 
with the analysis of Section 2.7. Their superhelicities are 


x(7,) =0 K(A;,) = — 1/2. (3.7.13) 


Recall that the same superhelicity content arose in the massless chiral scalar 
superfield model (3.2.5). Therefore. the theories (3.2.5) and (3.7.10) are 
dynamically equivalent. 
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In fact. the two theories (3.2.5) and (3.7.10) are dual to each other, because 
they can be obtained from the action 


SEV. z4 Z] = fasz V? + V(D*y, + Diz}. (3.7.14) 
Indeed, eliminating V with the help of its equation of motion, one obtains 


the action (3.7.10). On the other hand, varying S[V, x, Z] with respect to y, 
and z, gives 


D?D,V=D*D,V=0 (3.7.15) 
which can be resolved as follows 
V=0+90 D0 =0 (3.7.16) 


where ® is an arbitrary chiral scalar superfield. Substituting this solution 
into (3.7.14) and using the observation that 


Do =0 DG=0= 
(3.7.17 
faza =— ; fasono =0 i 


one arrives at the action (3.2.5). 

In conclusion, let us discuss the component structure of the model (3.7.10). 
Following the prescription of Section 2.8, we define the component fields of 
Za by 

AAX) = Xal Balx) = D,2X~)\ 
Vsi (3.7.18) 
A(x) = D*y..| nax) e aR riad Ral 


From the symmetric spin-tensors B,; and B,ġ one can construct an 
antisymmetric real tensor B,, by the standard rule 
By = (Tas) B = (Čana B . 


Next, the component fields of the linear superfield G are expressed in terms 
of the fields (3.7.18) and their conjugates in the manner: 


G\= =A + A) = p(x) 
D,G| = fha — inh * = W(x) (3.7.19) 
SD, D,JG| = —id",Byy + iô f Bzg = —(0")zaL-{B). 
Here L,(B) is the antisymmetric tensor field strength defined in (1.7.43). It is 


worth noting that the component fields (3.7.19) are invariant under the gauge 
transformations (3.7.11), due to the gauge invariance of G. Finally, the 
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component form of the action (3.7.10) can be calculated by the rule: 


S= [ate 


-l= M D D? G? = : D?(D,GD*G) 


= £D.D,G|D"D*6| + ; D?*D,G|D*G| 
e- (5: ic- ital) — i2,,D°G|D*G| 
which gives 
S= | afi L*(B)L (B) — stot. = iotas}, (3.7.20) 


This action represents the supersymmetric extension of the antisymmetric 
tensor field theory (1.7.43). 

In components, the equivalence of the theories (3.2.5) and (3.7.10) is trivial. 
The former theory describes two massless scalar fields and a massless 
Majorana spinor field. The latter theory describes three massless fields: one 
scalar, one antisymmetric tensor and a Majorana spinor. But free massless 
scalar and antisymmtric tensor fields are dynamically equivalent (see 
subsection 1.8.4), 

It is worth pointing out that in Minkowski space bosonic field theories 
can never be equivalent to fermionic ones, due to the spin-statistics theorem. 
The situation is different in superspace R*!*. Here some bosonic superfield 
theory may appear to be equivalent to a theory of fermionic superfields and 
this fact does not contradict the spin-statistics theorem. 


3.7.3. Superfield redefinitions 

In both theories considered above, their equivalence to theories realized in 
terms of different superfields, occurred due to the existence of proper duality 
transformations. Another way of obtaining dynamically equivalent models 
is superfield redefinitions. For example, one can always express a chiral scalar 
superfield through a real scalar superfield by the rule 


= -553v veP. (3.7.21) 


However, since V has more degrees of freedom than ®, this redefinition is 
accompanied by the appearance of gauge invariance 


VoV=V4+ (Dv. + Dy’) Dapa = 0, (3.7.22) 


Here w,(z) is an arbitrary chiral spinor superfield. Defining component fields 
of V as in expression (2.8.19), one can see that the fields A, Ya, Ya and the 
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transverse part of V, are purely gauge degrees of freedom. The other fields 
in expression (2.8.19) are related to the component fields of as follows: 


| = F(x) D,®| = 4,(x) 


l i (3.7.23) 
- gro = D(x) + 5 &°V Ax). 


Remark, The chiral parameters Y, in expressions (3.7.22) are defined 
modulo transformations 


W, => Y, =v, + iD*?D,K K=K, 


After making the redefinition (3.7.21), every chiral scalar superfield theory 
transforms into a real scalar superfield theory. For instance, the model (3.2.2) 
is changed to 


s(v] = : | e {D?, D?} — =(D + n3) V BIA) 


Similarly to the initial model (3.2.2), its transformed version (3.7.24) turns 
out to describe one superspin-0 state. Surprisingly, it is sufficient to change 
the mass term in the manner 


TD? + D’) = m? 


and the resultant action 
l " : 
stv1= sleg [D?, B?} — m? )v (3.7.25) 


will describe two superspin-0 states. The reader can easily check this 
statement. 


3.8. Non-minimal scalar multiplet 


One of the historic traditions popular among the practitioners of supersymmetry 
is to use term ‘scalar multiplet’ for the set of dynamical (super)fields in a 
supersymmetric theory realizing the superspin-0 representation on the mass shell. 
More precisely, this term is literally used for those supermultiplets which involve 
only physical scalar fields to describe the spin-O states. The supersymmetric 
model, which has been discussed in subsection 3.7.2, also describes the massless 
superspin-O multiplet, but with one of the physical scalars being traded for a 
gauge antisymmetric tensor off shell. That is why this model is often called 
the ‘tensor multiplet’. It is scalar multiplets which realize the matter sector in 
supersymmetric phenomenological models. 

Another tradition is that the scalar multiplets are identified with chiral scalar 
superfields and their conjugates. It is quite natural to ask whether such an 
identification is obligatory or, to a greater extent, a matter of habit and 
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convenience? Certainly, the chiral scalar superfield provides the simplest and 
very convenient description of a scalar multiplet (‘minimal scalar multiplet’). 
But there exist alternative (or variant) scalar multiplet realizations like that given 
in subsection 3.7.3 (as compared to the minimal scalar multiplet, here one of the 
two auxiliary scalar fields is converted into the divergence of a vector field, see 
equation (3,7,23)), Therefore, such nonstandard multiplets provide alternative 
descriptions of supersymmetric matter and cannot be simply ignored. 

In the present section we consider several models of the ‘non-minimal 
scalar multiplet’ which was introduced for the first time by S. J, Gates and W. 
Siegel. The non-minimal scalar multiplet is described by a ‘complex linear scalar 
supertield’ which we did not meet in our previous study of supersymmetry. 


3.8.1. Complex linear scalar superfield 


A complex linear scalar superfield T (z) is subject to the single constraint 
D’r=0. (3,8.1) 


In contrast to the real linear scalar, no reality condition on T is required and 
thus D*P Æ 0. 

Constraint (3.8.1) defines a reducible representation of supersymmetry, For 
example, I’ can be expressed in the manner 


r=2+D'2, Di = Diu =0 (3.8.2) 


with Q and 82, some chiral scalar and spinor superfields, respectively. 

Complex linear scalar T and antichiral scalar © are complementary to each 
other in the sense that an unconstrained complex scalar U can be decomposed 
as follows 


U=O4Pr D,? = DT =0. (3.8.3) 


Similarly, real linear scalar G and chiral scalar ® are complementary 10 each 
other in the sense that an unconstrained real scalar V reads 


V=%+4+0+G Dio=D'G=0 GHG. (3.8.4) 
The general solution to equation (3.8.1) is 
r=} =D (3.8.5) 


with W,(z) being an unconstrained spinor superfield defined modulo 
transformations of the form 


by, = DP Eag) (3.8.6) 


where &qg)(z) is an unconstrained symmetric bi-spinor superfield. Therefore, 
any supersymmetric model described by constrained superfields T and F can 
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be treated as a theory of unconstrained potentials W, and VW, with the gauge 
invariance (3.8.6). 

Remark. The complex linear superfield naturally originates if we consider a 
more general superfield redefinition than that given by relation (3.7.21), Namely, 
let us express the chiral scalar superfield through a complex scalar superfield by 
the rule 


li 
@=--D’U. 
zP U 


Since U possesses more degrees of freedom than ®, this redefinition is 
accompanied by the appearance of gauge invariance 


U-uU'=U+r Dr=o0 


with an arbitrary complex linear superfield I, 


3.8.2. Free non-minimal scalar multiplet 


Let us consider a simple dynamical system described by the action 
superfunctional 


S[o, o,U, Ü] = [ee {do - ÜU} (3.8.7) 
where ® is a chiral scalar superfield, and U an unconstrained complex scalar 
superfield. Since the dynamics of U and U are trivial, this model is obviously 
equivalent to the massless scalar multiplet model (3.2.5), But as long as U is 
unconstrained and complex, it is in our power to make the superfield redefinition 


U — U+0 


which turns the action into 
S[®, ġ, U, Ū]=- fë: {UU+U%+U%} (3.8.8) 


The superfields U and U can be eliminated with the help of their equations of 
motion. As a result, one arrives exactly at the model (3.2.5). On the other hand, 
varying S with respect to ® gives 

ŌU =0 


and, hence, U becomes a complex linear superfield. After that, the second and 
third terms in (3.8.8) drop out, since 


[sou =—; f zou =0. 
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The above analysis shows that the massless scalar multiplet model (3.2.5) 
is equivalent to special theory of a complex linear superfield I and its conjugate 
F with the action superfunctional 


sir, Pf] =— f dzTT. (3.8.9) 
It is instructive also to re-establish the equivalence by considering the dynamical 


equations S[T, Ñ] leads to, which can be easily found by representing T and ř 
as in relation (3.8.5). The results are summarized in the following Table. 


Table 3.8.1. Minimal and non-minimal scalar multiplets. 


Superfield type Basic constraint Equation of motion 
antichiral scalar D,& =0 Dd =0 
complex linear scalar DT =0 Dr =0 


For completeness, we also present a similar table establishing the duality 
between the minimal scalar and tensor multiplets, the latter considered in 
subsection 3.7.2. 


Table 3.8.2. Minimal scalar and tensor multiplets. 


Superfield type Basic constraint Equation of motion 


chiral & antichiral scalars D*D,(@+)=0 D(o+)= 
real linear scalar DG =0 DD G =0 


Action (3.8.9) defines the free non-minimal scalar multiplet model. To 
determine its component form, it turns out to be reasonable to introduce the 
component fields of I in the following way: 


B=T} Xa = DST 
1 $ 
H = =3PTI Uso = DDT] 
Pa = Dar |] 05 = 5D°D,D.T (3.8.10) 


Then, a simple calculation leads to the component Lagrangian 
L= —0"°Ba,8— 5x0" už 


< i's 
-ÄH + 50°U, + 5(wp +p). (3.8.11) 
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Comparing the relations (3.8.10) and (3.8.11) with similar ones for the minimal 
scalar multiplet model, see equations (2.8.4) and (3.2.13), we observe that the 
non-minimal scalar multiplet model involves extra auxiliary fields: the complex 
vector field U, and the two spinor fields wy and py. Moreover, the auxiliary 
scalar field H enters the Lagrangian with opposite sign as compared to the 
auxiliary scalar F in (3.2.13), 

Remark. The action S[T, T] is the simplest representative of action 
superfunctionals of the general form 


S[T, P] = fë {-Fr + Er +1?) (3.8.12) 


with ¢ a dimensionless parameter. It is a simple exercise to show that for all 
values of ¢, except £ = +], these actions describe the scalar multiplet on shell. 
For ¢ ==! the corresponding equations of motion imply nothing but T = +P 
modulo an irrelevant constant. 


3.8.3. Mass generation | 


The only way to introduce a mass for a single non-minimal scalar multiplet is 
to add to the massless action (3.8.9) new terms containing the bare potentials 
Wa and Ye (3.8.5). So, let us consider the following action 


siwt = — f ae {Pr 42m Y + Ye *)} (3.8.13) 


which does not possess the gauge invariance (3.8.6). The corresponding 
equations of motion 


Dal + mý =0 (3.8.14) 


determine Y, and W, in terms of [ and [, respectively, Their obvious 
consequences are 


l z 
- 2T +m =0 
Lg sy 
-zT +mr =0. (3,8.15) 
We see that F is chiral on the mass shell and satisfies the dynamical equation 
(3.2.1) of the massive superspin-O multiplet. 


In summary, the massive scalar multiplet can be described by an 
unconstrained spinor superfield. 
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3.8.4, Mass generation Il 


Non-minimal scalar multiplets can acquire masses in tandem with chiral 
superfields. Following B. B, Deo and S. J, Gates, let us couple a single non- 
minimal scalar multiplet to a chiral scalar superfield my means of deforming the 
kinematic constraint (3,8,1) to 


l= 
-PE =92(¢) (3.8.16) 
with a holomorphic function 2- A general solution of this constraint is 


E= + F[®] (3.8.17) 


for some local functional ¥[®], 
An action superfunctional of the joint chiraJ-non-minimal dynamical system 
under consideration can be chosen in the form 


s= faz [9 - ŻE] + ( f #:£.(@)+e0.) (3.8.18) 


with £.() the chiral superpotential. 

To pass to components, we define the component fields of © in complete 
analogy with prescription (3.8.10), simply by replacing there F by Z. With 
standard definition (2.8.4) of the component fields of 9, a simple calculation 
then gives the component Lagrangian 


L= —a*Aa,A— soa — 3° Ba, B — Syot už 
+FF-HH+ zür, + zop +ōp) 
+ (F(V(A) - 52A} + ce.) — IRA) 
+ (Law +582") -V'(A)}ww + c.c:) (3.8.19) 


where V (A) is defined by relation (3.2.12), Eliminating the auxiliary fields leads 
to the following scalar potential 


U(A, A, B, B) = |2(A))? + IVCA) — BXA). (3.8.20) 


Looking at the Lagrangian obtained, we see that the auxiliary fields of Z 
do not couple to the component fields of $. In particular, the auxiliary scalar 
H does not contribute to the potential. This is not accidental. The point is that 
the structures FF and HH enter the Lagrangian with opposite signs. If we had 
linear in H contributions to L, they would produce corrections to the potential 
with the wrong sign and, as a consequence, the potential would not be positive 
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semi-definite. Another important property of the model in field is that one can 
generate a nontrivial interaction without having chiral superpotential at all! The 
deformed constraint (3.8.16) is responsible for such a coupling. In particular, 
if we choose £.(®) = 0 and 2(¢) = —m®, with m a positive parameter, and 
eliminate all the auxiliary fields, the final Lagrangian takes the form 


L = — 3" Ad, A — 0° Ba, B —m?(AA + BB) 
rea 
te Pp(iy4a, +m) Vp (3.8.21) 


with all fields being now massive! Here Wp denotes the Dirac spinor constructed 
of the physical spinor fields 


p= ( DiE] ) (3.8.22) 


3.8.5. Supersymmetric electrodynamics 


In subsection 3.5.2, we have realized the matter sector of supersymmetric 
electrodynamics in terms of two chiral scalar superfields with opposite charges- 
Here we are going to present an alternative formulation for this theory - 
Supersymmetric matter will be described by a chiral scalar ®(z) along with 
a generalized complex linear superfield £(z) constrained by 


-ipx +md=0. (3.8.23) 
The gauge group is postulated to act on ® by the law 
e=e44@d DsA=0. (3.8.24) 
Then, constraint (3.8.23) enforces © to possess the same transformation law 
Dla AE. (3.8.25) 


The unique renormalizable and gauge invariant action reads 
Ssep = [ee {ded — Le" SD} + ; fe W? Wa. (3.8.26) 


As compared to the non-gauge models (3.8.12) and (3.8.17), in the present case 
both the ¢ term and chiral superpotential are forbidden by gauge invariance. 

To pass to components in a manifestly gauge covariant form, now we have 
to be a bit more delicate than in the case of purely chiral matter, Let us start 
with introducing a generalized chiral representation (compare with subsection 
3.1.6), In this representation one works with the matter superfields 


p= o pO = eVe 
gO- > EO) euE (3.8.27) 
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whose gauge transformations involve only the chiral parameter A 


oc) . pO ` le) 

and completely similar for the column of D‘® and Ẹt®); here q denotes the 
operator of charge. Therefore, adapted for handling such superfields are the 
gauge covariant derivatives (3.6.40a) in which V must be identified with Vq. 
Herewith, the superfields ®© and ©) are covariantly chiral and antichiral, 
respectively, 

Be =0 BME =0. (3.8.29) 
Similarly, the superfields D°© and £{©) are covariantly ‘linear’ and ‘antilinear’, 
respectively, 


-LOVE + mo =0 = FAVE + mG =O, (3.8.30) 


The representation under consideration is chiral in the sense that the covarinat 
derivatives (3.6.40a) correspond to the chiral transform of those defined by 
relation (3.6.49), 

We define the component fields of © as gauge covariant space projections 


l 
A=00] y=] F= -700e (3.8.31) 
and analogously for Z(O 
j= ro) Xo = B10 
l P 
H= -70V mis BM GH 5c) 

5 ee 

pa = BEC i = zona, annie (3.8.32) 


In the Wess-Zumino gauge (3.4.16), definition (3.8.31) of the component fields 
of ® coincides with relation (2.8.4). The component fields of ©) and ÈO 
should also be defined via computing their gauge covariant space projections. 
Since the chiral representation is characterized by the conjugation rule 


UO =a (3.8.33) 


in the Wess-Zumino gauge the component fields of ® and E coincide 
with the complex conjugates of those given by relations (3.8.31) and (3.8.32), 
respectively. 

To find the component form of the action (3.8.26), it only remains to rewrite 
it in the form 


1 
Ssep = f d®°z Emar + 5 f dÉz W" We 
HEMAT ad BO plo) = EOS) (3.8.34) 
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and to note thal mar ts gauge invariant, hence 
| EP 
fë Luar = T6 | d*x DD EF marl 
l > itt 
= / dêr (DIAE Y Earl . (3.8.35) 


When computing the latter projection, one should keep in mind the basic 
constraints (3.8.29) and (3.8.30) as well as make use of the covariant derivative 
algebra (3.6.45), in particular, its simple consequences 
[Ra = hida H Wag (D5, 2 = 42a 2" — 8Weq 
[B,D = — 41S Da, Ds) + 16(W°D, + WB") qt 8G@"W,)q. (3.8.36) 
Finally, one should make use of the projections (3.4.20) and the identity 
GOUV = VUO] Va=a—-iVeq (3.8.37) 


which holds for any superfield U, with V, the electromagnetic gauge potential, 
see relation (3.4.15). As a result, one obtains the component Lagrangian 


i eee 4: 
Lsep = — gre Fup _ z Yoliy” Vu +mj¥p 
— V" ÄV LA — m ÄA — V“ BV, B — m° BB 
Faf ai ne 
—59(AA - BBY’ — Amy" da Am 
1’ f= = 
- sa| ATni — ys)Am — BAm(1 — ys)Wp + ce] 
rs 4 l = Gs 2 
+ (F +mB)(F + mB) +2(D+ 59(4A — BB) 
> iz l 
~HH + 50°U, + 5 (pw + pa). (3.8.38) 


Here Yp denotes the matter Dirac spinor (3.8.22), and Apm the Majorana spinor 
entering the massless vector multiplet. Comparing the two Lagrangians (3.5.19) 
and (3.8.38), we see that they differ only in their auxiliary field structure. 
Therefore, the formulation of supersymmetric electrodynamics given in the 
present section can be equally well used for the description of this theory. 
When m = 0 the basic constraint (3.8.23) tells us that X coincides with the 
complex linear superfield T which should be expressed through its potential by 
the rule (3.8.5). The corresponding gauge invariance (3.8.6) defines a gauge 
theory of an infinite stage of reducibility (see subsection 4.5.1). Covariant 
quantization of such a gauge theory turns out to be a nontrivial technical problem. 
and a complete solution of this problem was given by M. Grisaru er al '. For 


1 M. Grisaru. A. Van Proyen and D. Zanon Nucl. Phys, 502B 345, 1997. 
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m #0 one can avoid any quantization problems by adopting the point of view 
that the constraint (3.8.23) is nothing else but the definition of ®. Then, we work 
with a single unconstrained complex scalar superfield E and its conjugate È, in 
the role of matter superfields, and there is no extra gauge invariance associated 
with the matter sector. 


3.8.6. Couplings to Yang Mills superfield 


Complex linear superfields can be coupled to a non-Abelian gauge superfield 
very much like to the chiral matter. A multiplet of complex scalar superfields 
I transforms with respect to the gauge group by the rule (compare with relation 
(3,5,25)) 


reer M=Pe4 
A=A'T!’ Az=A'T' DA’ =0 (3.8.39) 


and this transformation is obviously compartible with constraint (3.8.1). The 
massless gauge invariant action reads 


S= -fez P(e") ri = -fa Per. (3.8.40) 


When working with purely chiral matter, it is always a nontrivial question 
how to get Dirac fermions in components, see subsection 3.5.7, For such a 
realization of supersymmetric matter, the chiral superfields should transform in 
a real representation of the gauge group just in order to have Dirac fermions 
at the component level. Another situation takes place if chiral superfields are 
introduced in tandem with complex linear ones, the latter being constrained by 
equation (3.8.23), for example. Now, we have a natural prescription to construct 
Dirac fermions, which is given by relation (3.8.22). Remarkably, the left handed 
and right handed components of the Dirac fermions are automatically distributed 
between the different superfields, ® and E respectively, Moreover, ® transforms 
in the same complex representation of the gauge group to which the Dirac spinor 
fields belong. 


3.8.7. Nonlinear sigma models 


The duality transform, which we implemented in subsection 2.8.2 to convert 
the minimal description of the scalar multiplet into the non-minimal one, 
can be extended to the case of nonlinear sigma models. Let us rewrite the 
supersymmetric sigma model action (3.3.10) in the following equivalent form 


stu. 0,7, r= fate {xw, 0)-ur-or}. (3.8.41) 


Here U are unconstrained complex superfields, [ complex linear superfields. 
This dynamical system is equivalent to the supersymmetric nonlinear sigma 
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model, since the T-equations of motion require U to be chiral, and hence reduce 
the above action to that given by relation (3.3.10). On the other hand, if we 
vary the action with respect to U and U, we obtain the equations 


ð - a = - 
— K(U, = —= P = 8.4 
gU Dr gKV 0) =F (3.8.42) 


which have to be solved to express U and U through T and P. As a result, one 
arrives at the dual action 


sr, P] = / dz K(T,T) (3.8.43) 


where K is the Legendre transform of K 


Rj [kw. Üj- Ur- or}| (3.8.44) 


v=uir.F), C=00r. Fy 
We see that the duality transformation is accompanied by the exchange of 
potentials 3 or 

K(®, 0) —+ K(T,T). (3.8.45) 


In the non-minimal picture (3.8.43), the Kahler invariance (3.3.11) is hidden. 

At the component level, the nonlinear sigma model described by action 
(3.8.43) is radically different from that realized in terms of chiral superfields 
(3.3.10). We refer the interested reader to the original publication by B. B. Deo 
and S. J. Gates for a detailed discussion of the component structure of model 
(3.8.43), 

Very interesting sigma models arise if we consider, once again, chiral 
superfields in tandem with complex linear ones. Let us here briefly discuss 
so called ‘chiral-non-minimal nonlinear sigma-model’ which was proposed for 
the supersymmetric description of the low-energy QCD effective action *. The 
action superfunctional reads 


aK (®, ®) 
adiadl 
and possesses the Kahler invariance (3.3.11). In contrast to the chiral sigma 
model (3.3.10), here the target manifold is the tangent bundle over the Kahler 
manifold where ®' and 2 take their values. The complex linear variables I”! 


form a tangent vector at the point of the Kahler manifold with coordinates o' 
and 4, with the transformation law 


s(o, ð, r, F] = f dêz {K(®, $) — rire (3.8.46) 


afi) 

av! ç 
with respect to the holomorphic reparametrizations (3.3.12). This transformation 
law is nicely compartible with the basic constraint (3.8.1). A nontrivial exercise 
for the reader is to find the component form of action (3.8.46). 


(my = (3.8.47) 


> 5. J, Gates Phys. Ler. 365B 132, 1996; S. J. Gates, M. T. Grisaru, M: E. Knutt-Wehlau, M., 
Roček and O. A. Soloviev Phys. Lett. 396B 167, 1997. 


4 Quantized Superfields 


If you can make one heap of all your winnings 

And risk it on one turn of pitch-and-toss, 

And lose, and start again at your beginnings. 
Rudyard Kipling: 
If 


4.1. Picture-change operators 


In the previous chapter, the classical dynamics of the most popular N= 1 
supersymmetric field theories was described. Now we turn our attention to 
investigating their quantum properties. Our primary goal will be to develop 
the superfield extension of the Feynman path integral perturbation theory. 
We anticipate that the reader is familiar with the functional methods of 
quantum field theory, although an introduction to these methods will be 
given below. 

As has been shown earlier, there are two equivalent formulations for 
supersymmetric theories: in terms of component fields and in terms of 
superfields, The only difference between these formulations is that dynamical 
variables exist on different spaces: in the former case—on Minkowski space, 
in the latter—on superspace R*'* (or its chiral subspaces). Owing to the 
universality of the path integral quantization procedure, it can be formally 
applied in both cases. When using the component field formulation, the path 
integral rules turn out to be correct in the sense that they lead to the same 
physical] results as canonical quantization. When working in the superfield 
approach, it is worth expecting that the superfield path integral rules will 
guarantee the supersymmetry to remain explicit at any stage of calculations. 
A natural question to ask is: What is the relation of the superfield path 
integral rules to physical scattering amplitudes? 

An answer to this question will be given in the following section, The chief 
goal of the present section is to introduce an auxiliary formalism, which 
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proves useful hereafter. We start by discussing (super) functional supermatrices 
and (super) functional derivatives. Then we describe picture-change operators 
which carry out transforms from superfields to component fields and vice 
versa. These operators will play an important role below. 


4.1.1, Functional supermatrices 

Many differential operators arising in field theories become linear if one 
considers their action on some linear functional spaces associated with spaces 
of histories. Under reasonable assumptions, it is possible to handle such 
operators as one does with ordinary supermatrices (see Sections 1.9 and 1.10). 
Here we are going to present the corresponding technique. 

There are several linear functional spaces related to the space of histories 
® of a dynamical system, which describe bosonic and fermionic tensor fields 
` on Minkowski space. Recall that ® is spanned by all possible sets {@'(x)} 
of smooth tensor fields on Minkowski space such that: (1) the fields have 
fixed Grassmann parities 


a('(x)) =e; 6,=0, 1 (4.1.1) 


(2) every field history includes together with each field ọ' its complex 
conjugate, that is, 


(o'(x))* =C'g'(x) (4.1.2) ` 


C’; being a real matrix fixed for the system under consideration; (3) the fields 
may have an arbitrary behaviour in finite regions of space-time and obey 
boundary conditions determined by the dynamical subspace ®, (owing to 
these boundary conditions, in nonlinear theories ® cannot be treated as a 
linear space and should be viewed as an infinite-dimensional supermanifold). 
Functional spaces discussed are the following, First is the ‘extended space 
of histories’ @ spanned by all possible sets {'(x)} of smooth fields on R* 
under requirements (1) and (2) (and maybe restricted to be bounded only). 
Omitting also requirement (2) gives the complexification ®, of ®. Second is 
the subspace A® in ® consisting of all histeries with compact support in 
space-time, that is, for every history (8¢'(x)}€A® every field dy’ may take 
non-zero values on a compact set in R*. Sometimes it is also reasonable to 
consider its complexification A®,. The space A® can be called the space of 
field variations. Finally, for every point ọ = {ọ'(x)} of ®, one can introduce 
the tangent space T, to ® at q, its complexification (T,), and subspaces in 
these. 

Each of the spaces presented is naturally identified with the even or real 
even subset of some infinite-dimensional supervector space. For example, 
consider the supervector space ®(A „) of all smooth mappings 


g: Rt Gir? 


where 2'4 is a (p, g)-dimensional supervector space, with p and q being 
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the number of bosonic and fermionic fields, respectively, which ® describes. 
Choosing a pure basis {E;} in Z9, eE,)=«,, one finds that c-type elements 
in ®(A,) are of the form 


glx) = E,p'(x) 


where the smooth functions @'(x) satisfy equation (4.1.1). Therefore, the set 
{@(x)! lies in ®,. Next, imposing the complex conjugation rules 
E*=(—1)*"E,C’, 

one observes that real c-type elements in ®(A,,) obey the equations (4.1.1) 
and (4.1.2). Therefore, ®-points span the real event subset of ®(A _). Recalling 
now the identification of C?'* and R?'? with the even and real even subsets 
of a (p, q)-dimensional supervector space (see Section 1.9), one can look on 
® (@,) as an infinite-dimensional real (complex) superspace. 

Let F bea linear differential operator acting on ®, (a c-type linear operator 


on ®(A,.)), 

e( Foo'(x)) = E (4.1.3) 
Associated with F is its ‘kernel’ (or ‘functional supermatrix’) F' x, x’) and the 
‘supertranspose kernel’ FT (x, x’) defined by 


Fo(x)= are Fi fx, x'\o(x')= [are ox’) FT (x', x) (4.1.4) 


for all pe®,. One easily finds: 
a F'{x, x')) =A FT (x, x')=e, +8; (4.1.5) 
and 
F d(x, x') =(— 1°?) Fix’, x). (4.1.6) 


It is instructive to compare the final relation with equation (1.9.58b) and 
equation (4.1.4) with equation (1.9.63). The kernel is evaluated by the rule 


F' {x, x')= F6',54(x —x’) (4.1.7) 
where F is to act on the indices i and x only. The ‘functional supertrace’ of 
F is defined as 

sTr F= f d*x (—1)"Fi(x, x)= f d*x (— 1)*F*T (x, x). (4.1.8) 
If F is a non-singular operator possessing logarithm, its ‘functional 
superdeterminant’ is defined as 

sDet F=exp(sTr(in F)). (4.1.9) 


The last two definitions represent infinite-dimensional generalizations of 
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those given in Section 1.10. It should be remarked also that introducing the 
even-even, even—odd, odd-even and odd-odd parts of F'{x, x'), one can 
represent sDet F as in equation (1.10.63). Another remark is that not every 
linear operator possesses well-defined sTr and sDet. We restrict ourselves to 
consideration of operators for which the right-hand sides in equations (4.1.8) 
and (4.1.9) exist. 

Given two linear operators F, and F,, the following relations hold: 


(F Fax, v= fase Fik Fx) i4. 1.10a) 
STr(F,F,)=sTr(F;F;) {4.1.10b) 
sDet(F , F 3) =sDet F; 'sDet F}. (4.1,10c) 


To prove the latter, we set F, =e“, F,=e? and use the Baker—Hausdorff’ 
formula: 


sDet(ete*) = sDer{ exp( 4 + B+; [A, B]+.. )) 


=exp( sti 4 +B+5 [A, B]+.. .))=expisT1 +m) 


=exp(sTr A) exp(sTr B). 
To simplify subsequent formulae, we introduce a condensed notation based 
on unifying the symbols i and x, which specify (x), in the label î. In such 
notation, we have 


o' =o(x) 5=6!,d4(x—x’) 6/=5//5%(x—x’/) 
(4.1.11) 


Figi = fate Fix, x')p4(x') sTr F=(— hia 


Tensor-like objects 


y Me 4 
lagira 


or Ta, jrrtvsinee 
mean (n+m)-point functions 
FPI — Tiia 
T has T fa 


inerniinem keilaan 


(xis e-r Xm Xp tay es Žarm) 


y mg ae EASTA E Rat OE DEA 
4,1.2. Superfunctional supermatrices 

Consider a supersymmetric dynamical system. As is known, it can be 
described by the space of histories ® or by the space of superhistories V, in 
relation to which ® is the space of component fields, In general, the superfield 
variables v'(z) include unconstrained tensor superfields Vz), chiral tensor 
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superfields ®2(z) and their conjugate antichiral ones ®%{2), 
v!(z)=(V4Xz), D2), B42) 
D,o2 = D,o2 = 0. 


Throughout Sections 4.1-4.3, we use lower-case underlined letters from the 
beginning (middle) of the Latin alphabet to label unconstrained (chiral and 
antichiral) superfields; in the antichiral case, indices are in addition dotted. 
Superfield variables can be bosonic and fermionic, 


e(v'(2)) =e, &=0, 1 (4.1.13) 


and are real in the sense that any superhistory v= {v"} e V includes together 
with every superfield v’ its complex conjugate, 


(4.1.12) 


c4,| 0 | 0 
(v'(2))*¥=Chw(z) Cy=| 0] 0 |e (4.1.14) 
0 |c#]} 0 


C'; being a fixed real matrix. Similarly to @, the space V is an 
infinite-dimensional supermanifold, whose structure is specified by boundary 
conditions imposed on superhistories at space-time infinity. In contrast with 
the field variables, which are functions on Minkowski space, the Vz), ®"{z) 
and 742) exist on different superspaces (parameterized by (x, 0, 8), (x, @) and 
(x, 8), respectively), and this is expressed in the explicit form of the unit 
operator on V: 


vi(z)= | dz! 5! (z, zwe= fa 2! v (zð {z',2) (4.1.15) 


where 
d%  J=a 
d'fiz =< ®z [=m (4.14,16) 
ds i=ħ 
and 


8! jiz, z) =ò;{z', 2) = 54h 5"z, 2’) 

6°(z—z')=d*%(x—x’ 40- 00-0) 
Siz, 2’) =4 5, (2, z) =s tx xa N00 

6_(2, z')=8t(x xi- I-T 


(4.1.17) 


=- s 
Il 
IX |= 1a 
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xfs) =x" tibo". 


The fact that the chiral delta-function (3.1.46) can be written as in (4.1.17) is 
a direct consequence of the relation (3.1.66) holding in the chiral 
representation, 

Associated with V are several infinite-dimensional superspaces: the 
"extended space of superhistories’ V, the space of superfield variations AV, 
the tangent spaces T,. to V at v, for every ve V, and their complexifications 
Va AV,. (T,).. These are introduced by analogy with ©, A®, and so on. 
Note also that chiral and antichiral superfields describing points in Va AV. 
and (T,), are not related by complex conjugation. 

Let F be a linear differential operator acting on V,, We define the 
*superkernel’ (or ‘superfunctional supermatrix’) of F as follows: 


Fe!(z)= fave Fizz jTz) = [ate F’,(z, zvez’) 
4$ | df?’ F' (z, z042) + | d®2' F(z, 2')BY2') (4.1.18) 


some components of the superkernel being chiral or antichiral: 
D,F2(z, z')=D;F', (2, 2) =0 
al a (4.1.18b) 
D,F2,(z, 2')=D,F',(z, 2’)=0. 
The superkernel is evaluated by the rule 
F! (z, 2’) =F! (z, 2’) (4.1.19) 
where F acts on the indices 7 and z only. Its supertranspose is defined by 
Fv!(z)= [ore of (2)F*T A(z’, z) 
(4.1.20) 
FT Yiz, z')={ = jer FY (z', z). 
Similarly to equation (4.1.5), one now finds 
oF! (z, 2')) = (F° (z, z))= 81+ E. (4.1.21) 
The ‘superfunctional supertrace’ and ‘superdeterminant’ of F are defined in 
the manner: 


sTr F= fan: (—1)°F! (z,z)= [ans (— 1)" F*? (2, z) 


= f dz (—1)*F" z, a+ fasz (— 12 F%_ (2,2) 
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+ [a°z(—1 Fa t, z) (4.1.22) 
sDet F =expisTr{ln F)). (4.1.23) 


The properties (4.1.10a-c) are trivially extended to the supercasė. 

It may seem, looking at equations (4.1.18) and (4.1.20) that operating with 
superfunction objects is much harder than with functional ones. Some real 
complications exist: first, when introducing the superkernel, one must succeed 
in satisfying the (anti)chirality requirements (4.1.18) (note, however, they fix 
the superkernel uniquely); second, it is required to integrate equations 
(4.1.18, 20) over different superspaces. Nevertheless, it is worth keeping in 
mind that every superfield variable describes a large number of ordinary 
fields. So the shortcomings mentioned can be looked on as a reasonably 
small cost for the advantage of working with a multiplet of fields as a single 
object. In addition, the operations sTr and sDet possess remarkable properties 
(having no direct space-time analogues), which often greatly simplify 
superfield calculations. Some of such properties are formulated in two simple 
theorems. 


Theorem 1, Let F be a linear operator of the general structure 


FPA (x, x, 9, DG aa 0'E — gy? 
F! izz) = F P (Xp Xin oxo — 0")? (4.1.24) 
FE IX =) X- } Dg — g’. 


Then, for every positive integer N, the operator F™ has the same structure and 
sTr(F“)=0. 


If F possesses a logarithm, then 
sDet F=], 


The meaning of equation (4.1.24) is quite simple. It tells us that F, regarded 
as a differential operator, is of zeroth order in the partial derivatives in @ 
and @, As examples of operators of the type (4.1.24), we can suggest 
z-dependent supermatrices 


F a (z)6%(z —2z') 
Fi (z,2)= F™ (2)6.(z, z’) (4.1.25) 
F* (2)6 _(z,2’ 


DF 2 = DF i= 0 
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or generalized d’Alembertians 
&,[G(z)6,0, + L*(z)0,] + O4,(2) 
Ô =4 8” [GP (2)0.6, + Lt, (2)8.] + OF (2) (4.1.26) 
8%, [G2 (z)6.6, + Li- (2)0.] + OF al) 
where G-p Li+; and Qı) are chiral (antichiral) superfields. Owing to 
Theorem 1, we have 
sDet(4l)=1 (4.1.27) 
for an arbitrary c-number / with non-zero body, 
Theorem 2. Let K be a first-order differential operator of the general 
structure 
ô“, KA*(z)6 4 +K4,(z) 
K={ 6" [A%z)é,+A%(2) eee] + A” (2) (4.1.28) 
5%, [2%(2)6, +A) e F i] h (2) 
X = 00° 0ò, 
where all A are chiral and all Q are antichiral. Then 
sDet eX =1. 


Proof. Since sDet(expK)=exp(sTrK), we are to prove sTrK=0. 
Introducing the superkernel of K, one observes that each of K? (z, z’), K™ (z, z’) 
and KŻ (z, z’) is proportional to (}—0') or (J-F) and vanishes at z=z’. 

To understand the importance of the above statement, suppose we have 
a linear representation T of some supergroup G (for example, the super 
Poincaré group) on V or on V,, the generators being first-order differential 
operators of the form (4.1.28) (as is the case in practice, in particular, for the 
super Poincaré group). Then every operator of the representation is 
unimodular, 

sDet(T(g))=1 Y geG. 


In quantum theory this implies the supergroup invariance of the path-integral 
measure! 

By analogy with equation (4.1,11), we introduce the superfield condensed 
notation: 


at ad F 1 , J j 
v =v" (2) ô =0" (2,7) òr =ðr (z,7') 

ere Said (4.1.29) 
Fl; = | dz F(z, 2'w4(2')  sTer F=(—1)°F/;. 


In the case of tensor-like objects 


pieh 1 


bika Tee 


KANEN A t T sty Zas n+l >r Zam) 
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or 
tne 4 oa Liat sbn=ns bod >. 
Tr Ï - =T),.., EIRT en Ona ls ty Zutm) 


it will always be assumed that for 1, =m,(m,) the expressions on the right are 
chiral (antichiral) with respect to the argument z,. 


4.1.3. (Super) functional derivatives 

Up to now, (super)functional derivatives, as they were introduced in Chapter 

3, have been left ones. Below it will be convenient to operate with both left 

and right (super)functional derivatives. Here we give the necessary definitions. 
Let Y: ®— A, be a functional on ®, Its left functional derivative 


h 
de'(x) 
and its right functional derivative 


¥{o] 


Y[o] 


ò 
ðgix) 
are defined by 


òY[y]= fas de 15 


zB tlel= fas ¥[¢] ER ôọ'(x) (4.1.30a) 


or, in condensed notation 


aS Ag 
d¥[0] =5y' — ¥[e] =¥[o] — dy! (4.1.30b) 
by! öy 


d(x) being an infinitesimal variation. Functionally differentiating @ gives 
the unit operator on ®: 


eo EFE p2 =; (4.1.31) 
dQ i by 


To simplify expressions involving repeated functional derivatives, it is 
useful to introduce the following notation: 


ô ò 5 5 
ii Pape ruck @l=—"— yp PGI (4.1.32) 
İse in in ‘ vale de" dy" dy"! dg" 
Symmetry properties of such tensor-like objects can be readily found by 
considering the nth variation of P[o] 


so] =< Vo +160] 
de" ea 
and then representing it in several different forms. Thus one finds 
5 ™ Pg] =50"...d9""i,.,..is¥L0] 
Shed Ôo". ees ga „ôg 
Pi, i 10189"... 
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This leads to 


i PLe]=(— 1H fo] (4.1.33a) 

iF Le] =(— 10 el Hae + oe os oT (4.1.33h) 
i. PL9] =(— 1)", PE] (4.1.33c) 

Y slo] =(—1)"¥ zo). (4.1.33d) 


In the first two relations, ¥ is assumed to be a pure functional: 
bosonic fermionic 
Y.-C, Y:O5C,,. 


Let Y be a bosonic functional. Equation (4.1.33) tells us that, for every 
ye, the supermatrix ;‘P j[~] is supersymmetric in the sense of definition 
(1.9.78). Associated with such a supermatrix is the c-number-valued bi-linear 
form on A®: 


(501, 693) = (602, 69,)=50 iP ile] bq. 


In the case of a real bosonic functional ¥:®—R,, the above bi-linear form 
turns out to be real c-number-valued, hence the operator ;‘P j[g] is 
self-adjoint on A®. 

Now, let Y: V-+A,, be a superfunctional on V. Its left superfunctional 
derivative 6/dv'(z)¥[v] is defined as 


db¥ [ve] = | dz dole) mtd ] 


1 WEJ + [ate 30% aes YEr] 


PE] (4.1.34) 


= fasz d5V4z) 


65 5m 
+a 2602) am) 


where 


D,- Yiv]=0 D,- 

* DM2) * Ta ) 
The right superfunctional derivative P[v]5/dv'(z) is read off from ô¥[v] in 
which ĝv'(z) is to be placed on the right, In condensed notation, we have 


E wf) =0, 


5¥ [0] =e! 2 PO] =e] Sð. (4.1.35) 


Superfunctionally differentiating v gives the unit operator on V: 


a =ð "Š= ôl. (4.1.36) 
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In perfect analogy with equation (4.1.32), we introduce the notation 


66 A 5 5 
J= “3 4.1.37 
heke inh ea wae ld ron soo em aL 


Relatitions (4.1,33) are trivially extended to the case under consideration. 


4.1.4. Picture-change operators 
In developing the general formalism for supersymmetric dynamical systems, 
it proves reasonable to have an analytic realization of the fact that ® is the 
component field space for V. This is the purpose of the present subsection. 
Associated with every superhistory {v'(z)}—_V is the unique history 
{(x)}€@ spanned by the component fields of VS, On and O% This 
correspondence is one-to-one and can be uniquely extended up to a 
correspondence between V and ®. So we have two mappings 


PV-6 Q0:6-V 
QP=ly PQ=ls 


carrying out transforms from superfields to their component fields and vice 
versa. In accordance with the results of Section 2.8, the operators P and Q 
are linear. Introducing their kernels, we can write 


(4.1.38) 


e'(x)= | dz Pl (x, 2')v'(z') 


(4.1.39a) 
D,P',,.(x, 2)= Dj Pin(x,2')=0 


and 
v'(z’) = [atx Q! dz, x')o'(x’) 


D,Q" (z, x)= D, PŽ (z, x')=0 


(4.1.39b) 


for every ve V and the corresponding p e®. Using condensed notation, the 
above relations take the form: 
g=P'ipi v=o 
fot — cl i nl._ si 
O;P s=07 P';Q';=5';. 
The operators P and Q will be called the ‘picture-change’ operators. 
Kernels of the picture-change operators are easily found in practice. 


Consider, for example, a chiral scalar superfield ®(z). Its component fields 
are given by equation (2.8.4). Then one acts in the manner: 


(4.1.40) 


A(x) = ®|= ares +(Z, 2')@(z') 


= [ere 5,(2|,2')@(z') (4.1.41) 
o 


0=0= 
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vc)=D,o\= |a" 68(2|—2')D), (7) = - [at (D,s%e\-2))0¢) 
| 
= [eve {D'*D!d%(2|—=2')}@(z’) 


l 
F(x)= =" D’ġ|= -5 fare 65(2| —2')D'*(z’) 


= -i [azoare —=z')}®(z') =- [asz07D3an =z’) 
where 
24) =(x*, 0”, a) =(x°, 0, 0). 


It is an almost trivial task to extend this exercise to all admissible superfield 


he simplest properties of the picture-change operators are; 
(P')=e(Q!) =e, +2, (4.1.42a) 
(Pi (x, 2'))*=(—1)!7""'C! PP (x, 2')C7, (4.1.42b) 
(Q(x, 2)" =(= 1 CL OM x, 2C4, (4.1.42c) 


They follow from equations (4.1.3, 14). Together with Pi, and gi, we introduce 
their supertranspose supermatrices by the rule 


pst i =( — 1) reer p 
; i (4.1.43) 
ot =| = 1)" +57 o}: 
Then we have 
y'= Pi" = pl pst | 
l=O'o'=g'gt!. 
The fact that the picture-change operators are linear has many important 


consequences. First, note that the mappings (4.1.38) are uniquely extended 
up to the linear mappings 


P:V.-6 0:6,-V, 


inverse to each other. Let F be a linear operator on V,. It induces the linear 
operators on ®,: 


(4.1.44) 


F=PFQ (4.1.45a) 
Obviously, we have 
Fi=P' FQ". (4.1.45) 
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The use of equations (4.1.21) and (4.1.42a) leads to 
sTr F=(—1)'F=(-1)'P Fo] 
=(-1)"F! 01 P; =(—1)"F! 
therefore 
sTr F=sTr F. (4.1.46) 


Next, if F possesses a logarithm, the same is true for F and their 
superdeterminants coincide 


sDet F=sDet F. (4.1.47) 
As a result, it is inessential which picture, superfield or component field, is 
used for computing supertraces and superdeterminants. 


Furthermore, consider a superfunctional Y[v] on V. Associated with ¥[v] 
is the functional ¥[o] on ® 


¥[y]=?[x(9)] = PQ]. (4.1.48) 


Representing an arbitrary variation of ¥ in several forms, 
å T 

ôP =6v' P =59' — Y 

bul ? dg! 


or 


5 > 
SY =Y — 5p! = — Sy! 
i bq! ý 


and using equations (4.1.44), one obtains the relation between the functional 
and superfunctional derivatives: 


5 5 ô 5 
=PTi—, —= QT! 4.1.49 
but dg! dg! 2 bul i 
=— P —= +, 4.1.49b 
bt Bot! Spi ate! at 


In particular, the following identities hold: 
YAI=V fol, Pilel=¥ Avg’; (4.1.50a) 
nP se] =P GY ENP} 
Bag Ke (4.1.50b) 
LP jiol= g i PDO; 


being arbitrary. 
Provided one of the operators P or Q is at our disposal, its inverse can 
be obtained by the following scheme. Introduce a ‘Poincaré invariant 
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supermetric’ on A® of the form: 


ds*= | d*x de(xiny p(x) =de'ng dg! 
w ' (4.1.51) 
ny =n; O°(X — X') 
where n; is a constant invertible matrix subject to the requirements: 


(1) ny is supersymmetric and does not possess the even—odd and odd-even 
pieces, 
na=(—1 n; 
aes 4 (4.1,52) 
(— H n= ny 
(2) y satisfies the reality condition 
(ni)* =(— Vg CAC! (4.1.53) 


which implies that the supermetric takes real c-number values; 
(3) ñ; is a Lorentz invariant tensor, that is, it is a descendant of the 
invariant tensors (o*),, and (¢°)**. 


The inverse of n;; will be denoted by n”, nyn*/=4/. Next, introduce a ‘super 
Poincaré invariant supermetric’ on AV of the form 


ds? = [ers 5V%z)Nap VHZ) + | fasz ÒD 2) nn DHZ) + c.c. 


=6v'npy bv! (4.1.54) 
n= Oz, 2). 
Here 
Nab 0 
d= Nmn (4.1.55) 
0 UER 


is a constant invertible matrix subject to requirements completely similar to 
those imposed on »;; (with obvious modifications). The inverse of ,, will be 
denoted by n”, nign” =6,’. Since A® is the component field space for AV, 
it seems reasonable to restrict the supermetric on A@® (4.1.51) to be induced 
by the supermetric on AY (4.1.54), 


ds* = 59! QT! 10", So. (4.1.56) 


As a result, the supermetric on A® proves to be super Poincaré invariant. 
It is easily seen that the induced supermetric satisfies all the criteria formulated 
above. Comparing equations (4.1.51) and (4.1.56) leads to 


nj=O7;!n1707, (4.1.57a) 
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hence 
Pano nar. (4.1,57b) 


Therefore, P is expressed via the supertranspose of Q. Supermetrics n; n” 
and m;n n? may be used for lowering and raising indices of fields and 
superfields, respectively. 

Let us give an application of equation (4.1.57). Consider a non-generate 
bi-linear form on AV 


(dv, AETIA Hy; bv) 


where Hjj is a c-type non-singular differential operator. It induces the 
bi-linear form on A® 


(601, 93) = 59) Hyde, 


(4.1.58) 
Hj= 0T H0}. 
Now, defining 
H,=7/®He  H'=n Hij (4.1.59) 
and using equation (4.1.57b), one finds 
H';=P',H',Q7, (4.1.60) 
therefore 
sDet(n'*Hgj)=sDet(/*Hg)). (4.1.61) 


This relation extends the identity (4.1.47) to the case of supermatrices with 
indices in the lower position. 


4.2. Equivalence of component field and superfield perturbation theories 


This section is devoted to demonstrating the equivalence of two perturbation 
theories for computing correlation functions, based on the use of the 
component field and superfield formulations, respectively, in a large class of 
non-gauge supersymmetric dynamical systems. 


4.2.1. (Super) field Green's functions 

Consider some relativistic field theory with a classical action S[g]. In this 
section we make three basic assumptions about the structure of S[]. First, 
S[@] is a local functional of the form (3.1.11). Second, it is non-gauge, 
which means the dynamical subspace ®, possesses a history g 


S[¢o]=0 (4.2.1) 
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such that the Hessian at this point 


iS jlo] (4.2.2) 
is non-singular, that is, the equation 
iS jlo] d/=0 (4.2.3) 
has no solutions with compact support in space-time, 
(;Sjleo]de/}40 Y dgE AAO. (4.2.4) 
Third, S[] is analytic in a neighbourhood of po in ®; 
x | ; ; 
Sle]=Slol+ X = S.i. Po]A9" Ag" (4.2.5) 
n=2i: 
Ag'=y'—gi, 
Introducing the linearized action 
TE ; 
So[Ag; Go] => Ao! iS j[eolAy’ (4.2.6) 
and the self-coupling 
2 1 = ‘ 
SiwrlAg; Go] = ry mg SiiislPo]@"... Ag" (4.2.7) 


the action can be written in the form 


Sle] =SL@o] + Soligo; Go] + SinrLAQ; Go). (4.2.8) 


Let us remark that the theory with action (4.2.6) leads to the dynamical 
equations (4.2.3). The union of all sets of bounded fields {A@'(x)}, on which 
the linearized action takes finite values, defines the tangent space T,, to ® 
at Qo 

Because the Hessian (4.2.2) is non-singular it possesses Green's functions 
defined by 


‘SjloolG*=-8F Gi ,Sdo]=- 8; (4.29) 
if GÏ is a Green's function, its supertranspose 
(Gt) =(-1)"Gi (4.2.10) 


turns out to be a Green's function too. To pick out a unique solution of 
equation (4.2.9), one must impose proper boundary conditions. The Green's 
functions which play a crucial role in classical theory are the retarded and 
advanced ones, G,,, and Ga: We anticipate that the reader is familiar with 
the boundary conditions appropriate for these Green’s functions. Here it is 
worth recalling that G,,, is the supertranspose of G,,, and vice versa. The 
Green’s function most important in quantum theory is known as the Feynman 
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propagator Gp. Its defining property is that Gp propagates only positive 
(negative) frequency modes in the remote future (past), Next, Gp is known 
to coincide with its supertranspose 


G= > 1E Gp, (4.2.11) 


Both these properties make it possible to operate with the Feynman 
propagator as with an ordinary supermatrix. Let us recall that if H y is a 
supersymmetric supermatrix (1.9.78), as is the case for ,S [g], then its unique 
inverse satisfies the supertransposition property(1,9,83), which is as equation 
(4.2.11). Next, if H yy changes infinitesimally, H —H +ôH, then its inverse 
acquires the displacement 


6H~'=—H~*(6H)H™!. 
Similarly, when the operator Hj;=;S_j[@o] suffers an infinitesimal disturbance, 
iS LGol>iSlvor+ed~] dped® 


where £ 0, its inverse H~'=—G, changes by the above law. 

Suppose the dynamical system under consideration is supersymmetric. 
Then it can be described in terms of the superfield variables v'(z), of which 
(o'(x) are the component fields, by re-expressing ø in S[g] via v in accordance 
with the instruction (4.1.39a): 


Sv] =S[o(v)] = SCP), (4.2.12) 


Equation (4.1.50a) tells us that every stationary point of S[ọ] corresponds 
to a unique stationary point of S[v] and vice versa, 


Silvo]=0<Sslvo]=0 — h=Q' oi. (4.2.13) 
In accordance with equation (4.1.50b), we have 
1S.s0e] = P77! iS lol (4.2.14) 


therefore the condition (4.2.4) implies 
(pS lvo] #0  dveE AV\O. 


Asa result, the Hessian (4.2.2) is non-singular if and only if the super Hessian 
(4.2:74) evaluated at vg =Q@, is non-singular. Finally, the analyticity of S[ọ] 
implies the analyticity of S[v], which is of the form 


S[v] = Sivo] + Solr; vo] + Six LAr; v 
[v] [vo] oL o] +Six7[Av; vo] (4.2.15) 


K aia ONN 
At =v' — t0 


where the superfunctional 


SoLAv; vo] = Av! iS g[vp]Av" (4.2.16) 
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represents the superfield version of the linearized action (4.2.6), and the 
superfunctional 


SwrlAv:o]= F ae 1,..1,[Volu"... Av! (4.2.17) 
n=3 Mi 


is the superfield form of equation (4.2.7). 
Let G" be a Green's function of ;S [Yọ]. Introduce the superfield 
two-point object 


G! =Q' Gig. (4.2.18) 
Because of relations (4.2.9) and (4.2.14) this satisfies the equations 
S.jlvolG® =-58 G78 givo]= -ôg (4.2.19) 


As is seen, G” is a Green's function of LS [vo]. When G” is subjected to 
some boundary conditions, like the Feynman, retarded or advanced ones, 
the same boundary conditions are fulfilled by its superfield version G”, The 
superfield version Gg I of the Feynman propagator Gr’ is called the ‘Feynman 
superpropagator’ and satisfies, due to equation (4.2.11), the relation 


G,! =(- 1iyperG, (4.2.20) 


Remark. Let G'! be a Green’s function of iS Cpo] and G” be its superfield 
version. Introducing the operators 


H'=n* kS Lol H=?! g S lvo] 


G= Ging, G',=G ne) (4.2.21) 
one obtains 
Hi,Gk=-5, H,GS=—3). (4.2.22) 
Since Hi, and Hi, are connected by law (4.1.60), the last relations lead to 
=o'G'-p,, (4.2.23) 


4.2.2. Generating functional 

Under the basic assumptions made in the previous subsection, it is well 
known that the in-out vacuum amplitude and the mean values of 
time-ordered functionals of quantized fields, like n-point Green's functions, 
are given by the Feynman functional integral; 


éout|in> = Np f Dep We] (4.2.24) 


<outl\in> 


<ih = (4.2.25) 


| Zo exp{(i/h)S[e]} 


Quantized Superfields 293 


here A is the Planck constant, .!@ is a normalization constant, and the 
volume element is given by 


Po =[] de(x). 


The symbol ø in the first line of equation (4.2.25) is to be understood as a 
qunatum operator, in the second as an integration variable. The integrations 
in both expressions are over field histories satisfying boundary conditions 
appropriate to the in- and out-states chosen. In the wkB-approximation used 
in practice, the integrations are restricted to some complexified neighbourhood 
of a dynamical history @9€@ >, which is taken in the role of the classical 
ground state, the neighbourhood being specified by the Feynman boundary 
conditions: pure positive (negative) frequency in the remote future (past). The 
Feynman propagator is the unique Green’s function of ; S [po] corresponding 
to these boundary conditions. When operating with functional integrals (and 
later with superfunctional ones), we shall formally assume that all the 
properties of integration theory over R?!*4 listed in subsection 1.11.5 
generalize to the case under consideration, simply replacing functions by 
(super)functionals, superdeterminants by (super)functional superdeterminants 
and so on. 

As is well known, instead of computing chronological averages (4.2.25), 
for each Y[ọ], it proves sufficient to evaluate the generating functional for 
Green’s functions 


Z[J] =No | Go exp (sto) troh} (4.2.26) 
where {J;} is an arbitrary external source under the requirement 
elJ {x)) =¢;. (4.2.27) 
Because of the variational law 
Fj F 
—J,=d- 
6d; on 


one finds 


(4.2.28) 


<¥[e]> =(Z[0])~ w| Slaw 
i ôJ 


J=0 


for every functional ¥ of quantized fields. The standard way of perturbatively 
computing Z[J] is to represent S[~] in the form (4.2.8) and to make use of 
the identity 


i ; i hô 
Zi] =exp Sto +Ji@o) expt Sie? a oo | zat (4.2.29) 
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where 
Zo[J]=.1 a [Zoef Stao @ol+Jj soh) (4.2.30) 


is the generating functional of the linearized dynamical system (4.2.6). The 
final Gaussian integration can be easily performed resulting in 


Ai Li, 
ZoLJ] =sDet ; (in) exp |W Ge (4.2.3 1a) 
or, equivalently 
Z[J]= sDet!7(hG,') exp = 1a oe" (4.2.31b) 


with Hi. and Grii being defined as in expressions (4.2.21). Here we have used 
the normalization condition 


: l, : ; 
No | Zo epf z> Po) niko— ol = 1. (4.2.32) 


4.2.3. Generating superfunctional 
By analogy with the standard Feynman rules formulated above, one is in a 
position to develop a superfield quantum theory. First, one can introduce 
quantized superfields OF ad related to the quantized fields Øf uam by the law 
T H 

vuant =Q iO quant: 
Next, given a superfunctional ¥ of quantized superfields, its quantum average 
can be defined by the superfunctional integral 


favet exp{(i/h)S[v]} 
CPE =—_—_——_ (4.2.33) 


fa exp{(i/h)S[v]} 


where 
Qv=ZVZOLZS 


and superfunctional integrals, similarly to functional ones, should be 
understood as sequences of Gaussian integrations. In particular, the ‘n-point 
superfield Green’s function’ is defined to be 


Ceol, why) naL (4.2.34) 


Introduce an external ‘supersource’ {Jp} representing a set of unconstrained, 
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chiral and antichiral superfields 
J7=5)(2)=(Jalz), In(z), JnlZ)) 
DiJin = DSi =0 


(4.2.35) 
e(J (2) =e; 
and consider the ‘generating superfunctiona! for Green's functions’ 
ZEJJ= Vy f Dv exp) 7(ste]+3e} (4.2.36) 


Vy being a normalization constant. Then every average (4.2.33) can be 
represented in the form 


(CP [e]>> =(Z[0])- |? $ zon (4.2.37) 
1 ôJ J=0 
with 6/dJ being defined as 
ô f 
— Jj=0 7, 4.2.3 
a oy (4.2.38) 


Therefore, the generating superfunctional contains all necessary information 
about the superfield quantum theory. To compute Z[J], we proceed in 
complete analogy with the calculation of Z[J]. Namely, we represent the 
classical action superfunctional in the form (4.2.15) and make use of the 
identity 


ULM =enp} “(Stoel +Jml) heap] Sa] S vo | aot (4.2.39) 


where 
Z[J]= vy fa apli (S[Av; vo] +J ab) (4,2.40) 


is the generating superfunctional of the linearized theory (4.2.16). Choosing 
the normalization condition 


My fa exp] io- vonnto=v) b= i. (4.2.41) 
the above Gaussian integral takes the form 


Zo[I]=sDet-"?( iH )expy=2IvyGe$ (4.2420) 
h7 2h 
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or, equivalently 
ii 
Z[J]=sDet! (aas! 1) exp > JJ Ge" (4.2.42b) 
af 


with H, and G,/7 being defined as in expressions (4.2.21). Recalling the 
property (4.1.27) of the superfunctional superdeterminant, the final relation 
can be rewritten as 


3 1 i 
Z[J]=sDet!'(G,";) TET jG \ (4.2.42c) 


4.2.4. Coincidence of Z[J] and Z[J] 
We now show that Z[J] coincides with Z[J], the latter being considered as 
a functional of (properly defined) component sources of Jj. 

To start with, let us define the component sources J; of the supersources 
J; by the rule: 


Jj=I 10> Sp=JiP, (4.2.43) 
Such a choice of component sources provides us with the relation 
Ip! =J. (4.2.44) 
Considering now supersources and sources with upper indices defined as 
J=3m! Seti (4.2.45) 


we note that they turn out, due to equation (4.1.57), to be connected to each 
other by the law 


=P," sali (4.2.46) 


that is. in the same fashion as v! and gi aré connected, 
Recalling the definition of P*T and Q*" (4.1.43), one finds 


Jj=(- erst ly, 


. (4.2.47) 
Jp=(—1) PTJ; 
Now, the use of the relations (4.2.23) and (4.2.43, 47) gives 
JJG = Jj Ge". (4.2.48) 
Furthermore, it is not difficult to prove that 
Sml $ 5 to |= Sml £ oo| (4.2.49) 


By definition, we have 


as | $ s 
Sint LAG: P= ¥ qe pipoy"... Ap" 
qg=3 q: 
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and 


x 1l . - 
SwwrlAv; vo] = X — Si i [o] P"r Av" Py Av. 
q4=3 4: 


On the other hand, because of equation (4.2.43) we have 


<= Py (4.2.50) 


which confirms equation (4.2.49). 

As the next step, it is worth recalling that the relation (4.1.45) implies 
(4.1.46). The Feynman propagator is connected to its superfield version by 
the law (4.2.18), which leads to relation (4.2.23), and hence 


sDet(hG,!;)=sDet(hG;')). (4.2.51) 
Finally, equations (4.2.12) and (4.2.44) tell us that 
Slvo] + Ir} = Slo] + Jip. (4.2.52) 
Now, the relations (4.2.48, 49, 51, 52) mean 
ZUJ=Z0U] SKS) =P’, (4.2.53) 


Our final result is seen to be of great importance. Its obvious consequence 
is the fact that any chronological average <‘P[]>, Y being some functional, 
can be read off from the corresponding superfield analogue ¢<‘¥[v]}>>, where 
Y[g] and ‘P[v] are connected as in equation (4.1.48). From equations 
(4.2.28, 37, 50, 53) one deduces 


CPL e]> =((V1b(v)])) = <¢P[Pe]>>. (4.2.54) 
In particular, the n-point Green's functions <plip®... ob, R= 2) By cai APO 
expressed via the superfield Green's functions (4.2.34) as follows: 


+ SFU? PEE (4.2.55) 
goigoi = 1ye P PhP Rooy) 
and so on. 
In conclusion, it is worth saying some words about the general structure 
of Z[J] and Z[J]. Assuming that Z[J] can be expanded in a functional 
Taylor series, one immediately finds 


i BT AN +t ; 
(ZEO ZU]=1 +, Jie! + ry + (7) Ji. SISK GQ"... 0") 
n=2 n, 
(4.2.56) 
where the quantized field average 


nh é 
ed=7 57 ZN] (4.2.57) 


J=0 
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is said to be the ‘mean field’, Analysing the relations (4.2.29) and (4.2.31), one 
readily notes that 


lo = qi, +0) (4.2.58) 


so the mean field differs from the classical field Øo by quantum corrections. 
Further. the two-point correlator <o) turns out to be of the form 


ME- E sae - 
Cpp y= o += Gr! +O(h?). (4.2.59) 
In perfect analogy with Z[/], the generating superfunctional has the form 
(Z[0})~!Z[J]=1 +I) +5 as (;) Jp... Irro... 0y, 
n=2": 


(4.2.60) 
The quantized superfield average 


CESS arr In Z[J] (4.2.61) 


J=0 


will be called the ‘mean superfield’. The mean field and the mean superfield 
are connected as follows 


co) =P! dvd). (4.2.62) 


In other words, the union {<g‘>} presents the full set of component fields 
for {<<v'>>}. Similarly to equation (4.2.59), the two-point superfield 
correlator is of the form 


<ol>) = Coty) <ul) +2 Gel” +O) (4.2.63) 


In summary, we have shown that ordinary perturbation theory and the 
superfield version defined above are equivalent for non-gauge supersymmetric 
systems. From now on, all computation work can be done using superfields, 
without any reference to components. Return to component fields should be 
carried out only at the final stage, with the help of the projection rule (4.2.54). 


4.3. Effective action (super)functional 


In this section we introduce a central object of modern quantum field 
theory—the effective action, in both component field and superfield 
approaches. A brief review of the renormalization theory will be given. We 
also present a wide class of (pathological) supersymmetric models finite at 
each order of perturbation theory, with trivial S-matrix. 
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4.3.1. Effective action 

We begin by recalling that associated with the generating functional for 
Green's functions Z[J] is the generating functional for connected Green’s 
functions W[J] defined by 


Z[Jj=ell WU, (4.3.1) 


The expansion of W[J] in a power series in J reads 
z i tg nA ae} 
WEJ= WIO] +JiXO+ Liye didi Geo (4.3.2) 
n=l n: 


Gii being the n-point connected Green’s function. GË is usually called 
the full propagator and is related to the two-point correlator (4.2.59) in the 
manner: 


opi = cocoa 


R (4.3.3) 
GÏ =G + 0th). 


As is seen, the full propagator coincides with the Feynman propagator in 
the limit #0; on these grounds, Gp is often called the tree-level 
propagator. By functionally differentiating W[J], one obtains the functionals 


>in =i 5 ; FA -G AS E 
P=p =g WUS HIGH E Ip Ip 
i n=2 i 


(4.34) 


known as the mean field in the presence of sources. This coincides with the 
mean field when the sources are switched off 


Ọlz=z0= <9. (4.3.5) 


Owing to the non-singularity of Gp”, the full propagator considered as a 
power series in À turns out to be perturbatively non-singular. Then relation 
(4.3.4) can be uniquely resolyed with respect to J resulting in a functional of 
@, Jji=JiLG]. Now, making the Legendre transform of W[J], one arrives at 
the following functional 


Clo] =Wlen —JiLole! (4.3.6) 


which is called the effective action. It possesses the obvious property 


ro] Ps =J; (4.3.7) 
dQ 


Setting here J =0, hence =<), gives 
Tr i[<p~>]=0 (4.3.8) 
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therefore the mean field is a stationary point of [[@]. Next, by functionally 
differentiating equation (4.3.7) and using the identity 


which immediately follows from (4.3.4). one obtains 
iT KoG = ò. (4.3.9) 


Comparing the relations (4.3.8) and (4.3.9) with (4.2.1) and (4.2.9), respectively, 
and also recalling that <> has been interpreted, due to relation (4.2.58), as 
the quantum analogue of qo, it seems reasonable to interpret T[@] as a 
quantum analogue of the classical action S[¢]. 

Clearly, knowledge of T[ọ] makes it possible to restore W[J], with the 
help of the inverse Legendre transform, and therefore to calculate arbitrary 
chronological averages, using the prescription (4.2.28). On the other hand, 
it is well known that the S-matrix is uniquely read off from T[ọ]. As a result, 
all necessary information about quantum theory is encoded in the effective 
action. That is why the effective action is said to be the central object of 
quantum field theory. 

T[@] is often called the generating functional for vertex functions, the 
n-point vertex function being defined as 


Vij =T ih i LOllaecoy N2 (4.3.10) 


These functions appear in a functional Taylor series for T[@]: 


wo f : R a 
TL@l=T lo] + ¥ =T; i Apr... Ap AQ" 
Lal=TL<o?] Zn siete i (4.3.11) 


Ag=$—(9). 


Every vertex function is known to be represented by one-particle irreducible 
Feynman diagrams without external lines (recall that a connected Feynman 
diagram is said to be one-particle irreducible if it cannot be transformed into 
two disconnected pieces by cutting one internal line). 

Making use of the relations (4.2.26), (4.3.1) and (4,3,6,7) leads to the 
functional integral representation for [@): 


el TL9) =No {20 ell/AXSLo] -Tilalla (4.3.12) 


which proves to give a self-consistent way for perturbatively computing T[ọ]. 
One starts by performing the change of integration variables y= 9'+h'?y' 
(whose Jacobian is assumed to be unity, which is the case for supersymmetric 
theories) and expanding S[~]=S[{@+h'!?y] in a power series in &''?. This 
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$ EA : 
el MATTa] — 4 © EZ exp fi G y iS iol 


x "?- 1 


+ } — Si. MaI -A ar con't (4.3.13) 


n=3 n! 
AT(@]=l[e]—S[9]. 
Next, adopting the ansatz 


xX 
Io] =S(o]+ & Arte) (4.3.14) 
n=tł 
the above integral relation makes it possible to determine T"+* Y, provided 
all r”. i=1,..., n, are known. I represents the nth quantum correction 
to the effective action. It can also be shown that Feynman diagrams 
contributing to ” contain exactly n internal loops, so the expansion (4.3.14) 
is known as the ‘loop expansion’. 
As a simple example, let us calculate the one-loop contribution to T[@], 
For this purpose we keep only -independent terms in both sides of (4.3.13): 


MW=N@ fax epf T Ski} =sDet "nF ESj] (4.3.15) 
(compare this result with (4,2,31a)), Then we write 
EG] =; InfsDerin eS) = sT: In(n £S LO) 
therefore the effective action up to second order in h is 
I'[@]=S[@] +ih sTr In(y" gS. LP) + O(h?), (4.3.16) 


It should be remarked that relations (4.3.13) and (4.3.14) allow us to 
represent quantum corrections to l [ø] as one-particle irreducible Feynman 
graphs without external lines arising in a perturbation theory in which the 
role of propagator is played by the Green's function of ;S {@] under the 
Feynman boundary conditions, the functions Sj, ;[@] play the role of 
vertices, @ being considered as an arbitrary background field. 

In the case of a supersymmetric dynamical system, the effective action 
turns out to be the component form of a superfunctional! defined in perfect 
analogy with ['[@]. Let us introduce the generating superfunctional for 
connected Green's functions 


WLS] ="In Z[J] (4.3.17) 
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define the mean superfield in the presence of supersources 
sid WEJ 4.3.18 
re [J] ( ) 


and perform the Legendre transform of W[J] 
Pa] =Wisle— fale" (4.3.19) 


where Js should be expressed via ds with the help of equation (4.3.18). The 
superfunctional [[@] will be called the ‘effective action superfunctional’. 
Using the relations (4.2.50) and (4.2.53), one immediately has 


re]=F [He] =g igi. (4.3.20) 


The trivial consequence of this relation is that the component loop expansion 
(4.3.14) implies the superfield loop expansion 


[(é]=Se]+ È W ia (4.3.21) 


and vice versa. 
One can easily obtain the following superfunctional integral representation 
for T[č]: 


eUT = ry, a ef ANSE] = TULEN a, (4.3.22) 
At the one-loop level, T [0] is of the form 
re] =S[é] +5 hsTrin(n!* g S a0] + O(h?) (4.3.23) 


Relation (4.3.20) tells us that all necessary information about the 
supersymmetric quantum theory is encoded in the effective action 
superfunctional. 


4.3.2. Super Poincaré invariance of W[J] and T[é] 
Let us discuss the transformation properties of the superfunctionals W[J] 
and I'[é] with respect to the super Poincaré group. 
At a purely formal level, the question is resolved as follows. In a 
supersymmetric dynamical system, the classical action is invariant, 
S[g:vJ=S[v] (4.3.24) 
under arbitrary super Poincare transformations 


>g „pl = etb Pa + [1/2] KJah + +p (Tigi? (4.3.25) 
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the super Poincaré generators being given in (2.4.36), Any mapping (4.3.25), 
considered as a replacement of variables in a superfunctional integral, is 
characterized by the Jacobian 


sDet™ (i vl) 5) =s5Det *(T(g)). 


Owing to the explicit structure of the super Poincaré generators, the operator 
in the exponential in expression (4.3.25) is of the type (4.1.28), Then, in 
accordance with Theorem 2 from subsection 4.1.2, we have 


spet((g-0 5 )=1 ¥ gesn. (4.3.26) 


As a result, all the super Poincaré transformations are volume-preserving: 
2lg-v)=2v Yges, (4.3.27) 


Now, setting the supersource J to transform contragradiently to v, 


ig-JAg =J V gest (4.3.28) 


we obtain, using equations (4.3.24, 27, 28), 


ela = Wy [a exp} (stel + aaeh} 


=M y fau ty) ex |p (Sto *-v)+JAg*: oi} 


therefore 
W[g-JJ=WLJ] Vv ge SI, (4.3.39) 


This implies, as a result of relations (4.3.18, 19), super Poincaré invariance 
of the effective action 


rig =r] VgeStl. (4.3.40) 


The final relation is the quantum analogue of equation (4.3.24) and expresses 
the fact that the dynamical system under consideration is supersymmetric 
at the quantum level. 

The previous discussion is not completely strict and requires some 
comment. First, the superfunctional W[J], as it has been constructed above, 
depends parametrically on the dynamical history voe V chosen in the role 
of the classical ground state, that is, W[J]= W[J; vo]. Second, when obtaining 
WIJ: vo], we have integrated over some neighbourhood ©,,, of Vvo, which is 
specified by the Feynman boundary conditions. So, the strict definition of 
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WIJ: vo] is given by 


apf (WLI: vo] -stes]-sn)} 


Vy | BAv) expt (Sva + Av]—S[v,]-—Jy ac!) (4.3.41) 
Ley 


Let g be an element of the super Poincaré group. It moves vg into the 
dynamical history g -vo € Vg and the domain E, onto E, On the basis of 
arguments similar to those used to obtain relation (4.3.39), one now easily 
obtains 


Wg: Ji gvo] = WIJ; vo] y gesl (4.3.42) 
which represents the corrected version of (4.3.39). 


Suppose the dynamical subspace V possesses a ‘super Poincaré invariant 
dynamical history’ vo, as is the case in practice, so that 


g-o =U Y gesSil. (4.3.43) 

Setting here g=exp{i(e*Q, +€,Q*)}, Q, and Q* being the supersymmetry 
generators, we conclude that 

Q.vi(z)= Q,04(2) =0 = 2,v)(z) =0 = vi =constant (4.3.44) 


where the anticommutation relation 


{Q.. Q;} = —2i(o*) 40, 


has been used. Next, setting g=exp([i/2]KJ,,} in equation (4.3.43), one 
finds that only scalar components of {v$} may have non-vanishing values. 
Under equation (4.3.32), the domain E, turns out to be super Poincare 
invariant, and the relation (4.3.42) takes the form 


Wg-J: vo] = W[J; vo] Yy ge SII. (4.3.45) 
Then. the mean superfield proves to be constant 
<<v!)) = constant. (4.3.46) 


In what follows, as a rule, perturbation theory will be based on the 
use of a super Poincaré invariant dysarinai history in the role of vo. By 
redefining the superfield variables v z)>v(z)— oh and the classical action 
S[v]— S[v] —S[v,]. we arrive at the typical situation 


vo=0  S[0]=0  SA0]=0. (4.3.47) 
In addition, we shall adopt 
<<u!> =0 (4.3.48) 


which is really the case under reasonable physical assumptions. 
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4.3.3. Short excursion into renormalization theory 

The effective action is usually calculated perturbatively within the framework 
of the loop expansion. It is quite typical that vertex functions are given by 
Feynman integrals divergent at large momenta, In this case the theory 
considered is said to contain ultraviolet divergences. Renormalization is a 
special procedure for reconstructing the theory, leading to finite vertex 
functions (that is, to a finite quantum theory). 

Normally, the renormalization procedure consists of two parts. The first 
is regularization. Regularization is a prescription according to which all 
initially divergent Feynman integrals determining vertex functions, are 
replaced by other finite integrals depending on some (regularization) 
parameter A. These integrals are said to be regularized. It is required that 
the regularized integrals formally reduce to the initial ones when the 
regularization parameter goes to some definite value A’. We say the limit 
A-— A’ corresponds to the regularization being taken away. 

There are a lot of popular regularization schemes in quantum field theory, 
Pauli—Villars regularization, dimensional regularization, higher derivatives 
regularization and so on. Each of them has advantages and disadvantages, 
the choice of scheme is a matter of convenience. 

The second part of the renormalization procedure consists in constructing 
counterterms. In more detail, suppose we have a theory of fields ġ' (in this 
subsection index i corresponds to Í in our previous notation) described by 
an action S[@; RJ], where R denotes all parameters of the theory (i.e. masses 
and couplings). The fields are assumed, for simplicity, to be bosonic. Introduce 
another theory of fields o' described by an action S[g; R. A], with R being 
the corresponding parameters, of the form 


S[o; R, A]J=S[¢; R]+AS[g; R, A]. (4.3.49) 


Here S[; R] is the original action expressed via new variables ọ' and R, 
and functional AS[g; R, A] is of the form 


AS[o; R, A]J= ©. # AS,[o; R, AJ. (4.3.50) 
r=1 


The AS,s are chosen in such a way that the effective action of the theory 
with the classical action (4.3.49, 50) is finite at each order of the loop expansion 
after taking away the regularization. The functional AS is called the 
action of counterterms (or simply counterterms). A fundamental result of 
renormalization theory is that in a local field theory counterterms AS, exist 
and are local functionals of the fields g‘. 

It quite often turns out that the functional AS[@; R, A] has a structure 
duplicating that of the action S[g; R] in the following sense. Let 


si: R]= ; SRO OP + DORM. OO" ...0" (4,3,51) 


n=3 
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then 


S[o: R]= sSHg'oh+ S RPR no'o. pl (4.3,52) 


n=3 


with RY) being parameters. AS[y;R,A] is said to have a structure 
duplicating that of S[y; R] if it is of the form 


1 : = 
AST; R, AJ=5 SRAZ Eo" o+ DORI, AZEko g.g" 
n=3 


(4.3.53) 
It is important to notice that the coefficients of S‘? and R™ are the same in 


equation (4.3.52) and equation (4.3.53). In this case the functional (4.3.49) 
takes the form 


SLo; R, Aj= = D (ôli +(AZ, hie Joo 


> RY). ik (ôi a. jn +(AZ eed) Q" gË... o". (4.3.54) 


n=3 


Here df/?-/"=6{) ðk... ôf is a symmetrized product of delta symbols. Let 


us denote 
(ZW =h HAZME 
We =O? +(AZ hik (43.55) 
(Zn inci’ = Ohta + (AZM 
Then equation (4.3.54) can be rewritten in the manner 
~ 
SLO: R,A]=38}(Z HE o'o" + JO Rihi ko o.o 
n=3 
(4.3.56) 


Suppose that (Z;)//? has the following structure 
(ZHE =(Z7 Pali Py. (4.3.57) 


This implies that the action S[@; R, A] can be obtained from the initial one 
S[@; R] with the help of the transformation 


p'=(Zi jel 
RPL, sin RY.. inZn Wee} te 


(4.3.58) 


where 


(Zit = (27 PHZ NG ZT MS Mee (4.3.59) 
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The relations (4.3.58) are known as the renormalization transformation, the 
quantities Z, (4.3.57) and Z, (4.3.59) are said to be the renormalization 
constants. The following terminology is often used in practice: the initial 
objects S[@; R], @ and R are called the bare action, fields and parameters, 
respectively; the final ones S[g: R, A], @ and R are called the renormalized 
action, fields and parameters, respectively. As is seen from the above 
discussion, the renormalized action is obtained from the bare one with the 
help of the renormalization transformation. Every theory possessing this 
property is said to be multiplicatively renormalizable. 

It has been pointed out that regularization is an important element of 
renormalization. A chief requirement of any regularization scheme, besides 
those stated above, is to preserve, as much as possible, symmetries of the 
theory at hand. Consider, for example, the most popular dimensional 
regularization. In this scheme a four-dimensional theory is continued to a 
d-dimensional space-time; the role of regularization parameter A is played 
by the space-time dimension d, A’ coincides with d=4. Dimensionally 
regularized Feynman integrals are finite at d#4 and may possess poles of 
the form (d—4)~*, where k=1, 2,..., Counterterms must cancel these poles 
resulting with finite Green’s function in the limit d > 4. Clearly, dimensional 
regularization breaks down those symmetries of the initial classical theory 
which can be formulated only in four dimensions. For example, d=4 massless 
theories are known to be scale invariant, but this invariance does not survive 
under continuation to d#4. As a result, one can expect the appearance of 
scale anomalies after renormalization. Similarly, applying dimensional 
regularization to supersymmetric field theories creates an analogous problem. 
The point is that supersymmetry can be formulated only in some exceptional 
dimensions. 

Regularization schemes suitable for supersymmetric field theories are those 
which preserve supersymmetry at every stage of the renormalization 
procedure. Such regularizations are said to be supersymmetric. Since only 
the superfield formulation explicitly displays supersymmetry, it seems evident 
that supersymmetric regularizations should be defined in terms of superfields. 


4.3.4. Finite pathalogical supersymmetric theories 

One of the most remarkable properties of supersymmetry is that it leads to 
a great suppression of ultraviolet divergencies. Moreover, some super 
Yang-Mills theories are known to be completely divergenceless. The basis 
of this phenomenon is the fact that some divergent contributions, coming 
from bosonic and fermionic fields in a supersymmetric theory, cancel each 
other. A simple example of such cancellations is given by equation (4.1.27), 
which is equivalent to 


sTr(1)=(—1)"6/;=0, (4.3,60a) 
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This can be rewritten, using equation (4.1.46), as 
(-1 si; =(—1)"64, fas 6*(0)=0. (4.3.605) 


In spite of the divergent factor f d*x 6*(0), the full expression vanishes, since 
in every supersymmetric field theory the numbers of bosonic and fermionic 
fields coincide, hence 


(—1)5',=0. (4.3.61) 


It is worth noting that many divergent structures arise with the factor 
(—1)"6',, As will be demonstrated here, there exists a wide class of completely 
finite supersymmetric models which are, however, physically pathological. 
Of course, to construct realistic supersymmetric theories free from ultraviolet 
divergencies is much harder, but possible. 

Consider the model of a real scalar superfield V(z)= V(z) with the classical 
action 


1 
S[V]= fe- Vo van} (4.3.62) 
P being a real function of ordinary real variables. For simplicity, we assume 
PA(0)=P7'(0)=0. 


In our case, a super Poincaré invariant supermetric of the form (4.1.54) is 
uniquely fixed modulo a constant set to unity: 


ds*= [ors dbV(z) dV(z). (4.3.63) 
By superfunctionally differentiating S[V] twice, one obtains 
&S[V] ; 
—_—_— = (0 —A"(V))d{z-2 
SVESVE) (o (Vò ) 


= —(0— 0) (J-P — 2" etx- x’), (4.3.64) 
In accordance with equation (4.3.22), the effective action is 
ihr y | ZV eli AXSI- TIUNV- U) 


where 


or wv) 


(uj v—vUj= foe zuo ¢?- U(z)) 


U being a scalar superfield, In accordance with equations (4.3.23) and 
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(4.3.63, 64), the one-loop correction to [[U] reads 


p 
requlapstrin( SU) 
2 bV(z)d Viz’) 


Since the operator (4.3.64) is of the type (4.1.26), we conclude 
rruy=0 


as a consequence of Theorem 1 from subsection 4.1.2. But this is not the end 
of the story, With the help of the supergraph technique described in the 
following sections, one can readily find that all higher-loop corrections to 
TU] also vanish, 


rru]=0  n=3,3,.... 


Therefore, the theory under consideration is finite and trivial as a quantum 
system: its effective action coincides with the classical one 


TLU]=S[U] (4.3.65) 


quantum corrections are absent. 

From the physical point of view, the theory with the action (4,3.62) is 
pathological, since the kinetic terms of all component fermionic fields include 
second-order differential operators. On the other hand, the corresponding 
dynamical equation 


OV=F'(V) 


is non-trivial, due to the arbitrariness of A(V). In this respect it seems 

unexpected that the effective action is trivial (hence, so is the S-matrix). 
The example described can be generalized, for instance, to the case of 

models of (anti)chiral superfields ®(z) and ®(z), 5,©=0, of the form 


S[®, aj- fesd -1000+ 20} +ec 


More generally, every supersymmetric theory with an action S[V2, 0%, 6%], 
which does not possess V-®, V-@ or O-® mixings or does not contain 
terms with spinor covariant derivatives acting on superfields, proves to be 
finite and trivial, since in such cases the super Lagrangians will have a 
structure similar to that discussed above. 


4.4. The Wess—Zumino model: perturbative analysis 


4.4.1. Preliminary discussion 
In this section the superfield perturbation theory described above is illustrated 
using the example of the standard Wess—Zumino model (3.2.11). As will be 
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shown later, a general Wess~Zumino model (3.2.8) fails to be multiplicatively 
renormalizable unless the chiral superpotential takes the form 


ME 
L@)= 5m? +5 io? (4.4.1) 


where m and 4 are constants. This is why our consideration is mainly 
concentrated on the standard case. 

We begin by discussing some general aspects essential to every 
supersymmetric model (3.2.8), The space of histories V of such a system is 
parametrized by pairs of superfields: a chiral scalar O(z) and its conjugate 
antichiral scalar ®(z). So, the super Poincaré invariant supermetric of the 
form (4.1.54) is fixed, modulo a complex constant. as follows 


as*= [asz D(z) d@(z)+c.c. (4.4.2) 


Its component form defind by (4.1.56) reads 


” 


as? | atx] 25405F(0)~4 BW (x) Wy (x) bees 


where A, , and F are the component fields of ® (see equations (2.8.4) and 
(4.1.41). 

By superfunctionally differentiating S[®,®] (equation (3.2.8)), with the 
help of the variational rules (3.1.46), one obtains 


ôS 1 òS 1 
—=--D*6+ 70 =-—-D’0+ F/O), 4.4.3 
50) 4 Ol We 4 P OSD 
Taking the second superfunctional derivatives gives 
6°S 67S l 
TETY PFET L'O) lz) —-D?d_(z,7) 
SO(z)5M(z') 5O(z)5H(z') | (Ys 4 
oS PS i af . 
Ses Vea OT ee —-D75,(z,2') PUd)d_(z, 2’ 
SDE) SODE) ger ane) EARE 
(4.4.4) 
The final expression represents the superkernel of the linear operator 
Y(z) Me DB? 
H”! = 4 
-4D Piz) (4.4.5) 


Y= ¥"(®) DY =0 
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which maps the tangent space Ti, to V at (®, ©) into its dual space. For 
a fixed ¥, the H! can be considered as a linear operator acting on V, due 
to the explicit form of the supermetric (4.4.2), 

The operator H'* will play an important role in subsequent considerations. 
Here it is worth remarking that H'™® arises in the quadratic model of 
(anti)chiral scalars 7 and y coupled to external (anti)chiral scalars P and ¥ 
with the action 


E 1 
Sty, y Y, P = [atsin+ {i | are +00.) 
[% % ] x+iz x (4.4.6) 


D:z = D,Y =f 


When ¥P=$"(®)), ®, being a stationary point of expression (3.2.8), this 
superfunctional represents the linearized version (defined, in general, by 
equation (4.2.16)) of the Wess—Zumino action. 


A Green’s function 
aitia( Beeb) N (4.4.7) 
G_,(z, z') G__(z,z’) 


of the operator H” is defined to satisfy the equation 


HG?) = —4 (4.4.8) 
where 
6,(z, 2’) 0 ) 
Kz, 2')= : 4.4.9 
(zz) ( 0 6 _(z, 7’) 


The signs (+) indicate that G is chiral (+) or antichiral (—) with respect 
to the corresponding argument; in particular, 


DG, .(z,2))=DiG, (z, 2’)=0. 
Below G'*? will always mean the unique Green's function of H® under the 
Feynman boundary conditions. 


4.4.2. Feynman superpropagator 

In the case of the standard Wess—Zumino model, there are two super Poincaré 
invariant dynamical histories determined, due to equations (3.2.9) and (4.3.44), 
by the equation 


Lib) =m, +5 4m? =0 


hence 
Of=0 or Of =—2m/2. (4.4.10) 
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Both histories can equally well be taken in the role of classical ground state, 
since they are the only points minimizing the scalar potential (3.2.18). Because 
of the identity 

2m? 


m i 
= _— @l8)\2 å (B))3 
4} = 5 z‘ D) +e Do’) 


the use of the latter solution in equation (4.4.10) is equivalent to the use of 
the former corresponding to the chiral superpotential (4.4.1) with m— — m 
(physically, only the combination |m|? proves relevant). Therefore, we choose 
®,=0, and the decomposition (4.2.15) for the Wess-Zumino model takes 
the form 


S[®, $] = So[, D] + S,y7[O, B] 


So[, d]= | a*b0+) 5m | déz®? tea (4.4.11) 


SinrL®, 6) =- A fasz 0; +C.c, 
As is seen, the linearized action is determined by the operator H™, 


To find Green's functions of H'”’, it is worth recalling the identity 
D,o=0 = D*D*o=1609, (4.4.12) 


Now, one easily verifies 
HH ™=(0 —|m|?), (4.4.13) 


As a result, the formal solution of equation (4.4.8) with Y =m reads 
1 
0 —|m|* 
The Feynman superpropagator is specified by the well-known ¢-prescription: 
] 


G=G”'= SS she e— +0, (4.4.15) 


G= -H-A 


(4.4.14) 


From now on, we set m to be real. Then G can be explicitly written as 


mô, (z. 2’) : D?65_(z, 2’) 
a ) | (4.4.16) 
— ~~ 
Ae oe gD Slez) mé(2.2') 


This relation shows that the elements of G are expressed via the ‘chiral scalar 
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superpropagator’ 
l 
Gz, z7) = ———— 6 , (z, 2’ 4.4.17a 
(a z) 5 hl 2) (4.4.1 7a) 
and the ‘antichiral scalar superpropagator’ 
Giz, 2) = ———, — 6-(z z)). (4.4,17b) 
O—m*+ie 


Both G, and G, admit a representation similar to the well-known 
proper-time representation for the scalar propagator invented by J, 
Schwinger: 


i. ar ree O4(x—x') =i i ds U(x, x’; s) (4.4.18) 
where U(x, x’: s) is the unique solution of the equation 
(iZ+ g -n?) U(s)=0 (4.4,19a) 
under the initial condition 
U(x, x';s + +0) =64(x—x’), (4.4.19) 
U(x, x’; s) reads 
U(x, x’ s)=— Zz exp | =xf -nès \ (4.4.20) 
(4ns)? 4s 


Using the explicit form for ô, (z, z') given by equation (4.1.17), one now has 


Gz, 2')=i | ds U,(z, 2’; s) 
o 


ee EE _ py | Sx 2 
Uz, 2’; s) Gas” 8’) exp4il re mis | 


(4.4.21) 


Obviously, U,(s) is the unique solution of equation (4.4,19a) under the initial 
condition 


Uz. 2';s + +0)=6,(2, 2’) (4.4.22) 


and is chiral in both superspace arguments. 


4,4.3. Generating superfunctional 
Introduce an external chiral—antichiral supersource 


(J(z). Jz) DW=DJ=0. 
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Using the notation 
5,= fasz Ieo) fasz J(z)b(z)= JO +I (4.4.23) 
the generating superfunctional of the Wess-Zumino model is defined as 
ZJ, J] =v f2 È FO eilSorSinr+5y) (4.4,24) 


After integration, this reduces to the general form (4.2.39,42), the 
specialization to the case under consideration being as follows: 
Vo=(®,0.)=0 H =H™ Gp =G. 


Note that sDet (H™)}=sDet" '(G) is a constant independent of J and J. In 
fact, it can be shown that 


sDet(H'”)=1. (4.4.25) 
This leads to 


Z(J.J] =e%0 Sia 7 sd 1-5 | ots J] 


iôJ i dd (4.4.26) 
i J 
Zo(I. I] =exp 4~(I,I (3) 
olJ, J] =exp Gi ) J 
where 
(J, n¢(5) = | d®zd®z' Jiz)G_ .(z, 7')J(2^ 
+2 {aes dê? J(z)G , -(z, z')I(z') 
+ faszarz J(z)G _ _(z, z)J(z'). (4.4.27) 
Using (4.4.16), the final expression can be rewritten in the manner 
{aes ——" 42 {ass tps [ae 
Ol —m*+ie DO—m’ +ie4 O—m +ie 


Since J is chiral, we have 

; {os DY [ea : 
4 O-—m?*+ie Om? +ie 
As a result, we arrive at the expression 


Zo[J, N)=exp}i(—[atey 


O-—m?+ie 
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+B fata 
2 O- m +ie 


m l 
= | d°zJ —_.—_J } ;. 4, 
f Ee? )} (4.4.28) 


Let us introduce into consideration chronological averages for the 
linearized theory with the action Sọ (4.4.11) using the general rule: 


(CACO, ®])d9= | 2B2OA[O, 5] eO 


1616 
=4 5 6’ i alzo 1 


A being a superfunctional, Then components of the Feynman superpropagator 
are given as the correlators: 


G- -(zz)=G_ (z. 2)=i¢ (D(z) B(z')) Yo 


(4.4.29) 


J=]=0 


(4.4.30) 
G, (2,2) =i<<O(2)®(z)> >o  G--lz, 2!) = i¢ (H(z) H(z’) do. 


It is clear that Z[J, J] is expressible as a superfunctional Taylor series in J 
and J with the coefficients being complicated linearized correlators of the 
form (4.4.29). 

In practice, instead of using equations (4.4.27, 28) involving integrations 
over the (anti)chiral superspaces, it proves more convenient to express the 
components of G according to the law 


1 2 
G...(22)=(-7) DDK. ,(z, 2’ 
1 2 
G.-l2)=(-1) DDK, _(z, 2’) (4.4.31) 


G_(a2)=(- i) D?D’”?K _ _(z, 2’) 


where 


1 
K , -(z,z')=K_,(z,z)=K(z, 7’)=— ae 6°(z—z') 


= —d5*(0— a) 


ma ot x—x') (4.4.32a) 


Ka (z 2)=m P- Kle.2) K__(z,2)= mE- Kiz) (4.4.32b) 
40 
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Here we have omitted the (ie)s in the denominators, which are assumed 
here and below. Note also that in deriving equations (4.4.32) we have 
used equations (2,5.30g) and the identities 


D,6°(z—2')= —D46°(z—z’) 
D,6%(z—2')= —D,6%(z—z’). 


Now, the relation (4.4.27) can be rewritten as 


(J, ne) = fatz a2 {OK ~a(z, 2')J(z') 


(4.4.33) 


+ 25(2)K _ _(z, 2’)J(2') + I(z)K _ - (z, Zeyh (4.4.34) 


and the free generating superfunctional takes the form 
P m D? m D? 
Z[J,J]= —i | d®z\ J J+—J——. J+ -J——___]J };. 
sl apj ‘| ( O-m 8 p(o-m’) 8° o(0-m°) ) 
(4.4.35) 


Both expressions involve only integrals over the full superspace. 


Remark, The labels (+) carried by the Ks do not indicate chirality or 
antichirality in the corresponding argument, as was the case of Gs, but only 
the relationship between Ks and Gs (4.4.31). 

The representations (4.4.27) and (4.4.34) lead to different supergraph 
techniques, which we now describe. 


4.4.4, Standard Feynman rules 

To obtain Feynman rules corresponding to the original representation for 
Z [J.J] given by equations (4.4.26, 27), one must give the explicit structure 
of interaction (4.4.11), which implies 


f 16 14 A ô? pi ô? 
iSwwr| => = =e [=i = | d°z ———- +i — | d6z —__. 
mE 6d A 3! | sliz)? 3! f 5(id(z))* 
and the variational identity 
3 


1 6 
31 ago J{2,)I(22)I(23) = 6 (z, 2,6 + (2, 22)6 (Zz, z3). (4.4.36) 


Then, the Feynman rules in coordinate space are: 


|. Propagators: 


p —iG..(z,z’) 
b —-iG._(z.2’) (4.4.37) 
oo —iG_ _(z, 2’). 
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In the massless case, the ®®- and ®6-propagators vanish, as is seen from 
equation (4.4.16). 


2. Vertices: There are chiral (°) and antichiral (6%) vertices denoted by 


® and ©, respectively, Each chiral vertex is integrated over d®z, each 
antichiral over dZ, 


=i; fasz o= ir fasz (4.4.38) 
3. The usual symmetry factors for graphs should be taken into account, 


Our chief goal consists in finding the effective action [[®,®] of the 
Wess-Zumino model defined by 


T[, ]= ze in Z[J, J] -JO-Jo (4.4.39) 
1 
where 


D) (8/63\1 Bp EET 
(sie aaa) In Z(J, J] “{ eas ~)(3) HoP corrections. 


To read off [[®,6] from Z[J,J], one considers only the one-particle 
irreducible diagrams, amputate all the external lines and insert in their places 
® and ©, according to the rule 


“16,4 


-i.a 


where A, B= +, and similarly for Ẹ®-insertions. In addition, each diagram 
must be multiplied by (—i) (see equation (4.4.39). 

The Feynman rules described here were originally developed by A, Salam 
and J. Strathdee. As a direct consequence of these rules. let us prove the 
following assertion. 


Theorem 1. Every L-loop (L>1) supergraph containing only chiral 
(antichiral) vertices vanishes. 


Proof. Consider a connected L-loop supergraph of chiral type. It involves 
only G, ,-propagators, chiral in both arguments. On these grounds, it is 
convenient to use the chiral representation (see subsection 3.1.6), in which 
chiral superfields depend on x and @ only, to analyse the diagram. Using 
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equation (3.1.66), in the chiral representation we have 


64(z,2')=d7(0— fia ro x’). 


G_.(22)= : 
o- 


As is seen, the variables x and @ are separated. By Fame the diagram 
contains a closed cycle formed by k points 


When k>1, its contribution to the diagram is proportional to 


G3 4(2;,22)G +4 (Z2, 23)... G p -(2,-4.2,)G 4 (2.21) 
~ò?{0, —85)67(0, — b), >> 6°(0,- 1 —6,)67(8,— 8i) 
=57(0, —0,)5°(0, — 8)... Ò” (0, —8,)82(8, —0,)=0 


where we have used the identities 
5(0—0') f(0')=57(8—4')f(8) (80) =0. (4.4.40) 


The case k= 1 corresponds to the tadpole 


which is zero, owing to the identity 
67(8—6)=0. (4.4.41) 


Remark, Just the same line of arguments can be used to prove equation 
(4.3.65). 


Corollary. Every supergraph containing a closed purely chiral (antichiral) 
cycle vanishes. 
For example, the following two-loop supergraph 


produces zero contribution to the effective action. 
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In accordance with Theorem 1, non-trivial supergraphs are those involving 
both chiral and antichiral vertices. From the viewpoint of practical 
calculations and general analysis, to handle such diagrams requires some 
improvement of the Feynman rules. The point is that neither chiral nor 
antichiral representations are helpful now, and one must treat 6,(z, 2’) and 
6_(z,z’) in the standard fashion 


ô lz z')= -1 D75%(z—z') = 6_(z,z'/)= —;D*6%(e-2) 


with all the superspace coordinates being on the same footing and the most 
reasonable separation being of the form 6°(z)=6*(x)d*(@). Nevertheless, 
similarly to the proof of Theorem 1, it is reasonable to expect to get some 
simplifications caused by the properties of the Grassmann delta function 
ô+(0) like those given in equations (4.4.40) and (4.4.41). To make use of such 
properties, one must convert the integration measures d°z=d*x d*0 and 
d°z=d*x d?0, associated with vertices, into dz =d*x d*@ in accordance with 
the laws 


1 1 
— fee D'U = -i fes pèu = fasz U (4.4.42) 
since the delta function ĝt(f) corresponds to the measure d8. 


4.4.5. Improved Feynman rules 

Following M, Grisaru, M. Roček and W. Siegel, we now consider the 
reformulation of the above Feynman rules based on the use of the representation 
for superpropagators (4.4.42), the identity 


(D?U,\D*U,)...(D?U,)=D2{U (DU)... (D2U,)} 


and its conjugate, and the conversion rules (4.4.42). Together these imply 
that for each chiral vertex with three internal lines attached we have 


[ars G, 4(Z, 2,)G 4 g(2, 22)G 4 lz, 23) 


- f d'z K, a(z. z( = aa) ‘(+3 D*\k slz a(-12%)} 
x \(-] D*)k +z: z( -72)} 


A=+ 
A=- 


where 


A, B,C=+ gale 
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and 74) means that Z) acts on the second argument of K.,; for each 
chiral vertex with one external and two internal lines attached we have 


[ors O(z)G gales 2,)G. alz, Z3) 


| ! 13 
= fatz 012K, c(—72){( -50 )K at. s(-52)} 


and so on. Equivalently, one could start with the representation for Zo[J, J] 
(4.4.35) and use the following integral version of the variational rule (4.4.36) 


1 ô? 
— | dêz 2, )J(z 
xf Adc ier” pJ( 2)J(23) 


= fasz de-ai Dae- -i Daea) 


for calculating Z[J, J]. As a result, we get the improved Feynman rules for 
the effective action in coordinate space. 


1. Propagators: 


ae I ; 
a- line: = a 8%z-2/) (4.4.43) 
(mDY40) 
it m -= tp an ; iz- z’) 
z z’ z z ola-m*) 
(mD yko) 
— 1 =? im 8 ‘ 
he 2 >= + = - Biz-2) 
ő- line S F 3 2 72 blo -m) 3 
2. Vertices: 
chiral (@*) antichiral (87) (4.4.44) 
@='\/a°z Oo=ih/aiz, 


Associated with every chiral (antichiral) vertex with n internal lines attached 
are n—1 factors —}D? (—4D?) acting on n—1 internal lines. All external 
lines (®- or ®-ones) arise without any factors. 


3. The standard combinatoric factors for graphs, 
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Remark. The following property of ®®- and ©0-lines is often useful: 


(4.4.45) 
(-i0') \-0") mto*) 


One of the main advantages of the improved Feynman rules is the fact 
that for a graph with V vertices one can easily integrate V—1 vertices in 
0.0. Each internal line represents itself as the superpropagator 

i 
o-m 


2 


5%(2—21)= 540-0) ——. ixn’) 
o-—m 
or 
im im 
ae, *(x—x') 
O(c —m?) (G—m’) 
with some number of D and D factors acting on z or z’, All these factors 


can be transfered onto other lines (internal or external) with the help of 
integration by parts 


Dy “Dy 
-< = x< + —K un 


After this, 6*(@—4’) factors out, and the integral over, for example, d*6’ is 
immediately done. The validity of integration by parts turns out to be obvious 
by rewriting the Feynman rules in momentum space. 

Let us make the transformation to momentum space for the mean 
superfield U =(®, 0) 


d5(z—2')=d7(0-0’) 
oO 


dtp 
(2z)* 
the superpropagators X =(—iK._, —iK,., —iK__) 


U(z)= e~ U(p, 8) 


dtp _. f 
H(z, 2')= | — emi A (p; 8, 0 
(z.z) [see (p: @, 0°) 
and the delta function 


4 
seie eminx §4(9 6") 
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Here and below in this section we take the convention that @ means all the 
odd variables @ and ð, In momentum space the covariant derivatives 
D,=(C,, D,, D*) take the form 


Cy — ip, 
D, + D,(p)=6,+(07),8"p, (4.4.47) 
D; => Dp) =-4; —(0*).5"p, 
and their algebra has the form 


(D.(p), Da p)} ={Dx(p), Dap)} =0 


(4.4.48) 
{D,{ p), D;(p)} Sa 207) 44 Pa: 
The Feynman rules in momentum space read as follows; 
1: Propagators: 
a 
-e Se nt 5*8- 9) 
2 bocsi 
i -— TT (40 \p))6 (6-6 | (4.4.49) 


p im 


= 15t tiag 
Ss = ane pì) 56-0)» 


2. Each vertex is integrated over d*8. 

3. Associated with every independent loop is the momentum integral 
fd*p/(2n)*. 

4, Associated with the external momenta is the overall factor 


d Pex 4as4 
[n |e = lox ve (E pm 


The other factors are the same as in coordinate space. 

The operators D,(p) and B,{p) can be handled as ordinary covariant 
derivatives. It is worth remembering, however, that the coordinate space 
expressions 


D, 0% 
p M 
z Z z z 
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correspond in momentum space to 


Dip) Dilepl 
= st 
f] 9 8 g 


respectively. The momentum space analogue of the relation 
D,6*(z—2')= — Dô. (z—z') 
reads 
D,(p)6*(8—0') = — Di —p)ô*(0 —0') 


which implies 


Dz \p) -Dil-p) 
8 p 6 a p 6 
hence 
7 1: 
op) Op) 
=e = oe 
9 p g á p Cy 


and so on. Using the basic property of the Berezin integral, 


[ee 6,f(0)= faso õaf(0)=0 


f being arbitrary, we have the rules for integration by parts: 


(4.4.50) 


(4.4.51a) 


(4.4.51b) 


The coordinate space version of the former coincides with equation (4.4.46). 
It is easy to see from the previous consideration that the momentum 
dependence of factors D(p) and D(p) arising on internal or external lines can 


be omitted without any misunderstanding. 
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4.4.6. Example of supergraph calculations 
Let us calculate the one-loop correction to the two-point vertex function. 
The relevant supergraphs are: 


3 a 


to") (2B) 


(4.4,53a) 


(4.4.53b) 


(4.4.53¢) 
to") 


In accordance with Theorem 1, the second and third graphs vanish. The 
contribution from the first graph is 


ist fe d®z' Biz | = O%(2— JE DD? a ;8e-2) [o 


Here 4 is the combinatoric factor (it arises as (3 x 3 x 2)/3!3!). The propagator 
in the first set of brackets contains the free function 6*(@— 6’), which implies 
that we must set 0 = 6’ in the second brackets, The only non-zero contribution 
will arise when all the multipliers in (D?D’?) act on 5*(@—6’), 


=], 


6= 


I ipis a" 
2D )6*(6— 6’) 


Finally, performing the integral in @’ gives 
i ; Ad | d*x d*x' d*6 B(x, A)@(x’, A)[G(x, x’)]? 


G(x. x')=— 


(4.4.54a) 


4 F 
= zð (x—x'}. 


Repeating the calculations in momentum space, where the graph (4.4,53a) 
reads 
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4 
sizz p | d*a d*e B{ — p, 6)0(p, 6) 


2 (2r)? 
x | Paper eet 50-0) Hls DKD- TEJ 
Applying the above ee reduces this expression to 
S 7 P Alp, nò) fato- p, 8)®( p, 8) (4.4.54b) 
where 
A(p?, m°)=i | erred eee (4.4.55) 


is an ordinary loop integral divergent at large momenta. Therefore, we must 
introduce a regularization scheme in order to make our diagram sensible. 


4.4.7, Supersymmetric analytic regularization 
We shall mainly use the so-called analytic regularization based on the 
replacement of each factor 


— 1 =i | dre en (4.4.56) 
p? +m?>—ie o 


in equation (4.4.49) by its regularized version 


r0 +ou?” 


ea |, ds(isPe "tn (44.57) 


an analytic function ofa complex variable (regularization parameter), o — 0 
at the end of calculations; u is a real parameter with dimensions. of mass 
(normalization point) introduced to fix the dimensions of propagators. There 
is no need to regularize |/p?-factors in equation (4.4.49), since, in accordance 
with Theorem 1, neither ®@- nor ©@-lines form closed loops. It is obvious 
that every non-zero closed loop has to involve at least two ®6-lines. By 
simple power counting one can see that closed loops containing ®®- or 
-lines produce finite contributions. Note also that the 1/p?-factors in 
superpropagators are often cancelled by rule (4.4.45), as is the case for the 
two-loop supergraph 


(4.4.58) 


contributing to the two-point vertex function. 
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The Fourier transform of (4.4.57) reads 
G(x, x’ |) =i" | ds (is) U(x, x's s) (4.4.59) 
0 


with U(x, x’: s) being the kernel (4.4.20), and represents the regularized form 
of the propagator (4.4.18). Then, owing to the presence of 6*(@—6') in 
expression (4.4.32a), the regularized form of K(z,z') can be written as 


Kiz. z7lol= 5+ as aye” | Ep (is)? ellie 7 ås = m`s] (4.4.60) 
wo (FRS 


where 
wz, 2')=(x— xY +1808 — p) ila — 008. 


It has been shown in Section 2.4 that the two-point function w(z, =’) is 
invariant under supersymmetry transformations. Therefore, the regularized 
superpropagator is explicitly super Poincaré invariant. As a result, the 
regularization scheme described preserves supersymmetry at every stage of 
perturbation theory. 


Remark. Both expressions (4.4.59) and (4.4.60) are well behaved on the 
light cone when Rew>2. 

In conclusion, let us point out that divergences arise within the framework 
of analytic regularization as poles in œ. For example, the regularized form 
of (4.4.55) reads 

d*k 


Alp m?|@) = —ip*” |= fi ds, dsz(is,)®(is3)® 


xen isi[(p—kF + m?] emisie + m°) 


ànd its direct calculation leads to 


i p finite terms, (4.4.61) 
(4x)? dw 


To cancel this divergence, we must introduce into the bare action the 
following divergent structure 
Zk. 1 
| d?z OO. 


~ (4x)? 20 


Alp’, m?| co) = 


4.4.8. Non-renormalization theorem 

Looking at the one-loop contribution to the two-point vertex function 
(4.4.54), one can see that the integrand is local in the odd variables @ (a 
function of only one @* and ĝ;) and non-local in the odd variables x or p (a 
function of two xs or, equivalently, a non-polynomial function of p). The 
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locality in @ turns out to be a general property of arbitrary supergraphs, in 
accordance with the theorem proved by M. Grisaru, M. Roček and W. Siegel. 


Theorent 2 (Non-renormalization theorem). Each term in the effective 
action can be expressed as an integral over a single d*é. 


Proof. Consider a one-particle irreducible L-loop supergraph. Recall that 
each vertex is integrated over d*0, each line represents 5*(@—6') with some 
number of factors D and D acting on it (we suppress p-dependence). Choose 
in the graph a fixed loop involving, say, n vertices. Associated with this loop 
is a cycle 54(@, —0@,)54(6, —0,)...54(0, —8,) with derivatives Ds and Ds acting 
on delta functions. Integrating by parts, one can transfer all the covariant 
derivatives acting originally on 6*(@,—8,) onto 6*(@,—6;) or 5*(6,—6,) or 
external lines to the loop. Now, performing the integral in @, removes 
§*(4,— 42) and replaces 0, by 4, everywhere. Let us continue this procedure 
n—1 times. Then, the cycle is reduced to a single delta function, and one 
obtains an expression for the graph of the form 


Tl faso, f d*0, f(0,,04)(D...Dd*(4,—8,)} 4, <0 (4.4.62) 
A 


where the label 4 enumerates the vertices external to the loop. The last term 
here is easily evaluated. As a result of the anticommutation relations for the 
covariant derivatives, any product of D and D factors can be reduced to an 
expression involving at the most four such factors. Since 


5*(6, —0;)=(8,—0,)°9,—9,)7 


one needs exactly two Ds and two Ds for expression (4.4.62) to be non-zero. 
In this case, we have 


i| 
— DD? 6*(4,—8;)\9 =0,= 1. 
16 ( dle, 0, 
As a result, the entire loop has been contracted to a point in §-space. 


Continuing the above procedure loop-by-loop reduces the entire graph to a 
point in @-space, and the total contribution takes the form 


I] [or [eve F(p,, 9) 
i 
where p; are independent external momenta. 


Corollary J. The general structure of the effective action of the 
Wess—Zumino model is as follows 


T[®, J-F [ate viti: [eo FAK 5.0085 ME (Rip OL ind F(X nO). 
(4.4.63) 
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Here 7s are translationally invariant functions on Minkowski space, Fs are 
local functions of ®, ® and their covariant derivatives, 


F,=F(, 6, D,®, D,®, ...). (4.4.64) 


Remark. Each term in structure (4.4.63) is represented by the integral over 
d*@, but not over d7@ or d?8. Certainly, this does not mean that there are 
no purely chiral or antichiral contributions to the effective action. For 
example, the following term is possible: 


4 
"f q if Bip) | a0 d'el —p, 8, a| -5 D7) Jorn, 6, 8) 
(27) 4 


3 d‘p , 4 
=m | =z P B(p) | d*8 Ol- p, 8)®(p, 0) 
(27) 


where we have indicated explicitly @- and 9-dependencies and used the fact 
that in momentum space 


Dip, 0, B)=e°"D(p, 8). 
The contribution from the graph (4.4.58) is exactly of the given type. 


Corollary 2, All vacuum supergraphs vanish. 


Proof. In accordance with Theorem 2, every vacuum supergraph can be 


represented as 
A | d*@ 


where .o/ is a loop momentum integral. The entire expression vanishes, since 
f d*9=0. 

This last result implies that the generating superfunctional (4.4.21) is 
naturally normalized by 


Z[J =0, J=0]=1. (4.4,65) 


Other consequences of the non-renormalization theorem will be discussed 
below. 


4.5. Note about gauge theories 


The equivalence of Feynman rules in the component and superfield 
approaches has been established in the Section 4.2 for non-gauge 
supersymmetric theories. In principle, the proof can be extended to the case 
of gauge supersymmetric theories, but here it will depend on the class to 
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which a given dynamical system belongs. As is known, there exist several 
different types of gauge theories (reducible or irreducible, possessing closed 
or open gauge algebra and so on), and for each of them there are specific 
features to be borne in mind when formulating Feynman rules. We find it 
reasonable to take the following line: to expose the main types of gauge 
theories, but to recall the Feynman rules only for irreducible theories with 
closed algebras. This is precisely the family to which the super Yang-Mills 
models considered in Section 3.5 belong. The Feynman rules for general 
gauge theories with linearly dependent generators and open algebras have 
been obtained by I, Batalin and G. Vilkovisky, and we refer the interested 
reader to the original publication’. 


4.5.1. Gauge theories 

Let g'= ọ'(x)be the field variables, and S[ọ] be the classical action of a 
dynamical system. Suppose that on the space of histories ® there exists an 
infinite set of pure right supervector fields 


Oo: i 
R;= ia} Ri,[e] 


. (4.5.1) 
&(R;)=e, e&(R',)=e,4+8, 
non-vanishing along the dynamical subspace M5, 
Rilo=m #0 Voed (4.5.2) 
and satisfying the requirement 
SR,=S jLe]R',[9]=0. (4.5.3) 


Here &=(a, x’), the index « running over some finite number of values. Under 
the above conditions, the theory is said to be gauge. Associated with R; are 
the infinitesimal gauge transformations 


dy =p R: =R [p] 
e(č?)= ex 
leaving the action S[ọ] invariant, where the parameters č*(x) are arbitrary 
g-independent functions over space-time (but reasonably constrained at 
infinity). The R or, equivalently, R';[] are called generators of gauge 


transformations, Equation (4.5.2) implies that the gauge freedom does not 
reduce to a trivial invariance of the form 


dg'=S [pN] Q=- ipat. (4.5.5) 


Obviously, every such transformation does not change S[@] and coincides 
with the identity map restricted to Mp, 


(4,5,4) 


'LA. Batalin and G.A. Vilkovisky, Phys. Rev. D 24 2567, 1983 
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Owing to equations (4.5.2) and (4.5.3), the Hessian 7S ;[@o], at each point 
Po of Do, is degenerate (that is, it possesses zero-eigenvalue eigenvectors of 
compact support in space-time) and has no Green functions, since 


iS LeoJR',Leo]=0. (4.5.6) 


We assume the set {R;} to be complete in the sense that each infinitesimal 
displacement d(x) leaving S[@] unchanged can be represented as a 
-dependent gauge transformation modulo the dynamical equations: 


Silelsg'=0 = 
òp =R [o] lo] +S [oto] 


with the Qs being constrained as in equation (4.5.5). This means that all the 
degeneracy of ; S [po] is due to the gauge invariance (4.5.4). 
Introduce the super Lie bracket of generators 


[Ra Ra}=RzRa—(—1)""RaRy (4.5.8) 


leading to a pure supervector field on ® . For arbitrary infinitesimal 
parameters či and €3, e(€7..)=e,, the transformation 


dg! =9'TRs, Roeie 


leaves S[ọ] invariant, as a consequence of (4.5.3). Therefore, equation (4.5.7) 
tells us that 


(4.5,7) 


[Ra Rg} HRC spt SE" (4.5.9) 
where the Cs and Es satisfy the relations 
- OOIE (4.5.10) 
E! p= —(— 1) E g= NIE a i 


The coordinate form of equation (4.5.9) reads 
RÍ, Lo]R/lo]—(—1"R'g Lo] RL] =R',[o Cpl] +S Lele’ spl. 


(4.5.11) 


The equations (4.5.9) and (4.5.10) define the gauge algebra of the theory. The 
functionals ci, [o] are called the structure coefficients of the algebra. The 
gauge algebra is said to be closed when 


E} [o]=0 (4.5.12) 


otherwise, it is called open. 


Remark. A famous example of a gauge theory with an open algebra is 
Einstein supergravity (see Chapters 5, 6), This theory is described by fields 
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g'= le", Y", P™, B, B, A}, where e,” is a vierbein, (‘¥”,, ¥"*) is a spin-3 field 
called the gravitino, (B, B, A”) are supergravity auxiliary fields. The 
supergravity action functional (6.1.12) proves to be invariant under the 
general coordinate and local Lorentz transformations and the local 
supersymmetry transformations (5.1.45, 48). Before eliminating the auxiliary 
fields, with the help of their equations of motion (6.1.14), all the 
transformations form a closed algebra (with some field-dependent structure 
coefficients). However, after eliminating the auxiliary fields one discovers the 
presence of the terms 5S/d", and 6S/5%"* in a commutator of two 
supersymmetry transformations. 

The gauge theory is said to be irreducible if for every dynamical history 
Po € Wy the generators R’,[,] are linearly independent, that is, the equation 


R’,[ go] =0 
has no non-trivial solution with compact support in space-time; otherwise, 
the theory is called reducible. In the case of a reducible gauge theory, there 


exists an infinite set of, zero-eigenvalue eigenvectors Z*[o] for each 


functional supermatrix R/;[@o]. 
R!.[o]Z*sLo0]=0 
al o] alpo (4.5.13) 
(2%) = Ea + E4 


Where 4=(a, x"), the index a running over a finite number of values. The 
off-mass-shell version of equation (4.5.13) is 


RÍLo]Z*[o]+S [o18/,[o] =0 
BL o]=-(-17*B),L9] 
and tells us that choosing in equation (4.5.4) the parameters 
=Z?  ald*)=e, 


2 being arbitrary, results in a trivial transformation of the form (4.5.5). When 
the equation 


(4.5.14) 


[po]? =0 


has no solution with compact support (other than 4=0), the theory is said 
to have the first stage of reducibility. Otherwise, there are non-trivial 
zero-eigenvalue eigenvectors for Zł [øo], which also may be linearly 
dependent, and so on. In other words, there can be gauge theories having 
any finite stage of reducibility and even infinitely reducible ones (the most 
famous example is the Green—Schwarz superstring’). 

Of course, one can always choose in the set {R,} a linearly independent 
subset, hence making the theory irreducible. In actual theories, however, 


*M.B. Green and J.H. Schwarz, Phys. Lett. 136B 367, 1984, 
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the original generators RÌ [o] are local and covariant operators of the fields; 
after singling out a linearly independent subset, the locality or explicit 
covariance may be lost. 

In our book we have met reducible gauge theories (both in components 
and superfields). Recall, for example, the antisymmetric tensor field model 
(1.8.34), which is invariant under the gauge transformations (1.8.35). Here we 
have 


3 Te) Pe aor. 
‘= Balx) R:=7 (€,05 — 6,05)0*(x —x’) 


where i=(ab, x) and =(c, x’). The generators are linearly dependent, with 
zero-eigenvalue modes 


4 „ôt = x") 


where G=(x"). The reducibility is manifested in the fact that the gauge 
parameters in transformations (1.8.35) are defined modulo the transformations 


Ap = Ant C,p 


p being arbitrary. Obviously, the theory has the first stage of reducibility. 
Furthermore, consider the chiral spinor superfield model (3.7.10) invariant 
under the gauge transformations (3.7.11). The theory has the first stage of 
reducibility, since the gauge parameter in transformations (3.7.11) is defined 
modulo the displacements 


K>~K+A+A D,A=0 


A being an arbitrary chiral scalar superfield. One more example is given by 
the superspin-O model (3.7.24) invariant under the gauge transformations 
(3.7.22). The theory has the second stage of reducibility, since the gauge 
parameters in transformations (3.7.22) are defined modulo transformations 
of the form (3.7.11). Note also that the superfield supergravity (see Chapter 
6) is a reducible gauge theory. The linearized supergravity action (6.2.5) is 
invariant under the gauge transformations (6.2.6), where L, is defined modulo 
the redefinitions 


Ly =L, +a Dina= 0 
"Ha being an arbitrary chiral spinor superfield. 
4.5.2. Feynman rules for irreducible gauge theories with closed algebras 
We now reproduce the Feynman rules for irreducible gauge theories with 


closed algebras. Together with the requirement of irreducibility and equation 
(4.5.12), we shall also assume the validity of the relation 


(=D RCo] + (—1)"C%,[] =0 (4.5.15) 


whose role will soon become clear. 
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Under the above requirements, the in-out vacuum amplitude is known 
to be given as 


<out|iny =" | Zoe") Sf y*{e]] sDet(F *L9)) (4.5.16) 


where 7*[q]. «(z*)=e,, are bosonic and fermionic functionals such that the 
functional supermatrix 


Filol=¢ LolR Lol (4.5.17) 


is non-singular at the point gg ¢@, chosen in the role of the classical ground 
state and hence in a neighbourhood of ®. The y*[q] are called gauge fixing 
functions. Note that their existence is due to irreducibility of the theory. The 
equation (4.5.16) represents the well-known Faddeev—Popov ansatz. 


Remark, The delta function in equation (4.5.16) is to be understood as a 
functional analogue of the ordinary Fourier representation for 5’*?4(z) 
(4.11.34) 

The d5[z*[~]] is required in the right-hand side of (4.5.16) to break the 
degeneracy, owing to the gauge invariance, of the naive integral 
f Ze exp(iS[e]). On the other hand, its introduction results in arbitrariness 
having no relation to the dynamical content of the theory. Were the amplitude 
<out|in> well defined, it should not depend on 7[@]. Hence, the relation 
(4.5.16) may pretend to a physical correctness if its right-hand side, which 
will be denoted by <out|in),, satisfies the identity 


Cout|in>, =<out|in)>, +a, (4.5.18) 


where Ay*[¢] is an arbitrary infinitesimal change of y*[]. Let us recall the 
proof of identity (4.5.18) given by B. De Witt. In the functional integral 


coutlin) yay = N | Bo et] 87+ Ay] sDet(F + AF) 


one makes the replacement of integration variables 
g'=9'-R', [9110] 
SO] =(F Le)", Av" L] 
representing a field-dependent gauge- transformation, hence 
S[o]=S[@]. 
One also easily obtains 


é[xle]+ Axle] =s[y[o)] 
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and 
sDet(F[p] + AF[@])=sDet(F[]){ 1 +.7[0)} 
oO] =(—1)(F~Lo'g{7" (oI R' [0] — F aLI D] 
Next, the change in the integration measure must be calculated in accordance 
with rule (1.11.32) which gives 
Fo=Zb sDet( 5) =26{1—A[e)} 
g 
BLO] =(— 1R [p] a] 


+1— IF- tafar orio -(- 1) F. [OJR OI N) 
Now, making use of equations (4.5.11, 12) and (4.5.17) leads to 


Cout|in),.4,=4 [2% ESTI 5[ [OT] sDet(F*,[O)) 
x (1—(—1)"; Ri [0] +(—)"C*, lOD} 
(4.5.19) 


and this coincides with <out|in), under the fulfilment of equation (4.5.15). 
Let Y[ọ] be a physical observable, that is, a gauge invariant functional of », 


Y iLe]R',[¢] =0. 
On the basis of the arguments given above, its quantum average 


Cout|T (Pipin =N [aovo eiste 6Cy*[p]] sDet(F*,[¢]) 
(4.5.20) 
turns out to be independent of the gauge fixing, 
<out| TCPLo]) lin) +, = <out| TOPLE] lin), (4.5.21) 


Obviously, this fact is necessary for physical correctness. At the same time, 
it serves as a starting point for representing each average (4.5.20) in a form 
completely similar to that which appeared in the non-gauge case (see equation 
(4.2.25)), namely 


<out|T(¥[¢))|in> = const | 20a PL] cent rentl 
where the integration is performed over some extended space of histories 


parametrized by @jora1=(@,.-.), and Siora is a functional on this space. To 
obtain such a representation, the following two tricks may be applied. First, 
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using equation (4.5.21), one can make in expression (4.5.20) the replacement 
le] rie- f? 


5 (4.5.22) 
rr Ahaia a(f*) =e, 
where the fs are arbitrary external bosonic and fermionic fields on the 
space-time, and then integrate the modified version of expression (4.5.20) 
over these fields with the weight 


exp(5 F*Bzpl olf? ) sDet!/?(y**Bp.[ 90) (4.5.23a) 
B being a supersymmetric functional supermatrix 
e(Bzp) =E, +E 
an) = BaF (4.5,23b) 
Big=( # 1) 58 Ba, 
The integration over the fs is assumed to be normalized as 
w | afexo( 5 sna )= I 
2 3 (4.5.23c) 


Elaf) = Eq + êp nap=(— Itega 


for some fixed supermatrix y (compare with equation (4.2.32)). The second 
trick is due to the identities 


sDet(F[g])= 4" f DE D expliča Lele?) ATE 
a(2;)=2E*)=e, 
SDet( Fo =" | Bc! Bc explics Flee’) 


4,5,24b 
ale) =e(c*)=e, +1. maa 


As may be seen, we can represent the superdeterminant in expression (4.5,20) 
by the Gaussian integral over fields c; and c* of opposite statistics to the 
gauge parameters. As a result, the average (4.5.20) takes the form 


Cout|T(¥[e])|in) =sDet! (Bp foo) [2eaeceo¥to) el Soul pce] 
(4.5.25) 
where 


Srouil. c, ]=SLo] +5 Lo IBal eol To] c, x? PIR ploe. 
(4.5.26) 
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The fields c, and œ are called the Faddeev-Popov ghosts. It should be clear 
from the aboye consideration that the expression (4.5.25) does not depend 
on the explicit form of y*[@] and B;[{~,]—external objects introduced for 
technical convenience, 

Each quantum average (4.5.24) can be read off from the generating 
functional of Green’s functions 


Z.p [J] =const fa De De Vp] elole] io) 
mT (4.5.27) 


const =sDet' 2(n Bao). F 


where J; is an external source, e(J;)=¢;. As opposed to the physical correlators 
éoutjin> and <out|T(‘¥[¢])|in>, Y[o] being a physical observable, the 
generating functional explicitly depends on the choice of xê [p] and Bzal Yo]. 
The same is true for the effective action I, [@] constructed from Z, »[J] 
according to the rule of Section 4.3. But the S-matrix derived from Z,, »[/] 
is known to be gauge independent. 

From the viewpoint of practical perturbative calculations, it is useful to 
replace Z\, [J] by its extension Zo,s[J, Jes Je] corresponding to the case 
when sources for the ghosts are added in the exponential in expression (4.5.27). 
Next, one represents Sota) as a sum of its free and coupled parts: 


Stora @, c’, C] =SLM9] + SoLAQ, ¢’. c; Po] + Sint [AQ, c', c Go] 
l,j i ; 
So=5 Ae. Le0]+ iL TP] Bepl9olx" Loo Ag! + ea LeolR ppo]? 


(4.5.28) 


where Ap =@—@y and Syr is at least cubic in Ag, c’ and c (assuming the 
normalization y*[,]=0). Further manipulations are exactly the same as in 
the non-gauge case (see Section 4.2). 

When establishing gauge independence, we have essentially used the 
validity of equation (4.5.15). Hence, the ansatz (4.5.16) proves not to be truly 
correct for gauge theories in which equation (4.5.15) does not take place. In 
this case, however, the modification needed turns out to consist merely in 
replacing the naive measure Ze by an invariant one, Zpu[e], where Lo] 
is a functional transforming in such a way as to compensate the non-invariant 
terms in expression (4.5.19). Discussion of these theories is beyond the scope 
of our book. It should be remarked that both terms in expression (4.5.15). 
unless they vanish, are ill-defined in local field theories. The point here is 
that the generators R',[¢], where i=(i, x) and &=(a, x’), involve ọ (and maybe 
its derivatives to a finite order) only at the point x, hence the quantity 
(- 1); R',[¢] contains delta functions with coincident arguments, and 
similarly for (—1)C";,[~]. Fortunately, in many theories of interest both 
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these objects vanish 
(—1)%;,R',[g] =0 (4.5.29a) 
(—1)"C*).[p] =0. (4.5,29b) 


For example, in the case of a pure Yang-Mills theory, with g= V. (x), gauge 
transformations are given by the first expression in relation (3.5.33b), hence 


Rİ [o] =8 2 54x —x') + fV Eleta’) 
Rif] = ohf oxx") 


where %=(J.x') and K=(Kb, x"). Here equations (4.5.29) are satisfied, since 
the structure constants of the gauge group are totally antisymmetric. 


Remark. Equation (4.5.29a) implies the invariance of the functional measure 
“ under the gauge transformations (4.5.4) with č being @-independent. 


4.5.3, Supersymmetric gauge theories 

Consider a dynamical system, which is simultaneously supersymmetric and 
gauge. We shali assume that the full gauge freedom can be described by 
transformations of the corresponding superfield variables v! =v! (z) like 


Ket ws R’ [vi? S [v ]RI [o] =0 
e(C*) =e, AR’) =e, +e, 


Here (“={4(z') are tensor superfield parameters being, in general, 
unconstrained, chiral and antichiral; in the dependence upon superfield types 
of {s; the summation over ji in relation (4.5.30) includes the integration over 
dêz’, d®°z’ or d°z’ (these conventions are exactly the same as for the superfield 
variables). The R’ ,[v] will be called super penerators of gauge transformations. 
By supposition, the correspondence ¢*— ôv? maps tensor superfields into 
tensor fields, hence the operators R[v] are super Poincaré covariant; in 
particular, they (antijcommute with the supersymmetry generators. In 
general, the supergenerators constitute an algebra of the form 


R? alu] RY,Ce] —(— 1" RY, fo] RY, (e =R" {0 C%, (01 + § sioe C] 
(4.5.31) 


(4.5.30) 


the Cs and Es being superfunctionals under equations like (4.5.10). 

Gauge transformations (4.5.30) can be rewritten in terms of components. 
For this purpose one must introduce not only the component fields @'(x) of 
v'(z) in accordance with law (4.1.40), but also the component fields €*(x) of 
¢“(z) defined with the help of proper picture-change operators P, and Q': 


Č 42 pP tA =Qhe $] 


cn etni aS (4.5.32) 
PYQ'p=Fn PEO 
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Then. the component form of the gauge transformations (4.5.30) is given by 
equation (4.5.4), where 


Rifo]=P'R’ [0] 0%, (4.5.33) 


Note: we use letters from the beginning of Greek alphabet for component 
gauge parameters, and from the middle to denote superfield gauge 
parameters. 

It follows from equation (4.5.33) that the superfield gauge algebra (4.5.31) 
induces the component version (4.5.11) with 


Clo] =(— 1+ ™P? C io (4.5.34) 


E" Lo] =(— jy + hi) EEEn dpi PLE! [vJ0%0', 


As a result, the component gauge algebra is closed if and only if its superfield 
counterpart is closed. Furthermore, if the theory is irreducible in components, 
the same is true in terms of superfields. Finally, from the formal identities 


(—1)° Rf] =(—1)",R',010%, 


(= 1C p Lo] =(—1)C', [20% 
we see that the relations (4.5.29) imply 
(—1)",R/[v] =0 (4.5.35a) 


(—1)*C',,[0] =0. (4.5.35b) 


and vice versa. Therefore it proves unimportant which picture (superfield or 
component), is used for analysing gauge algebra. 

Now, let us specialize our consideration to the case of irreducible gauge 
theories with closed algebras and under equations (4.5.35). Due to 
irreducibility, there exists a set of superfield gauge conditions xê[v] (having 
the same superfield types as the gauge parameters ch elk?) =e, such that 
the supermatrix 


FË [v]= x? (eR [0] (4.5,36) 


is non-singular at some stationary point to¢V > and hence, in its 
neighbourhood in V. The x*[v] will be called gauge fixing superfunctions. 
The components of x“[v] defined by 


Clol=P*x*L) (4.5.37) 


constitute an admissible set of gauge fixing functionals. Under the choice 
(4.5.37), the supermatrices (4.5.17) and (4.5.36) are connected as 


*[o]=P*,F[v]0',. (4.5.38) 
Hence, non-singularity of F[vg] implies non-singularity of F[ go] at the point 
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p= Pel As an immediate consequence of equation (4.5.38) we obtain 


sDet(F*;[y]) =sDet(F} [v]: (4.5.39) 


In the class of supersymmetric theories under consideration, the 
quantization scheme described in the previous subsection can be applied to 
superfields and components, and in both approaches it leads to equivalent 
physical results in the following sense. The generating functional (4.5.27) 
turns out to be the component form of its superfield counterpart 


Z,,.8(5]=const {2 v Be! Fe eWSeulve.<] +e?) 
const =sDet!!?(y*"B, -[v9]) 


i (4.5.40) 
StoraiLv, e, ¢]=S[v]+ 5 *(v]Baik*[o] + chre JR [v]e? 


provided that (1) the gauge fixing functions y*[@] are chosen by the rule 
(4.5.37); (2) the functional supermatrices B;g[~o] and nag represent the 
component versions of the superfunctional ones, that is 
Balo] = PT, BsplPolP A 
Nai = PST è napPh, 
We suggest that the reader fills in the necessary details. 

Before we conclude, let us make one important remark. The equations 
(4.5.35) are identically satisfied for a large family of local supersymmetric 
theories. In the local case, the supergenerators R’,[v], where Î=(1, z) and 
ù=(u, 2’), are functions of v and its covariant derivatives to a finite order at 


the point z. Suppose that the R’,[v] do not depend on covariant derivatives 
of v, then 


IR ~d%2",2) J=" 


the delta function being defined in equation (4.1.17). Since 6%(z, z)=0, we 
obtain equation (4.5.35a). As an example, consider the general super 
Yang-Mills model of subsection 3,5,6. Here we have the superfield variables 


v! =(Vi(z), O(2), D2) 
and the gauge parameters 
P= (Ae), Ae) = (07, C7) 
From equations (3.5.25) and (3.5.31) we find the supergenerators 


+ 55, (z, 2')+ fP(W(z))5.(z, 2’) 


T = 
R -EISS iT olit, z) 


0 
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Zan (z, 2) + JYV) (2, 2) 
RÍ = r 
Le] 0 
—i {2 TIY 6 _(z, 2’). 
Both equations (4.5.35) are identically satisfied. 


4.6. Feynman rules for super Yang-Mills theories 


We proceed by obtaining superfield Feynman rules for supersymmetric 
Yang-Mills theories, based on the general considerations of Section 4.5. 


4.6.1. Quantization of the pure super Yang-Mills model 
We begin with superfield quantization of the pure super Yang—Mills theory 
(3.5.39). For later convenience, it is reasonable to rescale the coupling constant 


by g— ./24 and the gauge superfield by V—gV thus setting the action 
l 
Ssym == dêz tr( w* W,) (4.6,1) 
4g? 
where 


W,= -1 pte- eV D, e?) 


(4.6.2) 
V=eV(2)T! TET J=. 
The original normalization was useful when analysing the component content 
of the theory and the underlying geometry. The one above turns out to be 
convenient for perturbative superfield calculations. In particular, after the 
rescaling V — gV, the action admits a well-defined limit g—0, since 


Sivi == [ave tr(VD*D?D,V)+0(g). 


The action (4.6.1) is invariant with respect to the gauge transformations 
bV=L,y[A—A+coth,(A+A)] 
D,A=0 = L,B=[A,B] 


obtained from the original transformations (3.5.31) by rescaling V —>gV and 
A—2igA. As we have seen in Section 3.5, the gauge transformations form a 
group, therefore the gauge algebra of the theory under consideration is closed. 
The corresponding supergenerators turn out to be linearly independent. To 
prove this statement, it is sufficient to consider the Abelian case, where 


(4.6.3) 
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equation (4.6.3) reads 
OV=A+A. 
Setting here 6V=O implies that 
D,A=0 = A=—As=const 


hence the supergenerators have no zero-eigenvalue eigenfunction with 
compact support in space-time, other than A=A=0, Further, we have also 
seen that equations (4.5.35) are satisfied for the theory in question. So, it can 
be quantized by the scheme described in the previous section. 

In the role of gauge fixing superfunctions we choose 


aije -i B2V(z) + fe) 


k[V]= -: D?7V(z)+ fiz) (4.6.4) 


f='T' D,f'=0. 


Here f! are external chiral scalar superfields, inert under the gauge 
transformations (4.6.3). x and k constitute an admissible set of gauge fixing 
conditions, at least at the stationary point V=0, where they transform under 
transformations (4.6.3) as 


Q 
(ya) k 
REV] v=0 lp 0 
4 


Ip 
4 


The differential operator arising here is non-singular on the space of 
chiral—antichiral superfields, since its zero-eigenvalue eigenfunctions satisfy 
the Klein—Gordon equation and cannot be localized in Minkowski space. 

The next step consists of deriving the ghost action that the gauge fixing 
(4.6.4) leads to, This is done most simply with the help of the standard 
observation that the ghost term in expression (4.5.40) can be represented in 
the manner 


Scu =chôx’ [v] 
where ôx is the variation of x under the transformation (4.5.30) with {ë being 


replaced by ¢ê. In our case, both gauge parameters and gauge conditions 
are (anti)chiral, and they give rise to (anti)chiral ghost superfields: 


c=(*) -e-(8) c=c'(z)T! D,e’=0 
c 
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r 4 Vv + 
v(t 3) 6,=(€) cee(e)T’ Dc? =0. 
RLV] j 


The above observation leads to 


ò ea ÖR 
Soy [atze avs d®stre' E ay 
OV ôV 


= fe-(-50) trie’ òV)+ fae -; D?) tr(č' ôV) 


= [az trile + @')dV) 
and with the use of transformations (4.6.3) we finally obtain 
Scu= [ats tr((e'+¢)L,,[e—€+coth Lyle +6). (4.6.5) 


Now. in accordance with the results of subsection 4.5.3, the in-out vacuum 
amplitude reads 


€outjin> = | DVDE'De'DEec eSsvmtScu 


s alii ov o|t-i pav | (4.6.6) 
4 4 


j| dim G 1 
sji pr |- I a| r-i0r' | 
4 {=1 4 


and does not depend on the external (anti)chiral superfields f and f, So, one 
can average over them with some appropriate weight. The standard choice is 


exp [avs utn) (4.6.7) 
7 


being a real constant. As a result, one arrives at 


where 


<out|in) = | DVD ZEZE eSa 
(4.6.8) 
Sioa = Ssym + Sar + Scu 
where 


i 
Sa=re [as tril DVD? V). (4.6.9) 
ia 
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Remark. Integrating the expression (4.6.6) over f and f with the weight 
(4.6.7), we obtain exactly <out|in>, due to the identity 


| atatexp)* [ars uty | = 1 


which follows from equations (4.1.27), (4.4.25) and the relation 
| BID SEYI set AH) (4.6.10) 


with S[y, 7; Y, ¥] and H'”) being defined by equations (4.4.6) and (4.4.5), 
respectively. Therefore, the integral (4.6.8) is independent of y, and this 
constant can be fixed from considerations of convention. 

The relation (4.6.8) motivates us to define the generating superfunctional 
for Green's functions in the manner 


Z[#]= f2 VIE De DEDc eSoft) (4.6.11) 


where # =.£/(z)T’, J“ are real scalar superfields. 


4.6.2. Propagators and vertices 

We are now going to develop a perturbation theory to calculate Z[ 4#] (4.6.11). 
For this purpose, we choose the stationary point V=0 of Sgyy in the role 
of classical ground state and represent the action Sioa as 


Siora = So + Sint 


where S,[V, c’, c, ¢’, €] is the quadratic part of Soa in the gauge and ghost 
superfields, while S,,7[V, ¢’, c, &, €] describes an interaction of the superfields. 
Then one can write 


ZL#}=ex0\ Sna 3 a = ih =) 


x ZLA N, H, 7's A) |y'=n=7 =A=0 (4.6.12) 
where Zo is the free generating superfunctional defined by 


ZF. A= f DVZT De PEBe exp i{SoLV, ¢’, ¢, č, €] 


+tr | dêz gV+tr [same +ne)+tr faae +0)}. 


(4.6.13) 


Here the supersources 9’ =7'/(z)T! and =n! (z)T! are anticommuting chiral 
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scalar superfields. The variational rules for supersources are: 


fa) Teme 
FATTER 

ò ò F 
K(z'\=6/*| —- BH? Jôfiz=z' 
Sne Erd ( 4 ) TN 

= ’ =z i 
n'X(2')= j iz -e i)z) 
dn"(z) al ante)’ | l Para a ie 


Let us determine Sọ and Sinr. We start by discussing the gauge action 
(4.6.1). which can be rewritten in the form 


a fez e72 D? e749" DeD, e2” ). (4.6.14) 


Consider the identity 
(e7 =" D* e**") =(exp(—2gLy)D,)*1 
-is 


Ssy = 


(29)? 


= —2g[V.D,]+—— LLY, o.-— L [V [V D;]]]+--- 


=2gD,V—2g’LV, wre EV, (D,V)]]+ 01V *) 


which we use to expand Scyy in a power series in V. Up to fourth order, the 
action reads 


Ssyy= | d diy VDD? D,V +- = g(D* DEVIN: ( D.V)] 
= 6° LV,(DVID*LY, (D,Y) DDV, [V o.v}. (4.6.15) 


Next, to the same order, the ghost action (4.6.5) reads 
1 . 
Son | fee- +gle'+2)[V, (c—O)] +397 +2)[V,[V, cron}, 


(4.6.16) 


Notice that the terms c'c and @’é have been dropped due to their chirality and 
antichirality, respectively. The last step is to unify the quadratic part S$, of 
action (4.6.15) with the gauge breaking equation (4.6.9): 


1 1 
S: +So0=5 fatz tr{ —= Vo vez +4) Vid’, pav}, (4.6.17) 
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Here we have used the identity (2.5.30b). The relations (4.6.15-17) lead to 
the following expression for Siotat 


Siora = So + Sint (4.6.18a) 
S= [ate tr} Vo ven( +*) v{D?, D?} v}4 [at trie — če'} 
é Y 
(4.6.18b) 


AN | d®z el gD D VCV, (D, VY] +g +V, (c-3)] 
1 fi L 
“Te g°LV, (D?V)]D°CV, (D,V)] -3 g`(D*D*V EV, [V,(D,Vy) 


+e HEV [V e+] | +00 (4.6.18c) 


As may be seen, the action Sọ involves fourth-order derivatives, for y# — 1, 
and takes the most simple form when y= —1. 

After establishing the explicit structure of So, the free generating 
superfunctional (4.6.13) is easily evaluated as: 


få 
ZoLF n', n, Ñ’, A] =exp i re: | d®z d®2' ¥'(2)G¥(e, 2) H(z’) 


- fasz (Anan. (4.6.19) 
E o 


Here GI =5"G,, and the Green's function Gp of a real scalar superfield 
satisfies the equation 


E -5( l +1) (De p?) fave, z')= —5%(z, z’) (4.6.20) 


and the Feynmann boundary conditions. Note that the ghost sector of Zo 
is calculated in complete analogy with the derivation of expression (4.4.28), 
but keeping in mind the anticommuting nature of ghosts. To find G,, let us 
introduce the orthogonal projectors 

1 D?D? D 1 D:D? 
160 160 
on spaces of linear, chiral and antichiral superfields, respectively. Their chief 
properties are given by the last line of expression (2.6.6) and equation (2.6.7). 
Now, equation (4.6.20) can be rewritten as 


l 
sc ala DDD, = A&.\= 


l 
| 20-122- ocv- -1 
7 
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and we will find its solution in the form 
| 
G, a EENT $ BA +) +P _,]. 


Making use of the projectors’ properties gives 


l 
Gr= Z 2o tN +A- (4.6.21) 
In the case y= —1, the Green’s function takes the form 
Gz, 2')= aot 6°(z, 2’) £> +0 (4.6.22) 
Otte 
and the generating functional (4.6.19) reads 
; Me ee ld 
ZLA H's H: H =a] i fez eksi #— s— t -y 5 i} | (4.6.23) 
Jn what follows, we make the choice y= — 1. 


Now we turn our attention to the vertices. Consider the coupling (4.6.18c). 
It describes the self-interaction of real scalar superfields V” and their 
interaction with (anti)chiral ghost superfields č”, č, c and ce’. The explicit 
form of Snr dictates, in standard fashion, the structure of the vertices. The 
only problem which may appear concerns vertices involving chiral and 
antichiral superfields, But that question has been discussed in detail in Section 
44. 


4.6.3. Feynman rules for general super Yang-Mills models 

The previous consideration can be readily extended to the case of a general 
super Yang-Mills model describing interaction between gauge superfields 
V! and matter chiral superfields ®* (and their conjugates },=(0')*) 
transforming in some representation R of the gauge group. We assume this 
representation to be irreducible and start with the classical gauge invariant 
action 


S= Ssym + Smart (4.6.24) 


where 


I 
Sur= [a A Ca o* +4 Ee 5,4, OOH + ian OOO ) 


+ fax mòt 7B, Dð, ) (4.6.25) 


m and 4 being mass and coupling constants, respectively (2!"=(),1,1,)*). 
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The representation R should be real in the massive case, m#0, and can be 
complex otherwise. Recall also that the coupling constants must form an 
invariant tensor of the gauge group in order that the action (4.6.25) be gauge 
invariant. Notice that Smar can be viewed as a multi-component 
Wess—Zumino model coupled to the gauge superfield. 

The gauge theory under consideration is quantized in complete analogy 
with the pure super Yang-Mills one, and the corresponding generating 
superfunctional reads 


ZL4 5,5] = fx exp HS - fes tr Z V)+ fasz J+ fasz xa} 


(4.6.26) 
cv=(V, ®, Õ, c, c, &, ©) D,J,=D,J'=0 
where 
Stott =Ssym + Sog + Smar + Sou (4.6.27) 


with Sog and Soy being defined by equations (4.6.9) and (4.6.5), respectively. 
The next step is to represent Sa; as a sum of its free and interacting parts. 
One thus finds 


Siora = So + Sint (4.6.28) 
the free action being of the form 
So= SP +SP + Sigh) (4.6.29) 
where 
Si) = -ife wVoV (y=—1) (4.6.30a) 


SO fav: @,5',O* + | k fasz ôy k DD“ +e} (4.6.30b) 


sish) = | d®z tr(č'e— ëc’). (4.6.30c) 


The interaction reads 
Sivr = Sint ASN + Sint + Sine (4.6.31) 


where 


1 P 1 5 
Siti = 3 dêz Akke DEDEDE + 31 [are BBD, D,.D,, (4.6.32a) 


Ser = [ers lle y — 5!) (4.6.32b) 
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1 
Sixt = [ats tr ‘i g(D?D*V)[V,(D.V)]— TA @(V,(D*V)]B°LV, (DV) 
i 5 g(D°D*V)LV, LV, (D,V)]] | (4.6.32c) 


Sir [ars fate +CV, (e—8)] +; g*(e'+@) LV, [Vale sani}. 


(4.6.32d) 


Here we have written out the expressions for Sik} and S{%#™ up to fourth 
order in the superfields. 

Based on the above relations, one now readily deduces superfield Feynman 
rules for calculating the generating superfunctional (4.6.26) and the effective 
action I[V,®, ®] obtained as the Legendre transform of (1/i)In ZL¥, J, J]. 
The free generating superfunctional for the theory with action (4.6.27-32) is 
given as the product of the pure super Yang—Mills one (4.6.19) and that for 
matter 


kikzpy2 
Z3. Joxpi | o( 3 i ee 


i, 
Stee reas 
-m * 8 "o(0-m?) 


m 5, DE 
ny ul 3) 4.6.33 
t3 Oo(0 —m?) 


(the latter has, in fact, been derived in Section 4.4). The structure of the 
vertices follows directly from the explicit form for interaction (4.6.21, 32). As 
in the case of the Wess—Zumino model, it is convenient to treat the ghost 
and matter (anti)chiral superfields within the framework of the improved 
supergraph technique described in subsection 4.4.5. Then all the vertices 
coming from expressions (4.6.32) will be integrated over dêz in coordinate 
space or over d*@ in momentum space. We leave the reader to deduce the 
rules for attaching the factors (— 4D?) and (—4D7) to the ends of the internal 
(anti)chiral ghost and matter lines. Notice that, up to sign, the ghost 
propagators coincide with the massless ®-propagator (4.4.43). As for the 
VV-propagator, it reads in coordinate space 


= ti 


V’ y+ line: 2-8/4 biz- z') (4.6.34a) 
z z 


or, in momentum space, 


; = 675) 6°(8-8') (4,6.34b) 


and has the opposite sign to the ®@-propagator. 
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As a simple example, let us calculate the one-loop gauge superfield 
contribution to the two-point ®-vertex function. This contribution comes 
from the following part of Sint 


SRP =29 azro 
where dots mean terms relevant for two-loop and higher corrections; (T’)', 


are the generators of the representation R in which ®* transform. The 
corresponding supergraph is 


3l-p, 9) 


(-10 k 45 
and leads to 


—i4g? E a d*0 &,(—p, A(T") ,, 


d*k i >j 
6 AGGE; _—— 
(aye? (poe Oe hm 


ši È D*(k)D'*( —k)ô*(0— n hrt „O(p,0). (4.6.35) 
Note that, in any representation, the operator 
dim G 
C= Z (T? 
I=1 


commutes with every generator T” (since the structure constants in expression 
(3.5.24) are totally antisymmetric). Therefore, it is proportional to the unit 
operator, ie. Cal, in any irreducible representation. Since the matter 
representation R has been assumed to be irreducible, we have 


(PY ATVs C;(R)6d', 


the constant C,(R) is known as the second Casimir of the representation. 
Using this fact and performing the integration over 4’, the expression (4.6.35a) 
takes the form 


4 
—4g?C,(R) Í i > A'(p°, m?) faso ®,(—p, 0p, 0)  (4.6.35b) 
where 
l l 


aN be ET IE. i 
A'(p*,m*) oe Bam? (4.6.36) 
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It is worth comparing the quantum corrections (4.4.54) and (4.6.35). In 
the massless case. the momentum functions (4.4.55) and (4.6.36) coincide, and 
the expressions (4.4.54b) and (4.6.35b) take similar structures but differ in 
sign. As a result, for some special values of the chiral coupling constants 
Ax kx, and the gauge constant g, the one-loop corrections to the two-point 
@0-vertex functions, which come from S'%) and S{®;"), cancel each other. 
Under such a choice, there are no one-loop ®®-divergences. 


4.6.4, Non-renormalization theorem 

The non-renormalization theorem described in subsection 4.4.8 turns out to 
preserve all its power in the case of the general super Yang-Mills theories 
just considered, Indeed, the only essential properties, which have been used 
in the proof of the theorem, were the facts that (1) each vertex is integrated 
over d*@; (2) each propagator presents 6*(9—@') multiplied by some 
@-independent momentum function together with a number of D-factors 
acting on the delta-function. Both properties are implied by the Feynman 
rules given in the previous subsection. As a result, each supergraph forming 
the effective action of the super Yang—Mills theory can be represented by a 
single integral over d*0. In other words, the effective action has the following 
structure 


rv. ®. =F fata, dts faso zin oaa MF aX O) FAX 0) 


(4.6.37) 


where the 7s are translationally invariant functions on Minkowski space, 
and the Fs are local functions of V, ®, ® and their covariant derivatives 


F,=F{V, 0, ©, D,V, D,®, D,®, ...). (4.6.38) 


4.7, Renormalization 


As is well known, renormalization is one of the essential elements of quantum 
field theory. Formally speaking, renormalization consists in finding suitable 
counterterms and adding them to the initial action in order to substract the 
divergences loop-by-loop. A chief aim of this section is to investigate the 
general structure of the counterterms in super Yang-Mills theories. 


4.7.1. Superficial degree of divergence 

Let us consider some super Yang-Mills theory described by chiral ®*, 
antichiral ®, and gauge V =V'T" superfields interacting among themselves, 
the interaction determined from the classical action (4.6.24, 1. 25). As has 
been shown, its effective action is given entirely in terms of the supergraphs. 
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The corresponding Feynman rules were formulated in subsection 4.6.3 (see 
also subsection 4.4.5). 

We pick out here some specific features of supergraphs. First, each vertex 
contains an integral over d*6@. Second, each vertex without external 
(anti)chiral lines attached includes four spinor covariant derivatives—D- 
factors; if an (anti)chiral external line is attached to the vertex, then the 
number of D-factors is reduced from four to two. 

To secure finiteness of the supergraphs at all the intermediate stages of 
calculation, we have to introduce some regularization procedure. The 
problem of regularization in supersymmetric theories is a separate one. For 
the moment, we shall assume the existence of a regularization preserving 
supersymmetry. Then, at the end of this section we shall return to the 
discussion of supersymmetric regularizations. 

The superficial degree of divergence of a Feynman diagram is defined to 
be the degree of homogeneity of the diagram in momenta. To calculate the 
superficial degree of divergence w(G), G being an arbitrary supergraph, one 
has to take into account the momentum dimensions of the objects used to 
write the contribution of the given supergraph. These objects are propagators, 
vertices and momentum integrals. 

Let us consider an arbitrary L-loop supergraph G contributing to the 
effective action, with V vertices, P propagators and E external lines, Let C 


of the P propagators be of DỌ- or O@-type and E, from these E external 
lines be (anti)chiral ones. According to the superfield Feynman rules (see 
subsections 4.4.5 and 4.6.3) the contribution of any such supergraph has the 
form 


eter natncate 2 d46y Doc] (4.7.1) 


where the square brackets include the above number of propagators and 
include some definite number of D-factors associated with vertices. It is 
obvious that only the integration over momenta may lead to divergences. 

The momentum integrals (4.7.1) contribute the quantity 4L to w(G). Taking 
into account the explicit dependence of the propagators on momenta, we 
have the contribution —2(P+C). Recall that the O®- and -propagators 
have the extra 1/p* factor in comparison with the ®@- and VV-propagators 
(and the ghost ones). However, the quantity 


4L-2P+C) (4.7.2) 


does not represent the final momentum dimension of the supergraph 
contribution (4.7.1), since the D-factors also depend on momentum. 

Let us find the total number of D-factors depending on the internal 
momenta. The superfield Feynman rules tell us that each vertex without 
external (antichiral) lines includes four D-factors: only two D-factors are 
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associated with a vertex possessing an external line of ®®- or OO-type. 
Therefore, the number of D-factors associated with the V vertices in expression 
(4.7.1) is equal to 4V—2E.. We also know that each propagator of ®®- or 
P-type contains two D-factors. Hence, the total number of D-factors 
depending on the internal momenta in expression (4.7.1) is given by 


4V—2E,+2C (4.7.3) 


Now, the reader should recall the non-renormalization theorem (see 
subsections 4,4.8 and 4.6.4). According to this theorem, equation (4.7.1) can 
be transformed into an expression involving a single integral over d*@. That 
is, (V— 1) 6-integrals can be taken explicitly, since each internal line contains 
a Grassmann delta-function 6*(6,—6,). After taking (V — 1) 6-integrals, (V —1) 
of the P delta-functions are cancelled, and we have (P—V+1) remaining 
6-functions. But owing to the well-known topological relation 


V+L—P=1 (4.7.4) 


the number of such 6-functions is equal to L. As a result, after transforming 
equation (4.7.1) to the form with a single 6-integral, we have an expression 
including L Grassmann delta-functions. Since 5*(@—6)=0, this expression 
does not equal zero if all the 6-functions are completely reduced by means 
of relations like 


D?D?5*(—6') = 16. 


We see that 4L D-factors are required to cancel the remaining 6-functions, 

In summary, after the transformation of equation (4.7.1) to the form 
dictated by the non-renormalization theorem we have the following number 
of D-factors depending on the internal momenta 


4V —2E.+2C—4L (4.7.5) 


What can we do with the remaining D-factors? Note that in the process 
of reducing equation (4.7.1) to the form with a single @-integral one should 
perform integrations by parts, as in equation (4.4.52). Therefore, some 
D-factors can be transferred to the external lines. Those D-factors, which are 
not transferred to the external lines, must be converted into momenta via 
the relation {D, D} ~p. 

Suppose that all the remaining D-factors are converted into momenta by 
the law {D, D} ~p (no D-factors are transferred to the external lines}. Then, 
they produce the following maximal number of internal momenta 


34V -26,.+2C—4L)=AV—L)-E,+C. (4.7.6) 


Then, the maximal superficial degree of divergence is given by the sum of 
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equations (4.7.2) and (4.7.6), Therefore, we have 
w(G)=4L—2P—2C0+2V—-—2L-—E,+C 
=2(L+V—P)—E,—C=2-£,-—C (4.7.7) 


where equation (4.7.4) has been used. 
Assuming that Np D-factors are transferred to the external lines, the 
superficial degree of divergence is given as 


| 
WG)=2—— No- EC. (4.7.8) 
This is the final expression for the superficial degree of divergence. 


4.7.2. Structure of counterterms 

To ascertain the explicit structure of the counterterms, it is necessary to take 
into account the superficial degree of divergence, the non-renormalization 
theorem and the fact that the counterterms are local functionals in x-space. 
Also, we will assume that the regularization procedure chosen preserves 
supersymmetry. Therefore, the counterterm AS should be a local super- 
functional of Q, ® and V invariant under the supersymmetry transformations 
of these superfields. The locality of AS, supersymmetry and the non- 
renormalization theorem imply that the counterterm must have the form 


as= fasz AL(®, B, V.) (4.7.9) 


where A.Y(®, ®, V,...) is a function of the basic superfields and their covariant 
derivatives to a finite order, 

Let us consider some elementary consequences of equation (4.7.9). First, 
there are no counterterms to vacuum energies since 


as= [a AF lioa p-o=0. 


Therefore, there is no need to take into account the supergraphs for vertex 
functions without externa] superfield lines. In fact, all such supergraphs 
vanish, as a consequence of the non-renormalization theorem, 

Second, the counterterms cannot contain terms having the structure of a 
chiral superpotential, such as 


fasz f(®) 
since their counterparts in the full superspace 


s,(_1D° 
fs e( fo 


have nonlocal form. 
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Before we proceed to the study of the structure of counterterms, let us 
discuss the problem of gauge invariance of the counterterms. This problem 
is common to all gauge theories. The fact of the matter is that the quantization 
procedure demands that we introduce gauge fixing conditions which break 
the classical gauge invariance. On these grounds, the effective action turns 
out, in general, to be non-invariant under the initial gauge transformations. 
Certainly, the S-matrix is always gauge invariant, Thus it should not be a 
surprise that counterterms in the super Yang-Mills models may, in general, 
be non-invariant under supergauge transformations. 

The standard way to classify counterterms in conventional gauge theories 
is based on the Slavnov-Taylor identities, which allow one to decrease the 
number of admissible counterterms. Analogous identities can also be 
formulated for superfield gauge theories. However, in many cases of interest 
it is possible to realize the quantization procedure in such a way that the 
corresponding Slavnov-Taylor identities imply invariance of the effective 
action under the classical gauge transformations, This formulation of 
quantum gauge theories is known as the background field method (it can 
be applied under the existence of gauge invariant regularization), Concrete 
realization of the above formulation is based on specific features of the given 
theory, and it is not clear from the outset that the super Yang-Mills theories 
are tractable within the framework of background field method. Fortunately, 
the background-field formulation of general super Yang-Mills models does 
exist, and it has been suggested by M. Grisaru, M. Roček and W. Siegel’. 
For our aims, it is essential to know only that there exists a formulation 
of the theory, in the framework of which the effective action is invariant 
under the initial supergauge transformations. 

Now, let us find all the admissible counterterms. Divergent supergraphs 
are characterized by the condition w(G)>0. In accordance with equation 
(4.7.8), there can be three possible basic types of divergent supergraphs: 


l. E.=2, C=0, Np=0, w(G)=0 
2. E.=0, C=2, Np=0, w(G)=0 (4.7.10) 


3. E.=0, C=0, Np<4, 0<w(G)<2. 


Notice, the above conditions give no restrictions on the number of external 
V-lines. 

Consider the first variant in expression (4.7.10). Divergent supergraphs of 
this type have exactly two (anti)chiral external lines and may carry an 
arbitrary number of external V-lines; their divergence is logarithmic. Hence, 
suitable counterterms should have the form 


AZ, are DF(V)® (4.7.11) 


'M, Grisaru, M. Roček and W. Siegel. Nucl. Phys. B 159 429, 1979, 
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all the indices being suppressed. Here F(V) is some function of the gauge 
superfield V, AZ, is a series in couplings and the regularization parameter, 
We suppose that the calculation procedure is fulfilled within the framework 
of the background field method. Then, all the counterterms should be 
supergauge invariants. This implies that the only possible form for F(V) is 
exp(2yV). Therefore, in the first variant of equations (4.7.10) the counterterm 
reads 


AZ, fez Deo, (4.7.12) 


The supergraphs belonging to the second variant in equations (4.7.10) 
include only external V-lines. The corresponding counterterm should be 
proportional to 


m? fes V) (4.7.13) 


/(V) being some function of V. But if we carry out the calculations in the 
framework of the background field method, then such a counterterm is 
forbidden by supergauge invariance. More precisely, the only admissible 
choice is f(V)=const and hence the expression (4.7.13) vanishes. As an 
example, the reader can explicitly check that the total divergent contribution 
produced by all possible one-loop diagrams of the form 


proves to be proportional to 
m? fasz tr(e (e7) T) =m? [ors tr(e?#" e~ 20") =0, 


Finally, consider the third variant in equations (4.7.10), The most general 
form for the corresponding counterterm reads 


fazat DFV, AS | 


Here G is a function of the gauge superfield and its covariant derivatives to 
fourth order; in addition, G depends parametrically on the dimensionless 
coupling constants g and /,,,, and the regularization parameter. Note that 
the dimension of G is equal to two, while V is dimensionless. Obviously, one 
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can write 


[ars c= ats VV +O?) (4.7.14) 


where v is a V-independent differential operator of the fourth order in D, 
and D,. Assuming validity of the background-field method, the counterterm 
should be invariant under the gauge transformations (4.6.3). Then, its 
quadratic part in V must be invariant under the linearized transformations 


bV=A+A D,A=0. 


Therefore, the most general form of the opérator .@ is 
l 
ET AZ,D*D*D, 


AZ, being a series in the couplings and the regularization parameter. Now, 
the full counterterm can be recovered from the requirement of supergauge 
invariance to obtain 


i i 
AZ 5 | d®z tr(e~2°”D* e3 W,) = AZ, ie faz tr(W*W,). (4.7.15) 


In summary, we have shown that in the theory under consideration there 
are only two possible types of counterterm. They are given by the expressions 
(4.7.12) and (4.7.15). 

Let the classical action be written as 


S= fez Pep -5 fe: tr(W*W,) 
g 


+} [ots (G moo+1 i000) +c} (4.7.16) 


with the group indices suppressed. The above analysis allows us to find the 
renormalized action S,, By, Vr and parameters Mg, Ap, gp in the form 


1 
Sp=Z; [er Ör e29eV eg, +Z: Ja [ave tr(WR Wkra) 
gR 


+{ { déz G mg PD, Dp +7 in yO) +6 (4.7.17) 


where Z, =1+AZ,, Z;=1+AZ, are the renormalization constants, WR is 
the superfield strength expressed through the superfield Vg and the parameter 
gr- Comparing the expressions (4.6.16) and (4.7.17), we see that 


®=(Z,)'/7, V =(Z;)''*V,. (4.7.18) 


Hence, Z, is the waye function renormalization for the matter superfields 
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and Z, that for the gauge superfield. One also finds 
d V =r Ve MOD =M DR DR ¿ODO =/gD,D,Dp, (4.7. 19) 


These relations are direct consequences of the non-renormalization theorem 
as well as of supergauge invariance. 

Let us formally introduce renormalization constants for mass and 
couplings as follows 


m=Z,,Mp A=Zjhp g=Z, or: (4.7.20) 
Then, the relations (4.7.18) and (4.7.19) tell us that 
ZZ)? =1 fe AA ZAZ ,)"* =I. (4.7.21) 


We summarize the results. In super Yang-Mills theories, there are only 
two independent renormalization constants, Z, and Z4. Renormalization is 
determined by the wave function divergences. 


4.7.3. Questions of regularization 

Previous considerations in this section were based on the assumption that 
there exists at least one regularization scheme preserving supersymmetry and 
supergauge invariance as well as being adapted for use in supergraph 
calculations. We review here several often-employed regularizations. In each 
case, fulfilment of the above requirements is not guaranteed by construction 
and has to be checked explicitly. 


a, Supersymmetric Pauli-Villars regularization. Let us introduce a matrix 
which is formed from the propagators (4.4.49) of the Wess-Zumino model 
and defined as 


xip=—i(er? ee) 
K_.(p) K__(p) 
1 
. = (70) l 
1 P 4 4 , 
=- ee ts 5*(0—8'), 
p id EA | 
' Al ; Dx) 
(4.7.22) 


As is known, the chief idea of the Pauli-Villars regularization consists in 
modifying, in each loop, the initial propagators in such a way as to obtain 
propagators possessing less singular behaviour on the light cone. This is 
achieved by adding to the initial propagators, in each loop, propagators of 
some auxiliary massive fields with suitable coefficients. 

In our case, it seems reasonable to regularize the superpropagator (4,7.22) 
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in the manner 


L# (RY p) 
—LD?(p)/ CM, `^ ! ; 
3 mal Ms a =) : +f 8 : 
p p +m? Tp +Mi p +m“ Tp +M; 

” l Ea -41 D? M; 
=F Ls = ep) peice ) 
pe+m? Tp +M? p? Pm T p?+M? 

x o*(6-8) (4.7.23) 


where M; are auxiliary masses, and C; are dimensionless coefficients. To 
cancel the leading singularities of on the light cone, it is sufficient to 
choose C; under the conditions 


YC=-1 FCM =—m (4.7.24) 
i i 


All the auxiliary masses should be taken to infinity at the end of the 
supergraph calculations. 


Remark. There is no need to regularize the factors 1/p? in equation (4.7.22) 
since, as we have seen, their origin was purely kinematical: to convert the 
vertex integrals over d?0 or d2 into ones over d*@. In fact, one could even 
work with the unregularized propagators K,. and K__, because in the 
Wess-Zumino model the only divergent supergraphs with internal ®®- or 
®-lines are vacuum ones, due to equation (4.7.8), and they vanish. But this 
would lead to the breakdown of supersymmetry, 

The explicit form of the regularized superpropagator (4.7.23) motivates us 
to associate with each mass M; some auxiliary chiral superfield @, and its 
conjugate. This idea allows us to realize the Pauli—Villars regularization 
directly in the Lagrangian approach by adding to the classical action an 
action of auxiliary superfields as well as some coupling terms. A correct 
choice for the total action is of the form 


Ss [avs (0 +55 awi) 


+} fats] Moras im +i (o+5 J jee } 

a a a e ETA E i 7 
(4.7.25) 

Cs being solutions of equation (4.7.24). The action corresponds to a dynamical 


system of several (anti)chiral superfields. The corresponding perturbation 
consideration can be fulfilled in the standard way in terms of supergraphs. 
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Notice that supergraphs with external ®- and ®-lines only should be taken 
into account. The auxiliary superfields work in the loops. Obviously, in this 
regularization scheme the supersymmetry remains unbroken at all stages of 
the quantum calculations. 

Unfortunately, Pauli-Villars regularization is not well adapted for gauge 
theories, in particular, for the super Yang-Mills theories. The problem is 
that the scheme demands that we introduce auxiliary massive (super)fields 
for all physical (super)fields, in particular, for the massless gauge ones. This 
can be accompanied by the breakdown of (super)gauge invariance. 


b. Regularization by dimensional reduction. Any regularization procedure 
should answer the question: in what sense are the divergent Feynman integrals 
to be understood? The standard requirements of the regularization scheme 
consist in that it must lead to convergent Feynman integrals and preserve 
as many properties of the initial classical theory as possible. In 
supersymmetric theories it is natural to demand that the regularization 
scheme preserves supersymmetry. As we have noticed, the problem of 
existence of such a regularization should be discussed case by case. For 
instance, in the component approach one could use so-called dimensional 
regularization which is most popular in modern quantum field theory. 
Dimensional regularization demands the theory to be formulated in 
space-time of an arbitrary dimension from the very beginning. However, 
supersymmetry can exist only in space-times of special dimension. Therefore, 
it is conceivable that naive application of dimensional regularization will 
lead to a breakdown of supersymmetry. 

Regularization by dimensional reduction invented by W. Siegel is a 
generalization of the standard dimensional regularization adapted to 
supergraph calculations. 

Let us consider a divergent L-loop supergraph. The regularization consists 
in two steps. First, we fulfil all necessary manipulations with covariant 
derivatives (D-algebra) in four-dimensional space-time and integrate over 0, 
as in the proof of the non-renormalization theorem. As a result, we obtain 
a single integral over d*# and L momentum integrals. The integrand depends 
on external superfields and their covariant derivatives and therefore the full 
expression is manifestly supersymmetric. Second, to the remaining momentum 
integrals we apply standard dimensional regularization. All the momenta 
should be considered as @-dimensional ones. The divergences appear only 
in the form of poles 1/(@—4)*, k=1, 2,.... 

Regularization by dimensional reduction appears to preserve both 
supersymmetry and supergauge invariance. This scheme is well adapted to 
massless theories, since it does not demand the introduction of auxiliary 
masses. 

To illustrate the use of regularization by dimensional reduction, let us 
consider the supergraph (4.4,53a). After fulfilment of the Z-algebra and 
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d-integration, we arrive at equation (4.4.54b) in which the function A(p?, m?) 
reads 


d*k 1 

(27)? (k? + m?\((p—k)? +m?) 

This integral is divergent. According to regularization by dimensional 
reduction, we have to replace the above expression by 


d’%k ! 
(27)” (k? +m?)((p—k)? +m?) 
u being some parameters of mass dimension. It has been introduced in order 


to make A„(p% m*) dimensionless. Direct evaluation of the integral (4.7.26) 
leads to 


4-% gq 
AAp*.m?)=— A r(2-%) 


A(p?, m?)=1 | 


AAp*,m?)=ipt~ 7 | (4.7.26) 


1 
| da [m? + p l —a)]~ 277"? 


D 


(4n)? 2 


In the limit & +4, one obtains 


AA p?, m*)= +finite terms. 


2 
(4n) (2—4) 
To cancel this divergence, we have to introduce the one-loop counterterm 

2Žnår 
(4n) (2—4) 


expressed in terms of the regularized parameters 4, 2, and superfields ®,, ®,,. 

Unfortunately, regularization by dimensional reduction leads to some 
ambiguities when applied to higher loop supergraph calculations. The 
problem is the following. To maintain supersymmetry, some objects which 
arise in the theory under consideration are to be defined directly in four 
dimensions. The others are to be continued, in the process of regularization, 
to 2 dimensions. However, there are many supergraphs which involve 
contractions of four-dimensional objects (spinors or tensors) with 2- 
dimensional ones. These contractions have an absolutely formal character 
and require special definitions. In principle, several reasonable definitions are 
available. But making the calculations in different ways may lead to different 
results. The differences among them disappear only at 2=4, but at Z=4 
the supergraphs should be regularized. Nevertheless, in spite of possible 
ambiguities, regularization by dimensional reduction is the basic regularization 
scheme which is used in practice for supergraph calculations. 


dêz },0, 


Scountr =s i 


c. Other possibilities. As we have discussed, only the factor 1/(p*+m7) in 
equation (4.7.22) is required to be regularized in order to make loop 
momentum integrals convergent. From this point of view, the situation is 
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exactly the same as in conventional field theory. Hence we can use any of 
the standard regularization schemes applied to superfield theories. 
For example, let us represent the scalar field propagator in the form 


i x= 
= =| dse i tm, 
pm Jo 


To regularize the propagator, we have to modify the behaviour of the 
integrand at s+0. The regularized propagator can be defined as 


: iR) 2 
(-s45) =| ds f(s) e~ 0+ ms (4.7.27) 
p +m 0 

Ja being some smooth function chosen subject to the requirement that f(s) 
and all its derivatives to a finite order vanish at s=0; also, f,,(s) 1 when 
the parameter w tends to some fixed value. The choice f,,,(s)=(isu?)”, where 
His a mass parameter, is often used in practice. The corresponding regularized 
propagator is given by equation (4.4.57); o — 0 at the end of the calculations. 
The above choice defines so-called analytic regularization. It can be shown 
that the divergences of Feynman diagrams appear in the framework of 
analytic regularization only as poles of the type 1/a*, k=1, 2, .... 

When applied to supergraph calculations, analytic regularization has some 
features common with regularization by dimensional reduction. However, in 
analytic regularization all the calculations are performed in four-dimensional 
space, Unfortunately, analytic regularization can lead to the breakdown of 
Ward identities in gauge theories*. The example of supergraph calculations 
with use of analytic regularization has been presented in subsection 4.4.7. 


4.8. Examples of counterterm calculations: an alternative technique 


For given loop order, one must take into account infinitely many divergent 
supergraphs when trying to compute explicitly the relevant counterterms 
(4.7.12) and (4.7.15). There exists another approach to finding counterterms 
which makes it possible to account for all such supergraphs simultaneously. 
It is based on the Schwinger proper-time technique and its central object is 
a (super)propagator in an arbitrary external (super)field. This approach will 
be discussed in detail in Chapter 7. In the present section, the proper-time 
technique is used to calculate the one-loop counterterms for two 
supersymmetric models. 


4.8.1. One-loop counterterms of matter in an external super Yang-Mills field 


We consider a theory of matter chiral superfields ®={*(z)} coupled to an 
external super Yang-Mills field described by V=gV‘(z)T', where g is the 


*See, for example, R. Delbourgo, Rep. Progr. Phys. 39 345, 1976. 
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coupling constant. The matter multiplet is assumed to transform in a real 
representation of the gauge group, hence the generators T’ are antisymmetric, 
(T')'=—T". Ignoring self-coupling of the matter superfields, the classical 
action reads 


S[®, ®,; K= [aro | dêz Potea, (4.8.1) 


Since S[®, ©; V] involves no self-coupling of the dynamical superfields, 
the effective action [[®, ®; V] of the theory is given only by its classical and 
one-loop parts: 


ro, 6; V]=S[o, 6; vV]4+T (VY), 


The one-loop correction T’[V]. defined by the superfunctional integral 


Mv] | 2820 e'S[9.8:1] (4.8.2) 
can be represented in the form 
rocr] =; sTrIn H” (4.8.3) 
where the operator 
! Pee | 
mlo --D°e 
4 HY grr 
H”! = =( HA F ) (4.8.4) 
ET a EE 
4 


determines the Hessian of S[@, ©; V]. It should be pointed out that TY [V] 
is a part of the one-loop effective action of the general super Yang-Mills 
theory considered earlier. 


Remark. In equation (4.8.3) it is understood that H™ is a linear operator 
acting on the space of chiral-antichiral columns 


(sr) 


More generally, given such an operator s% its supertrace is defined with the 
help of the matrix superkerne] 


od ,(z, 2’ 0 
pada iae i 
z4 -- 0 Jad _(z, 2’) 
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as follows: 
sTr oJ = fasz tr of, .(z,2)+ fasz tr .of_ _(z,z)=sTr of, , +8Tr.of__ 


tr being the ordinary matrix trace over group indices. 
In order to compute PY[V], we first apply the so-called doubling trick. 
Let us make in the integral (4.8.2) the change of variables 


®-i0 6 -—id 


whose Jacobian is unity. This redefinition changes only the sign of the mass 
term (see equation (4.8.1)), in the exponential. Therefore, if we denote 
H(m) =H", then 
sDet H(m)=sDet H(— m). 
One now obtains 
i XY, —m?l 0 
Ply] =+sTr In {H(m)H(—m)} =sT in ae ) 
iv] ss {H(m)H(—m)}=sTr 6 "mle 
(4.8.5) 
where 
HP, =HELHY, ae) De?" D? e*" 
16 (4.8.6) 
we) =H") H AD e D2 e72", 
a hes T 
Introduce chiral G}, and antichiral GYL superpropagators which are 
solutions under Feynman boundary conditions of the following equations 


(2, —m7)G@", (z, 2')= — 196 4(z, 2’) 


4.8.7 
(#0) —m?)G") (z, z')= — 196 _(z, 2’). SN 

Then, the relation (4.8.5) is equivalent to 
reryj=— ; sTr, In GYL -zsTr- In GUL, (4.8.8) 


As a result, the one-loop effective action is determined by the (anti)chiral 
superpropagators GL and GĦ’. 


Remark. The trick applied above is the simplest way to prove equation 
(4.4.25). 


Our next step in the treatment of '’[V] will be the introduction of the 
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Schwinger proper-time representation for the superpropagators 


G) (z, naif ds UY (z, z'|s)e7"s (4.8.9) 
0 


and similarly for GL. The superfield kernel U} (z, z'|s) is chiral in both 
arguments and satisfies the equation 


(iE +0 Juria=0 (4.8.10) 
CS 


and the initial condition 
UY). (2, 2'|5)s=0 = 100 +(2: 2’). (4.8.11) 


With the help of purely formal manipulations described in detail in 
Chapter 7, one can show that the relation (4.8.8) is equivalent to 


r[y]= -if ds ins {sTr, UY. (s)+sTr- UCL (s)}. (4.8.12) 
àg 


Here the integral over s turns out to be divergent at s+0, We regularize 
CV] as follows: 


1 =  d(is) 
rOryy = —— pe 
w LV] 4" j} (is -@ 


e's fsTr, UY (s)+(+— —)} (4.8.13) 
u. w being the normalization point and regularization parameter, respectively; 
io — +0 at the end of the calculations. Now, let us note the identity 
sTr, U'!).(s)=sTr_ U“_(s) (4.8,14) 
which can be formally proved, using equations (4.8.6, 10, 11), as 
sTr, UY (s)=sTr_ fexp(isH! HY? )} 
=sTr_{exp(isH, HY_)} =sTr_ UY. (s). 


Hence we can write 


r4 T Vi = = wee d(is) 


e7 > Tr, U,(s). (4.8.15 
> o T +U% (s) ) 


It should be remarked that T [V] is invariant under the super Yang-Mills 
gauge transformations (3.5.26); i.e. equations (4.8.6) and (3.5.26) show that 


w) =eiA HY, e iA 
Hence 
sTr. UY) (s)=sTr le^ UY e-'4)=sTr. UYL (s). 


The crucial observation is that the fourth-order differential operator #\"), 
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(4.8.6) is equivalent to a second-order one when acting on chiral superfields 
(by construction, #f. should act on chiral superfields only). In terms of 
the gauge covariant derivatives (3.6.40a) satisfying the algebra (3.6.45, 46a), 
we can write 


wY, = Qlmg’*)_ wIgtt)— ; (QW), (4.8.16) 


To simplify following expressions, we shall omit the label (+) which the 
derivatives Z!’ carry. Now, the structure of »#'t, implies that the solution 
of equations (4,8.10, 11) can be looked for in the form (compare with equation 
(4.4.21)) 


UW) (z 2’|s)= ——— ! e i ii ‘| ` Piiz, z'\(is)" 
|s) (4n = P| pi IX) Px, ( \is) 
xf.) =x" +1806. 


(4.8.17) 


Here the coefficients a(z, z') are chiral in both arguments and satisfy the 
equations 


(X(4,)—X{ =)" LF, iT W, Jal =0 (4,8, 18a) 
(n+ Lal), +(x,4)—x/4 "LZ, 186, Wa) = Ea = n=0,1,.... 
(4.8.18b) 


These equations represent recurrence relations allowing us to determine the 
coefficients step by step. Note that the initial condition (4.8.11) and the 
equation (4.8.18) lead to 


af Xz, 2')}=(6 -—9' Plz, 2’ (4.8,19) 


Q being the chiral two-point function subjected to equation (4.8.18a) and the 
boundary condition 


2, Z)=Ig. (4.8.20) 

In accordance with the relations (4.8.15) and (4.8.17), we can now write 
= d(is) 
| (ise 


So, the effective action is determined by the coefficients a% at coincident 
points. As for the divergent part of TLP[V], it is easy to show that 


a 
bir reyes fe zr ff (z, z)—mal!(z, 2) +a) (2, a 


rogy ]= 


en ims T (is) f dx tratz, z). (4.8.21) 
n=0 


w 2(47n)* 
+finite terms, 


On the other hand, it follows immediately from equations (4.8.18—20) that 
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aly (z, z)=al"(z, z)=0. Therefore, the divergent part of the effective action 
reads 


PyslVJ=— aR ~ = [at tra% (z, z). (4.8.22) 


As a consequence, all information about divergences of the theory is encoded 
ina, 

Let us calculate ay’ at coincident points. Setting in equation (4.8.18) n=1 
and taking the limit zz’, one obtains 


aY Yz, z)=(2°F, — WD al iz, z')|_-- (4.8.23) 


where the identity a} (z, z)=0 has been used, Other simple consequences of 
equations 4.8.18—20) are: 


Ba.D ay, 2'\pcyp =O ake Oy 1, 
7A E Gay) zz’) =» =0 
nadi E Pzr = (4.8.24) 
AAT —4No 
Daz, Z) z= = —2W;, 


(Y) 


We arrive at 
a(z, z) = W*W, (4.8.25) 

Due to equation (4.8.22), the divergent part of the effective action is given by 

] 
w 2(4z)? 
and determines the relevant counterterm. 

The results described were originally obtained by J. Honerkamp, M. 
Schlindwein, F. Krause and M. Scheunert in the case of supersymmetric 


electrodynamics and by I. Buchbinder in the case of general super Yang-Mills 
theories. 


roel yj=+ a dêz ti W?W,) (4.8.26) 


4.8.2. One-loop counterterms of the general Wess—Zumino model 

Let us consider the general Wess—Zumino model (3.2.8) and determine the 
one-loop divergences of the corresponding effective action, In accordance 
with equation (4.3.15), the one-loop contribution to the effective action of 
the theory (3.2.8) is given as 


eb, B] = | By 27 ie 
= L249), 


(4.8.27) 
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Here the linearized action S[y, 7; ¥, P] is defined by equation (4.4.6). In terms 
of the operator (4.4.5), which determine the Hessian of S[y, 7; Y. F], and 
its Green's function (4.4.7,8) under the Feynman boundary conditions, 
rO, È] is of the form 


roco, ð] =; sTrin H” = —5sTr Ing) (4.8.28) 
where the operation of supertrace is defined in the manner: 
sTr G= | d°z G, .(z, z)+ fasz G __(z, 2). (4.8.29) 


An important role in our subsequent consideration will be played by the 
superpropagator G{*? of real scalar superfield obeying the equation 


AGW (2, 2‘) = —6°(z, 2’ 
v (2,2') (z, 2’) (4.8.30) 


A=o -; ¥(2)D? -; $(2)D?, 


Its significance follows from the fact that G” can be expressed through GP) 
by the rule: 


2n2G) 1 2p GCF) z 
Gz, 21 eee p D: pi (2,7') DD: ae (z, i (48.31) 
16 \ DDG zz) D2D2G!"z, 2’) 
In this connection, let us act with the operator 
o -ip 
H= 4 
1 
--D* 0 
4 


on both sides of equation (4.4.8) from the left. Then one arrives at the 
equations 


1 
-G +42, z) —- B2(P(z)G _ , (z, 7))=0 
O: (z, z') 4 2(‘P(z) (z,z')) (4,8.32a) 


0,G_.(z2)— ; D2(¥(2)G., +(e, aa D2D25%:, z’) 
1 
G__(2,7’)—— D¥(2)G , -(2,2'))=0 
oO, (2, 2') : (‘P(z) (2, 2')) 3 (4.8.32) 
o,G, -(z, rj D2(¥(z)G - _(z, 276 D?7D?.6*(2z, z') 


which the components of G'”’, defined by equation (4.4.8), satisfy. On the 
other hand, let us introduce one more G” defined now by equation (4.8.31). 
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Its components turn out to satisfy the same equation (4.8.32), For example, 
acting with 4:D?D?, on both sides of equation (4.8.30) and using the chirality 
of ¥, one obtains the first equation (4.8.32a), since 


D2D2.4%(z, 2')=D?2D25%(z, 2')=0, 
The relation (4.8.31) leads to the following remarkable identity 
sTr In G™! =sTr In G0 (4.8.33) 


where the operation of supertrace in the nght-hand side is defined as 


sTr G9) = [avs Giz, 2) (4.8.34) 


(compare with equation (4.8.29)). To prove equation (4.8.33), we consider the 
variation of sTr In G” with respect to arbitrary infinitesimal displacement 
Y P +Y keeping, for simplicity, ¥ unchanged. We have 


dy sTr In GY) =sTr (pH G) =sTr T o) p AR ii -)] 
0 O/\G_, "Ua 


= fasz d®2’ SW(2)G . (z, 2')5 (2.7) 
= [ate d®2’ 5P(z)GMP (2, z ( -i D?25%(z, 2) 


a fe: yA. GiPXz, z’)| z=: 7 ow sTr In Gi. 


Since at ‘¥=0 the expressions in both sides of identity (4.8.33) vanish, the 
above analysis confirms equation (4.8.33). 
Using equation (4.8.33), one can rewrite equation (4.8.28) in the form 


ro, 6] = —<sTr In G, (4.8.35) 


This relation will be basic to our further investigations being, in fact, 
analogous to that described in the previous subsection. First, we introduce 
the proper-time representation for G{*?: 


Gz, =i f ds US? (2, z'|s) (4.8.36) 


o 


UU” being the unique solution of the equation 


(i By a) Us) =0 (4.8.37) 
és 
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with the initial condition 
UPN, z|s—> +0)=d%(z, z’). (4.8.38) 
Second, we replace the ill-defined expression for T“? 


ds 


roio, ®] = -pS —sTr Us) 


0 
which is equivalent to expression (4.8.35), by the regularized version 
ri), 6] = — sae |” seul us). (4.8.39) 


It now remains to analyse the kernel U% 
We look for the solution of equations (4.8.37, 38) using the ansatz 


Uiz, z'|s)= — exp( iE On 5 N a'¥\(2z,2'\is)". (4.8.40) 


i 
(4ns)? 
To fulfil equation (4.8.37), o and a‘* should satisfy the equations 


20=0%s 6,0 -3 yYD;oD*o— ; YD*cD,o (4.8.41a) 
Ge > ; Y(D;0)D* - a —(4—(Ao))a‘”) (4.8.416) 


in+ lja + [eoe —-Y(D;0)D*—- E ¥(D*oID, Jg ay, 


1 
=5 (4—(Ao))ays +29” n=0,1,.... (4.8.41¢) 
To guarantee the initial condition (4.8.38), it proves sufficient to impose the 
following boundary conditions: 


o(z,z)=0 D,0(2. 2')|,-..=0 D,D 40(2, z'lz=7=0 


D? alz z')|-2--=0 D,6,6,0(2, 2’) -= =0 (4.8.42a) 
Dy .iDyavyezae=0 -k=20,1,2,3 (4.8.42b) 
D Datz, 2')| <2 =16. (4.8.42c) 


Let us comment on these restrictions. At ¥=0 we have A= p, hence 
=- ý 2 

(6-698)? exp eax), 
4s 


(4.8.43) 


Uz, z|s)= UL? =z, z|s)= -ai = 
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This implies that in the case W #0 the two-point functions from equation 
(4.8.40) read 


a(z, 2’) = (x—x’)? + O('P) 


ath (z, z) =5*(0—8') + OCP) 
at\2.2)=O(P) n=), 2,3,.-.. 
It can also be seen that any object such as 
DaDa, 2’) | <2 
Dy- Daa N 2202 &=0,1,2,... 


is a tensor superfield possibly constructed from the ‘Y-independent 
Lorentz-invariant tensors êg, (Gazą and so on, as well as depending 
analytically on ¥, P and their covariant derivatives to a finite order. The 
last observation, supplemented by considerations of dimension, tells us that 
all the expressions in the left-hand sides of equations (4.8.42a,b) should vanish. 
The boundary conditions (4.8.42) and the identity 


2,6,0(2, z’) | z2 7 Hab 


which follows from equations (4.8.41a) and (4.8.42a) show that as s> +0 
the kernel U{*) behaves like the free one (4.8.43). 

As can be easily checked, direct consequences of the equations (4.8.41) and 
of the boundary conditions (4.8.42) are the following relations: 


al? \z, z)=0 
al®(z, z) = PY. 


Now, we are in a position to determine the divergent part of the one-loop 
effective action (4.8.39). By analogy with equation (4.8.22), in the present case 
we have 


(4.8.44) 


RLO, ğ]= 


| 83 ARËN. o\— l fe 
wan fa zaSh(z, 2) Talan dë°z PF. (4.8.45) 


Therefore, the corresponding counterterm cancelling Th [0,0] can be 
written as 


Scountr = 


1 
—— | dz Fd) F"(0 4.8.46) 
X zzl (®)Z:(®) ( 
where we have taken into account that ¥ = ¥%(), 
As is seen from equation (4.8.46), the theory under consideration proves 
to be multiplicatively renormalizable only if #7(®)~@®+const. The final 
requirement means that &(®) is a third-order polynomial in ®. 
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4.9. Superfield effective potential 


In conventional field theory the effective potential is defined to be the effective 
Lagrangian evaluated at constant values of the scalar fields, all other fields 
being taken to be zero. The effective potential V.,.,(@) is an important tool 
for studying the questions of symmetry breaking and vacuum stability, In 
the present section we shall introduce a supersymmetric generalization of 
the effective potential leading to the so-called superfield effective potential. 


4.9.1, Effective potential in quantum field theory (brief survey) 
Let T[ọ] be the renormalized effective action of some scalar field theory, In 
general, T[ọ] isa nonlinear and non-local functional the calculation of which 
is usually performed in the framework of the loop expansion. 

Suppose that ø is a slowly varying field. Then we can represent the effective 
action as a power series in the derivatives of field, that is 


1 
[[e]= | d*x (- Vee) 5 Zlom impp +.. ) (4.9.1) 


The function Vrelo) is called the effective potential. To calculate the effective 
potential, it is sufficient to find the form of [[g] at g=const. 

Let w=const be a solution of the effective equation AT []/ĝọ =0. 
Obviously, this is equivalent to 


òv. 
Ver) o, (4.9.2) 
ey 


The last equation is exact and allows one to determine those constant values 

of @ providing a minimum of the effective action. It is clear that the existence 

of such non-zero scalar fields can be associated with symmetry breaking. 
According to the loop expansion, V..{@) is of the form 


Valo) =V) + F RV%G) (4.9.3) 
n=1 


where V(q) is the classical potential of the theory under consideration, while 
V'@) is the n-loop quantum correction to the effective potential. The 
quantum corrections are usually evaluated using the standard diagram 
technique. 

As an example, let us calculate the one-loop effective potential for a theory 
with the classical action 


i 
S[p]= | d*x (-; "Cm PnP — vo). (4.9.4) 


The one-loop contribution to the effective action is defined by the functional 
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integral 


ell loi = | Ly apl 5 fes wa= vrom] 


and can be written in the form 


Citgi= = 5Tr ing (4.9.5) 


where G'?(x, x’) is a Green's function obeying the equation 
(0,.—V"(@))G'"(x, x)= — d4(x—x’), (4.9.6) 


Notice, we prefer here to use the notation Tr for the operation of functional 
supertrace (4.1.8), because the theory under consideration involves no 
fermionic fields. Introducing the proper-time representation 


G(x. x) =i | ds U(x, x'|s) (4.9.7) 
o 


where kernel U‘®' satisfies the equation 
|i £ +r vro) | U'?"(x, x'|s)=0 (4.9.8) 
és 


and the initial condition 
U(x, x'|s—> +0)=d4(x —x’) (4.9.9) 
we regularize F} '[ø] as follows 
i = d(is) 
rin aie ead sie | 
[e]= 4 (is)? =w 


w—0 at the end of the calculations (see the details in Chapter 7). 
In order to find the effective potential, it is sufficient to solve the system 
(4.9.8.9) only for g@=const. The relevant solution reads 


a uh? 
xf £ *) -iso | (4.9.11) 


d*x U(x, x|s) (4.9.10) 


Yle = const) (ie x |s)= 


e 
(4nis)? 4s 


Now. from equation (4.9.10) we deduce the regularized one-loop correction 
to Verlo): 


indi “aol air y'=, x|8) 


i A ZW)” 
SE V"(@))? . (49.12 
Iraou ™ or( Fe (4.9,12) 
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In the limit w—0, we have [(w)=1/w+), y being the Euler constant, 


(= Wsi- V"(@) 
p i 


Taking the same limit in equation (4.9.12) gives 
vida vý + Veo) 


where 
l 
Vii oe — V'i)? 9. 
=y PPEP, (~)) (4.9.13a) 
ia are: stv (nA Wo) ~)-3/2), (4.9.13b) 
yw? 


V4\) is the divergent part of the effective potential. It should be cancelled by 
the counterterm 


1 
S =——— | d*x(V"(w))?. 
cowair al x(V"(g)) 


Hence, the one-loop contribution to Vrlo) is given by equation (49,130), 
As a result, the one-loop effective potential reads 


Ved) = Vio) + Vo) = Vorti O(m “Py 3/2). 


(4.9.14) 


The effective potential obtained depends òn arbitrary mass parameter p 
which reflects some inherent arbitrariness in the choice of renormalization 
scheme. This parameter should be fixed in practice by imposing so-called 
normalization conditions corresponding to a correct choice for observable 
parameters of the theory (masses, couplings), Let us consider, for instance, 
the theory with the following classical potential 


SE ho š 
V(o)= Th 
where 4, is a bare coupling. One can choose suitable normalization conditions 
in the form 
d? Kest d* Vere 


dy? Py dot = =Å (4.9.15) 


where @ọ is some non-zero constant. The quantity 4 can be called the 
observable coupling. Now, from expressions (4.9.14) and (4.9.15) one finally 
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obtains 


l i. tet A 25 
V(o)=— yi e (12-5) (4.9.16) 
4! oğ 6 


This result is known as the Coleman-Weinberg effective potential. 


4.9.2. Superfield effective potential 

Let T[®,®] be the renormalized effective action of some supersymmetric 
model described by chiral ® and antichiral ® scalar superfields. Suppose that 
@(z)=e'" M(x, 8) and B(z)=e7'" G(x, 8), where X =00°GC,, vary slowly in 
space-time. Then we can represent the effective action as follows 


T[®, 6] = az YA, D,®, D,D,®, ..., 6, Db, D Dð, ....) 


+ l f d°z PEHO, 2,0, 8,2, ...) +e. l, (4.9.17) 


Here Zs is a power series in the covariant derivatives D,®, D,D,9, ..., 
, D,®, D,D,9, ..., while Zt% is a power series in the partial derivatives 
6,9, 6,6,®, .. It seems natural to call Zr an effective super Langrangian 
and #) an effective chiral super Lagrangian. 

Before we proceed further, it is worth saying some words about the 
presented structure of the effective action (4.9.17), The effective action 
superfunctional is calculated in practice with the help of the supergraph 
technique described previously. In accordance with the non-renormalization 
theorem, the contribution to T[®, ®] coming from an arbitrary supergraph 
can be represented as a single integral over d*6, but not over d?@ or d70. 
On these grounds, this is only the first term in equation (4.9.17) which is 
admissible on the basis of general principles. However, one can expect 
contributions to the effective action which really exist, of the type 


{ar:(-2-)o= fasz G (4.9.18) 
40 


where G is a chiral superfield. It is such corrections that form 2$}. 

The relation (4.9.17) defines the exact effective action as an expansion in 
superfield covariant derivatives. Now, let us look for a supersymmetric 
extension of the conventional effective potential. The theory under 
consideration is described by scalar and spinor fields, as is seen from the 
component expansion 


D(z) = e8 T A(x) + O2W (x) + O7 F(x). 


To obtain the effective potential, we evaluate the effective Lagrangian at 
constant scalar fields, the remaining fields being switched off, that is, under 
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the conditions 
A=const F=const w,=0. (4.9.19) 


Then, the effective potential is given as 


=ke faso Foret f fazo P} +e, ) 


Note, however, that the conditions (4.9.19) are not supersymmetric, since 
applying a supersymmetry transformation makes Y, non-zero. Therefore, it 
is worth replacing equation (4.9.19) by the supersymmetric requirement 


a,0=0 (4.9.21) 


A,F=const 


(4.9.20) 


v,=0 


and equation (4.9.20) by 


—V,= | d*6 Li+ f fazo Letec) (4.9.22) 


é,0=0 


The final object can be called a supersymmetric effective potential. 

As is seen, Vee and P,e coincide when the component spinor field is zero. 
Certainly, such coincidence can always be achieved by applying a special 
supersymmetry transformation which switches off the spinor. However, the 
supersymmetric effective potential has one essential quality, namely, it can 
be calculated by purely superfield methods. 

By virtue of equation (4.9.22), the supersymmetric effective potential is 
determined by the following superfield objects 


Vere = Loer| 20-0 VO) = LY a,o=0 (4.9.23) 


which will be called the real and chiral parts, respectively, of the superfield 
effective potential. We will also refer to ¥%} as an effective chiral 
superpotential. It is easy to see that the most general form of Yer reads 


Ven = K(®, 6) + F(D,®, DO, D,6, DB; ©, 5)” (4.9.24) 
where 


F |\p.o=0,d=0= 9. 


The function K(®, ®) is said to be the effective Kahlerian potential, following 
the terminology of supersymmetric o-models (see Section 3.3). As for the 
second term in equation (4.9.24), it seems reasonable to call F the auxiliary 
field effective potential. The point is that its contribution to the effective 
Lagrangian, f d*@ Z evaluated under the supersymmetric condition (4.9.21), 
turns out to be at least of third order in the auxiliary fields of ® and ©. 
Within the framework of the loop expansion, K and ¥ can be represented 
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as 
KIO, )=K (0, + ¥ KO, &) (4.9.25a) 
n=l 
F=F WF. (4.9.25b) 
n=1 


Here K,(%,®) is the classical contribution. For example, for the 
Wess-Zumino model we have K,(®,®)=®®, The h-dependent terms in 
equation (4.9,25) mean quantum corrections to K and Z Further. the effective 
chiral superpotential reads 

HO) = F(O)+ E PO) (4.9.26) 

n=1 

where “(®) is the classical chiral superpotential, and ¥*) are quantum 
corrections. In the case of the Wess—Zumino model, the one-loop correction 
to tẹ} proves to be zero. 


4.9.3, Superfield effective potential in the Wess-Zumino model 
Let us consider the effective action of the Wess—Zumino model (3.2.11). After 
performing standard manipulations, one obtains 


el MEL O.O] — faz Zy exp i Stx ge FI 
a i , 1 óř[0 sny |} 
afi dê sa» vba ee a KoA 4.9.27 
|| (åz te toc. | of ) 


IO, 6] =r[o, 6]—spo, ð] 


Y="), and the action S[y, z; ¥, F] is given by equation (4.4.6). The 
representation (4.9.27) is the basis for the calculation of the effective action 
in the framework of the loop expansion. In order to find the superfield 
effective potential, we should determine P'[®, 6] under the condition (4.9.21). 

Use of equation (4.9.27) allows us to search for the superfield effective 
potential on the basis of supergraph techniques with a superpropagator of 
the type G'*? (4.4.7), where ¥ = ¥7(@), © being subject to condition (4.9.21). 
According to equation (4.8.31), G'” can be expressed through the Green’s 
function G\*) obeying equation (4.8.30). Hence to develop a perturbation 
theory for evaluating the superfield effective potential, we should find the 
Green's function G{* in an external chiral superfield ¥ under the condition 
Y =0. In turn Gl) is determined, via the proper-time representation, by 
the corresponding kernel U$% (4.8.37, 38). 

As a result, in order to find the superfield effective potential, we should 


where 
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solve the system (4.8.37, 38) for U{) in an external chiral superfield ¥ under 
the condition ô,¥=0 and then construct the propagator G9’. The final 
object is to be used in the loop calculations of K and ¥. The solution of the 
system (4.9.37, 38) under the condition 4,‘¥ =0 can be found explicitly’, 

Calculation of the contributions to ¥‘ demands additional comment. 
Because of equation (4.9.18), we can impose condition (4.9.21) only at the 
final stages of transformations. However, since ¥{} depends only on ® for 
its calculation in the massless case, Y =A®, it is necessary to keep in the 
kernel U(*? and the propagator G{*? terms depending only on ¥, but not 
on ¥’. Taking into account the relations D,'? =0 and D?D?=0, one notices 
from equations (4.8.30, 36, 37) that the ¥-independent parts of U\*) and GY) 
are at most linear in ‘¥. Then one finds 


2 
Giz, 2')= ah d*(z, 2')— ay [Ye p: d*(z, 2)| +O(F), (4.9.28) 
o 40 o 


This ansatz can be used for loop calculations of ¥‘{}. 

In the rest of the present section we shall discuss the superfield effective 
potential in the one-loop approximation. It is worth beginning with the 
consideration of some general properties of the one-loop effective action. 
Recall that the one-loop correction to T[@®,®] is given by equations 
(4.8.27, 35). 

The starting point of our analysis is the observation that the 
superfunctional integral (4.8.27) proves to be invariant under rigid 
transformations of the dynamical superfields 


yore xe 7 (4.9.29a) 
supplemented by the following displacements of the background superfields 
Y +e 2p Ps e7ip (4.9.29b) 


x being a real constant. As a consequence, the unregularized one-loop 
correction T'’, defined by equation (4.8.35) and regarded as a functional of 
the superfields ¥ and , is unchanged under the transformations (4.9.29b). 
Remarkably, this invariance turns out to be unbroken after introducing the 
regularization (4.8.39). Let us argue this assertion. 

According to equations (4.8.37, 38), we can write U'* in the form 


UYP\s)=els4 (4.9,30) 


A being defined in expression (4.8.30), We represent the operator A in the 
manner 


! ' 
A=0+2 2=- yp-—iyp? 
g 4 4 


ILL. Buchbinder, S.M. Kuzenko and J.V. Yarevskaya, Nucl. Phys. B411 665, 1994, 
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and expand the exponential (4.9.30) in a power series in A One finds 


U{P(s)= 3 U,(s) 


n=0 
Uis) =e"F (4.9.31) 
uwin | dte*OPU,_() nel 
ô 
As is seen, for n> | we have 
s th to 
user | an | dt,-; Si dt, A,(S. ty. +05 Da (4.9.32) 
0 0 0 
AS, tis oa ty) =U o(S—t,)FU olt,—ty- JP... U olta— ti PU olt). 
Because of the identities 
D,Y =0 D?D? =0 [D,, U,(s)] =0 


and owing to the explicit form of Z the As can be expressed as follows: 
1 2n 
AanlS, tisse ta=(3) Uols— tan) PD U olton—tan—1) 


x PD? Uoltan-1—t2n-2) PD... U olta —ti)¥ D" Uolt) 
+(¥D?-¥D?) (4.9.33a) 
1 \2nr1 ; 
Agn+ (Ss byes slana) = -(;) Uo(S—tay 41) PD? U oltini — tan) 
x PD? Uoltan—tan—1)PD?... Uolt2—t,) YD U (t) 


+D? PD?), (4.9.33b) 


On the same grounds and due to the cyclic property of sTr, it follows from 
equation (4.9.33b) that all As carrying odd labels have zero supertrace, 


STri Azari fist tains n=0,1,.... (4.9.34) 


In the even case, one has 
2n 
sTr{A3,(s, ty, ..., tal} =2(; ) sTr{U,(s)¥D?7U o(t2,,—t2,-1) 


x PD? UV oltan— 1 —tan—2)PD*... Uo(tz—t, PD? Uolt —t2,)}. (4.9.35) 


Obviously, this expression is invariant under the transformations (4.9,29b), 
It is worth also noting that 


sTr U,{(s)=0 
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as a consequence of the explicit form of Uo(s)=Uv(s) (4.8.43). Therefore, the 
integrand in equation (4.8.39) is of the form 


æ 


sTr US? \s)= $ sTr U;,(s) (4.9.36) 
n=1 

and each term on the right contains an equal number of Y- and ¥-factors. 
We observe that TH? possesses invariance with respect to the trans- 
formations (4.9.29b). The same is true for the one-loop corrections to K(®, 6) 
and ¥ In particular, all these objects are even functionals of the variables 
and ¥. Another important consequence of the above analysis is that the 

one-loop correction to ¥{% is zero. 


4.9.4. Calculation of the one-loop Kählerian effective potential 
In conclusion we would like to illustrate the general approach which has 
been described above, by evaluating one-loop K4hlerian effective potential 
in the Wess—Zumino model. 

As follows from the previous discussion, one must compute explicitly the 
kernel 


Uz, 2’|s)=e'4 38(z, z’) (4.9.37) 
the external chiral scalar ¥ being subject to the condition 
ôP =0 (4.9.38) 


in order to find the one-loop correction to Ye. Then, the one-loop correction 
reads 


A i = d(is) 
yoone-loop — __ y?” c Uz 2/5 4,9,39 
efu 7 a f (is)! zw Y ( | ) ( ) 


where we have used the regularization prescription (4.8.39). On the other 
hand, if we are interested only in finding the one-loop correction to K(®, ®), 
we can replace the condition (4.9.38) by the stronger one 


Y=const (4.9.40) 
and calculate the corresponding kernel (4.9.37). Then, the regularized 
correction K ,(®, ®),, reads 


_ di 2a} Ais) 
K,(®, 9),,= ia (is)! - 


Let us find the kernel US"? corresponding to the choice (4.9.40). We can 
now write 


uv? = const) (2, z | s). (4.9.41 ) 


uy sonst} (2 z'|s) = e~ {s/a YD? +¥D*) U p(z, z' |s) (4.9.42a) 
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where 
Ure, 2'\s) =e" 42-2) = (0—0)*(9 A else 


(4zs)? 
: (4.9.42b) 
and make use of the identities 


(š Dn?) = vf Dn? ) 

16 16 
l 172 i =4 1 27932 
— D:D’? ) = o"t — DD n=l 2... 
16 16 

This leads to 


U (F= sonso (7, rig=| + (coshlisy PY 5)—1){D?, D*} 


l a ae ar 
+———— sinh(is / FY oY D? +9) | Us). (4.9.43) 
4./P¥O X 
The correction (4.9.41) is determined by the kernel at coincident points. 
From equations (4.9.42b) and (4.9.43) one immediately obtains 


U(r conz, 2'\s)== (cosh(is,/¥'¥ O)— 1] U(x, x'|s) =x (4.9.44) 
O 
where 
i i i - 
Ub es ‘i oh— es ĝt cahi — —___el/4sXx—2'F 
(x, x'|s)=e (x—x') PRY 


To compute the right-hand side of expression (4.9.44), we need to evaluate 
expressions of the form ["U(x,x|s)|,-,:. This can easily be done with the 
help of the equation 


a 
i—U=-oU 
os 


which U satisfies, thus obtaining 


_ i, leet)! 
= ( 1) (is)!"*? 


(4n)? 


o"U(x, x'|s) 


ein U(x, x’|s) 
Gis)” i 


x=z'— 


As a result, the one-loop correction (4.9.41) takes the form 


K (0, ) --- |" dis & (— Dnis Pey 
ee de Jy Gy n 


la] 
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or, after introducing the new integration variable t = is PP: 


me ee seh z (—1)'nir" 4 
Kod- ane S$ COM asas 


Let us use the well-known series representation for the so-called erfi-function 
vr eè 2/4, Oo fii 1)"n!x2" 
-> erfi(x/2) = 
; (= $ e 


n=} n 


where 


erfi(x) = KA | e” dt. 
0 


a 


Then we obtain 


l-—w 1 
K,(®, 6), = PAPP F = | dte- (4.9.46) 


2(4n)* aye aia 


Rewriting the integrals in the final expression as 


[tee Adfero) 
6 p-# 0 qt 6 
+ ae po š 1 dr 
+{ | dreni [ Ta tbe 
1 F 0 ot 


XPD) =2 y PAPYE, 
32w m 
It is easy to see that gu = ¢ + O(w), where 


1 1 % 1 
C= lim y =| sf dre 7/41 -e t) +{ “| dere 
w +0 o T \Jo 3 tJo 


is some finite constant, as follows from the asymptotics 


1 
dte—/*' -*) 52%, 2 
o T 


we obtain 


K,(®, ),, = 


Now, setting 
opp) >o py 
w o m 
we obtain 


K,(®, ©),, = K (D, B)gi, + K,(®, ®) 
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where 
py 
K ©, D gy SE SS 4.9.47 
py oe he 
K,(, 6) = — (In = c) (4.9.48) 


Here equation (4.9.47) defines the divergent part of the superfield effective 
action. This divergence has been calculated in subsection 4.8.2. The term 
K jai, is cancelled by the counterterm (4.8.46). The relation (4.9.48) represents 
the one-loop correction to K(®, 9), 

Thus the one-loop Kahlerian potential has the form 


" 2 
K(®, 6) = BO — Bieno, IZAN — :). (4.9.49) 
3274 H? 

To complete our work, we should fix p by imposing some suitable 
renormalization condition, Consider, for simplicity, the massless Wess-Zumino 
model with £,(®) = (4/3!)®? and choose the following renormaliation 
condition: 


é*K(®, P) 
Rel thd irl eae Ee 4.9.50 
aop 2TA Piles 
where ®, is a non-zero constant with dimensions of mass, Then one obtains 
te 
K(®, ©) = 60 — #69] In met 2| (4.9.51) 
32n? 0,9, 


The one-loop superfield effective potential Y“. includes not only the 
Kahlerian part K, but also the auxiliary field effective potential F. 
Calculation of the latter is a more tedious task, and we will not discuss it 
here, referring the reader to the paper by I. Buchbinder, S. Kuzenko and J. 
Yarevskaya. 


4.9.5. Calculation of the two-loop effective chiral superpotential 

As we know the one-loop contribution to the effective chiral superpotential 
is absent in the Wess—-Zumino model (see for instance equation (4.9.35) at 
® = 0). Therefore one can expect that the quantum corrections to the chiral 
superpotential will arise starting at least with the two-loop approximation. 
A possibility of chiral quantum corrections to the effective potential was first 
noticed in the book by M.T. Grisaru, S.J. Gates, M. Roček and W. Siegel, and 
the relevant supergraphs producing such corrections were found by P. West’. 


FP, West, Phys. Lett.258B 375, 1991, 
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For the first time the explicit two-loop correction to the chiral effective 
superpotential was found by I. Jack, D. R. T. Jones and P, West? in component 
form. We give here a completely superfield approach’. 

We start with the general equation (4.9.27) for the massless Wess-Zumino 
model. To find the chiral effective superpotential it is sufficient to set ¥ = 9. 
In this case the two-loop contribution to effective action depending only on 


Y is of the form 


32 
paa = face d°z(G__(z,,z2))*. (4.9.52) 


The Green function G__(z,, 2) can be found from equation (4.8.31), where 
GWP) is given by equation (4.9.28). Then 


DD} 
G_(z,,.22) =— Y d*(z,; — z 4.9.53 
(Zis 22) eif (z a Sz, J ( ) 
where Y = —A®. Converting here the integrals over d°z into integrals over 


dêz, in accordance with the rule f d°x—4D*) = f d®z, and setting 


D2? 
Dz, 2i ig (2; —22) = [asoev6re, - 2) 5 Ces =z) 
2 


we obtain 
r? = —— =| (i [I d*z E ER za) 
i=1 
x (F DiD3 ss =z ))( se -z ) (4.9.54) 
160: 1 2 o 1 2 


D:D D2D D? 
s (PPE on i -aa (pii ate, - a)(3 ai =) 


From the viewpoint of the supergraph technique, this expression corresponds 
to the supergraph given below, the external lines being chiral. 

As the next step, we rewrite T“ in a form that is suitable for extracting 
the correction to ¥ (H0) contained within it. Note first, that it is convenient 
to work in the chiral representation where 


ò 
D(z) = D(x, 8) D; = -aF 


since equation (4.9.54) involves only chiral superfields. Further, we apply 
standard D-algebra transformations (see subsection 4,7,1) to T"?! in order to 
reduce the number of integrals over d*@ to a single one. Making use also of 


31. Jack, D.R.T. Jones and P. West, Phys. Lett. 258B 382, 1991 
4].L. Buchbinder, S.M., Kuzenko and A.Yu, Petrov. Phys. Lett. 321B 372, 1994. 
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D? 


the obvious identities 


4 
d(x — x') = (= ears) ME, Ae fev d4(x — y)(y, 0) 


we arrive at 
ria — as | dx d*e | dtk, d*k, d*p, d4p, 
12 (2n)'® 
x [ay dt yet = yı) + ipax — /IO(x, 8) 
jal ee (4.9.55) 
x Kipi( - ra or M(y>, 8) + (1 <2) 
kk 
+ SEA Diay, §))D,Py2, 0) Ja- *(k, p) 
where 


Qk, p) = k7k3(ky + k2)7ky + kz — py — p2)7*(ky — pi*(k2 — p2). (4.9.56) 


Finally, we integrate I) over d? in accordance with the rule f d*@ = —4D?. 
This leads to 


r% = z fass a2g [121 d*P 
12 (27)? 


: (4.9.57) 
x f dty, dypet! = 70 + Pax = Dx, ODY, OOY DIP, P2) 
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where 
dtk, d*k, ktp? + k3p3 — kikap pı) 
(2z)* Ak, p) i 


Up to now, the chiral suprfield ®(x, 0) was completely arbitrary. When 
computing the effective superpotential, we can assume ® to be slowly varying 
in space-time. This assumption implies 

D(x, ADY. ODY 8) = D(x, 0). (4.9,59) 


Then equation (4.9.57) takes the form 


J(Pi P2) = | (4.9.58) 


45 
pi?) = <I — 0, pa +0) [avon (4.9,60) 
It remains to use the known integral relation 
6 
J(p, 0) = — %3 4.9.61 
(p, 0) ny" $(3) ( ) 


tix) being the dzeta-function. As a result, the two-loop chiral effective 
superpotential read 


= ie) [A EOR 
VHD = 2+ = (ż + ra jo (4.9.62) 


We note that the chiral effective superpotential is automatically finite. No 
renormalization is required for its calculation. 


5 Superspace Geometry of 
Supergravity 


To make a prairie it takes a clover and one bee, 
One clover, and a bee, 

And revery. 

The revery alone will do, 

If bees are few. 


Emily Dickinson 


5.1. Gauge group of supergravity and supergravity superfields 


5.1.1. Curved superspace 

In previous chapters, the supersymmetric generalization of Minkowski space 
as well as that of matter field theories in Minkowski space was given. Our 
next goal is to look for a supersymmetric generalization of Einstein gravity 
— for a supergravity. Ordinary gravity is treated as the theory of a curved 
space-time. Therefore it is tempting to think of supergravity as being theory 
of a curved superspace. But what is a curved superspace? 

A space-time is said to be curved if the curvature tensor 2”,,,, constructed 
from the metric g,,,(x), is non-vanishing. It is a flat space-time when #”,,,, = 0. 
This condition proves to be equivalent to the statement that there exist 
preferable coordinate systems in which the metric has the Minkowskian form, 


GX) = Nme 


Any two such coordinate systems are related by some Poincaré transformation. 
It is the Poincarė transformations which leave invariant the Minkowski 
metric. 
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In the case of a curved space-time, there is no natural way to choose 
preferable coordinate systems; all coordinate systems are on the same footing. 
Hence, a physical theory should be invariant under the group of general 
coordinate transformations 


xm x™ = f(x) 
or, in infinitesimal form, 
x" = x'™ = x" — K™x) (5.1.1) 


where K(x) is an arbitrary infinitesimal vector field. The general coordinate 
transformation group is the gravity gauge group, and the metric, with the 
transformation law 


5 Gn X) = VinKy + Vo Km (5.1.2) 


plays the role of the gravity gauge field. 

Now, keeping in mind our space-time intuition, we return to superspace. 
Clearly, in order to define a notion of curved superspace, one should find a 
superfield ‘metric’ object. It was V. Ogievetsky and E. Sokatchey who found 
such an object. 

In Chapter 2, subsection 2.5.3, we introduced the family of real surfaces 
RIA) in complex superspace C*!? which were defined by equation (2.5.11). 
Every such surface can be understood as a real superspace R*!* supplied by 
a real vector superfield (x, 8, 8). Recall that the family {R*'*(/)} contains 
a unique super-Poincaré invariant surface — R*!4(6¢8), and that this surface 
was identified with flat global superspace R*!*. Obviously, we are faced with 
a situation analogous to the space-time one. We can look at space-time as 
a real space R* provided with a second-rank tensor g,,,(x). The family of all 
space-times {R*(g,,,)} contains a unique representative—flat global space- 
time R*(y,,,), which is characterized by the Poincaré invariant metric. 
Therefore, the family of superspaces {R*'4(9/")} is a supersymmetric 
generalization of the family of space-times {R*(g,,,)}: 

Starting with a given complex coordinate system (y", 67) on C*!?, let us 
consider holomorphic coordinate transformations 


y™ =y" = f "(yi 8) 6? ea g'* =f*y, 8) 
Siv’, 8 5:13 
Ber( 20) we (5.1,3) 


Infinitesimal holomorphic coordinate transformations are of the form 


y> y= y" — Ay, 0) 
0" => 0°% = 07 — AX, 0), 


Here 4” and 7? are infinitesimal vector and spinor holomorphic superfields. 


(5.1.4) 
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The set of all holomorphic transformations (5.1.3) forms a supergroup (the 
‘holomorphic coordinate transformation supergroup’). Commuting two 
infinitesimal holomorphic transformations, generated by parameters A7(y, 8), 
ily, 9) and A3(y, 8), A3(y, 0), respectively, one obtains a transformation of the 


same type. The corresponding parameters are 
2B y. 0) = 4384/2" + A8GA"/208 — (1 +2) as 
A3(y, 0) = 43843 /8y" + ABGAz/008 — (1 +2). "* 


Given a superspace RIH), every holomorphic transformation (5.1.4) 
induces a coordinate displacement on RA) as well as changing the 
superfield fin a rather complicated nonlinear way. Explicitly, in accordance 
with equations (2.5.11) and (2.5.12), we have 


x7 — x" = xX™ — six" + ix", OF) — smo — it", FF) 


6? + 6% = 07 — JH x" + i", BF) (5.1.6) 
0% + gt = l — TH x" — ie", BP) 


and 
Hx, 0,8) = 3x, 0, B) + ann + i", oF) — sme ~ ist", gP). 


(5.1.7) 
Introducing the superfield displacement 
b.9"(x, 8,8) = '"(x, 0,0) — #°™(x, 6, 8) 
equation (5.1.7) leads to 


i z 
5™(x, 0, 8) = tam = Py + a + I), + 18, + 70, am 0,8) 


ym ng arx” d ix”, BÊ) jt = Ax" + ix", gP), (5 1.8) 
This transformation law defines a nonlinear superfield representation of the 
holomorphic coordinate transformation supergroup. It is natural to treat the 
holomorphic coordinate transformation supergroup as a gauge group and 
(x, 8, 8) as the corresponding gauge superfield. 

Geometrically, the superfields 4" and 4” + ôW" are equivalent. They 
describe the same surface in C*!? but written in two different complex 
coordinate systems on C*!?. Therefore, the space of all gauge superfields is 
decomposed into orbits of the holomorphic coordinate transformation 
supergroup. Gauge superfields from the same orbit determine equivalent 
geometries on R*!*. Gauge superfields from different orbits determine 
non-equivalent geometries on R*!*. 
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In accordance with the above consideration, we can make the following 
preliminary definitions. A superspace R*!*(.#) is said to be ‘flat’ if there exists 
a holomorphic coordinate transformation (5.1.3) which deforms 3” to the 
form 


H'"(x', e, D) = 6,"0'0°F. (5,1.9) 


Otherwise, RY) is said to be a ‘curved superspace’. It is the superfield 
v(x, 6, 8) which plays the role of a superfield ‘metric’ object or ‘gravitational 
superfield’. The transformation law (5.1.8) is the superspace analogue of 
equation (5.1.2). 

At first sight, the holomorphic coordinate transformation supergroup of 
C4l? is a candidate for the role of the superspace analogue of the general 
coordination transformation group of space-time. However, this is not quite 
correct. The point is that this supergroup includes only non-localizable 
transformations (a transformation is said to be localized near some point if 
it coincides with the identity mapping everywhere except for in a small region 
around this point). Indeed, whan taking the superfield parameters 2”(y, 8) 
and 4*(y, 0) in equation (5.1.4) to be holomorphic on the whole superspace 
C*!?, one obtains non-localizable (in y") coordinate transformations only. 
Recall that one cannot make a holomorphic superfield on C*!? non-vanishing 
in a small neighbourhood of some point yý (see subsection 2.5.2). On the other 
hand, the general coordinate transformation group of space-time includes 
arbitrary, in particular localized, transformations. To resolve this difficulty, 
one must consider some ‘extension’ of the holomorphic coordinate 
transformation supergroup. Recall, flat global superspace R*!*(@c@) is 
embedded in the truncated superspace C$!* defined by equation (2.5.9). The 
space C$? is mapped onto itself by every super-Poincaré transformation. 
Finally, the requirement of holomorphicity on C¢!* does not give any global 
restrictions on superfields. In particular, there are localized holomorphic 
superfields on C4!?. 

Therefore, we can proceed as follows. We restrict our consideration to the 
case of superspaces RtH) embedded in C4? (by analogy with the flat global 
superspace). This means that 9"(x, 0, D) has vanishing body, 


(3x, 0, Dg = 0. (5.1,10) 


Further we will consider only holomorphic coordinate transformations on 
C3!*. This restricts the superfield parameters in equation (5.1.4) in the manner 


(Ay, 8) — Z'O, Da = 0. (5.1.11) 


The requirements (5.1.10, 11) make subsequent results physically correct. 
Let R*!4(9/) be a flat superspace. We choose a preferable coordinate system 
on R*+ in which 


H" = 8,"00°O. (5.1.12) 
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There exists a subset of transformations (5.1.4) preserving this superfield. 
64" = 0. 
Many of them are given by the superfunctions 
— A%y, 8) = b° + 2i8o°E + K'Y’ 
— Ay, 8) = & — K*,0° (5.1.13) 
be=5 = K%® = (o%), pK — (6%),gR*? Kap = Kpa 

Here b°, K*#, € are constant parameters. Obviously, transformations (5.1.4), 
induced by the given superfields, represent infinitesimal super-Poincaré 


transformations of C*!? (see subsection 2.5.1). Therefore, every super-Poincaré 
transformation leaves invariant the flat gravitational superfield (5.1.12). 


5.1.2, Conformal supergravity 

Above we have interpreted #"(x, 0, 8) as a gravitational superfield. In order 

for this interpretation to be non-contradictory, #” should describe a 

multiplet of ordinary fields containing a gravitational field. Hence, it is 

necessary to investigate the component structure of #” and to analyse the 

action of gauge transformations (5.1.8) on the component fields. 
Decomposition of #" in a power series in @ and @ leads to 


(x, 0,8) = C™(x) + 18%" (x) — ila lx) 
+i Six) — iP Six) + bole lx) (5.1.14) 
+ iP ony" (x) — i00" ix) + 6787.4"(x). 
Constraint (5.1.10) is equivalent to 
(C(x) = 0. 


Among the component fields, there is a natural candidate for the role of the 
gravitational field. The 60°8-coefficient e,"(x) may be identified with the 
vierbein. Before clarifying this, we show that the component fields C”, y”,, 
y™*, S" and 5" are purely gauge degrees of freedom. 

The transformation law (5.1.8) can be rewritten in the form 


"(x 0,8) = sis 8) — 3 7x, D + Ol) (5.1.15) 


where O(.#) denotes all terms depending on ¥ and its derivatives. Further, 
decomposition of the superfield parameters in expression (5.1.4) in a power 
series in @ gives 

Any, 8) = a™(y) + Op" (y) + O7s™(y) 


(5.1.16) 
Jy, 0) = Ay) + waly) + 8n"). 
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Constraint (5.1.11) is equivalent to 
(a"(y) — a"(y))p = 0. 


The remaining component fields in expression (5.1.16) are arbitrary, Then, 
equation (5.1.15) takes the form 


5 yom Sir — Am Tha = UP ue Bis 
bx, 4,8) 5(a (x) ON + 5 He AX) z <Q (+58 s(x) 


= Pe) + O(#). 


We see that component fields C”, y”, and S" of #” have arbitrary variations. 
Using gauge freedom (5.1,8), one can make these fields have any given values. 
In particular, there exists a gauge in which these fields are gauged out 
(‘Wess—Zumino gauge’), 


"x, 8,8) = bobel) + iPP (x) — 1670, P(x) + PA). (5.1.17) 


In the Wess-Zumino gauge, the transformation law (5.1.8) becomes 
polynomial. 

Imposing the Wess-Zumino gauge does not fix the gauge freedom 
completely. There is a subset of transformations (5.1.4) preserving the 
Wess-Zumino gauge. Every such transformation is characterized by (field 
dependent) parameters: 


Ax, 0) = b™(x) + 2i007E(x)e,"(x) — 207E(x) P(x) 
A(x, 0) = E(x) + 5 lon + I(x) + K*Ax)O? + O7y%(x) (5.1.18) 
Kyp = Kp 


Here b"(x) and a(x), Q(x) are arbitrary real vector and scalar functions, 
respectively, €%(x) and w(x) are arbitrary spinor functions. Comparing 
expressions (5.1.13) and (5.1.18), we see that parameters b”(x) induce general 
coordinate transformations of a space-time, parameters K*%,{x)}—local 
Lorentz transformations and parameters ¢*(x} local supersymmetry trans- 
formations. Now we proceed to obtain the transformation laws of fields 
e", P”, AM, 

We start with the general coordinate transformations which correspond 
to the choice 

2"(x, 80) = bx) A(x, 8) = 0. 


In this case equation (5.1.8) takes the form 
ÖH" = b", W" — H" Èb" 
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At the component level, one finds 
bse.” = b" e," —(G,b™)e," 
dP" = bd, 8", — (6,67) P"» (5.1.19) 
6,4" = b"é,A™ — (0,b™)A". 
Therefore. each of the component fields in expression (5.1.17) transforms as 
a world vector under the general coordinate transformations; hence the field 
index ‘m’ is to be understood as a curved-space one. 


Let us consider the local Lorentz transformations. They are generated by 
the parameters 


2™(x. 8) =0 A(x, 0) = K 74x)". 
One can readily deduce from equations (5.1.8) that 
Öre,” = Ka"e" 


ôt", = KPP"; (5.1.20) 
1 
çA" = E gerer Ka 


where 
K? = (ajap K 2 (ihh R”. 


It is seen that e,” transforms as a covector and Y", as an undotted spinor 
under the local Lorentz rotations; hence the field indices ‘a’ and ‘x’ are to 
be understood as tangent space (or flat) ones. 

In accordance with equations (5.1.19, 20), the #”-component field e,"(x) 
has the same behaviour under general coordinate and local Lorentz 
transformations as the vierbein. On these grounds, it is natural to identify 
e,"(x) with the vierbein. 

The last relation (5.1.20) shows that A"(x) changes non-trivially under local 
Lorentz transformations. It would be more desirable to work with a Lorentz 
scalar field. For this purpose, we redefine A” as 


A™ = A™ + peer he (5.1.21) 


where Opa is the torsion-free spin connection (see equations (1.6.23). A" 
proves to be a world vector and Lorentz scalar field, 


6,4" = b"G,A" —(2,b")A" 6 A™ =. (5.1.22) 


Before considering the local supersymmetry transformations, it is worth 
concentrating on one technical matter. Let us take two sets of the supergroup 
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parameters: 
im = 2io%te,” — 2072" 
At = 2 + On? (5.1,23) 


Ay = Ag = K%,0" 
and calculate the corresponding bracket parameters (5.1.5). In the spinor 
case, one has 


à$ = — K“ — al zn? + (Sexe + Tettek JEB | (5.1.24) 


where e, = e"m It is seen that the local Lorentz transformations treat €7(x) 
as an undotted spinor, but the transformation law of n*(x) contains 
inhomogeneous ĉ-dependent terms. To avoid this complication, it is useful 
to make in expressions (5.1.23) the replacement 


i 1 
nt t+ aro + Teona), 
2 4 
Owing to the local Lorentz transformation law of «,,4, one now has 
AS = —K*(eF + °6?) 


instead of equation (5.1.24). On this basis, we change the parametrization 
(5.1.18) to 


A(x, 8) = b” + 2i80%e," — 202P" 


A(x, 0) = €* + Lio + iQ)6* + K*,08 (5.1.25) 


i 1 
+ ew + aan Zan tieto) | 


Now, let us find the local supersymmetry transformations. Setting to zero all 
the parameters in expression (5.1.25), except €* and @,, and using equations 
(5.1.8) and (5.1.21), one obtains after long (requiring, maybe, some days) 
calculations 


6.6," = ica" — iPro 
bP", = (0° GV, €),25" — 2A, 


i 5.1.26 
A" = Jerie" — P'o Zeng 


+ S Valeo" + Y”o°£) — e"((V, 0 P" + ¥"o"V,€). 
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Here V,, and V, = e,"V, are the standard (torsion-free) covariant derivatives 
(see Section 1.6), As is seen, the Majorana spin-vector field 


yr = bi (5.1.27) 


is a superpartner of the gravitational field. That is why ¥™ is called the 
“gravitino field’. It follows from the second relation (5.1.26) that the gravitino 
is a gauge field for the local supersymmetry transformations. 

Our only remaining task is to consider transformations induced by the 
parameters g, Q and y” in expression (5.1.25). Making the choice 


a(x, 6) = 0 A(x, 0) = ob) 


in equation (5.1.8), one finds 


6,e,”" = Ce, 

3 
a = 50 (5.1.28) 
6,A™ = 20A". 


Comparing 6,¢,” with equation (1.6.32) shows that the parameter o(x) 
corresponds to the Weyl transformations. Conformal weights of ¥”, and A” 
are equal to ł and 2, respectively. 
Further, making the choice 
anx =0  3%x, 6) = 5x)6" 


in equation (5.1.8), one arrives at the transformation 


doe,” =0 


in", = — zatr, (5.1.29) 


s ApS 
på" = soe At. 


This is a local chiral or 7.-transformation. When rewritten in terms of the 
four-component spin-vector ¥”, it has the form 


Snt" = — sy". 


In accordance with the last relation (5.1.29), A” is a gauge field for the local 
)s-transformations. 
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Finally, we set 
A%x,A)=0 A(x, 0) = B° lx) 


in equation (5.1.8). A straightforward calculation gives 
6,2," =0 
Ôn P", = —i(o"H)se,” (5.1.30) 
5, A" = inp" — in”. 


Evidently, this is a supersymmetry transformation mixing bosonic and 
fermionic fields, Therefore, we have two types of supersymmetry transformations 
generated by the parameters (€*, €,) and (n*, 7), respectively. To distinguish 
them, the former will be called Q-supersymmetry transformations and the 
latter — S-supersymmetry transformations. 

The S-supersymmetry invariance can be used to make ”, traceless. 
Introducing the gravitino field with a tangent-space index Y°, = e „°P, and 
converting the vector index into a pair of spinor indices, ‘P*8, = (¢,)’? 4, the 
second relation (5.1.30) takes the form 


6,298, = 2167 A. 


So, one can choose the gauge ¥**, = (&,¥*)* = 0. 

We have spent some time making exhaustive calculations, and now it is 
necessary to pause and think over the results. Our wish was to find a 
supersymmetric generalization of Einstein gravity. Such a generalization 
should contain three types of gauge transformations: general coordinate, 
local Lorentz and local Q-supersymmetry ones. However, the supergroup of 
holomorphic coordination transformations on C2!?, which were chosen in 
the role of gauge group, turned out to be too large. It includes, besides the 
mentioned transformations, local scale, local chiral and local S-supersymmetry 
transformations. Recall that the gauge group of Einstein gravity did not 
contain Wey] transformations and the vierbein transformation law was given 
by equation (1.6.48). Nevertheless, Weyl transformations were presented in 
the gauge group of conformal gravity, where the vierbein transformation law 
was given by equation (1.6.54). So, the formulation we have constructed is 
a ‘conformal supergravity’ — that is, a supersymmetric generalization of 
conformal gravity. The transformation law (5.1.8), with 4” and 2° arbitrary, 
represents a supersymmetric generalization of equation (1.6.54), but not of 
equation (1.6.48), In order to obtain a generalization of Einstein gravity, one 
must exclude from the superfield parameters À” and 2% their independent 
components a(x), Q(x) and y*(x) (in a sense, Q(x) and 47(x) are supersymmetric 
partners of o(x)). In other words, it is necessary to constrain the supergroup 
parameters or, equivalently, choose a subgroup in the supergroup of 
holomorphic coordinate transformations on C$!*. 
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5,1,3. Einstein supergravity 

The supergroup of holomorphic coordinate transformations on C$? has a 
very natural subgroup — the supergroup of unimodular holomorphic 
transformations 


ye oon yS = S" 8) Q* =$ p? = f*(y, 8) 


Ber( $ >) att (5.1.31) 
e(v. 0) 


Infinitesimal holomorphic transformations of the form (5.1.4) are unimodular, 
if the parameters are restricted as follows 


jn =O (5.1.32) 


It should be noted that any super Poincaré transformation (5.5.13) satisfies this 
equation. Rather beautifully, representing A” and à” as in equation (5.1.15), 
equation (5.1.32) can be uniquely resolved by expressing the parameters w% 
(note, w? = a + if) and n“ in terms of other components. So, the supergroup 
of unimodular holomorphic transformations on ef may be taken as a candidate 
for the role of gauge group in Einstein supergravity. 

Now, following V. Ogievetsky and E. Sokatchev, Einstein supergravity is 
postulated to be a gauge theory with the gravitational superfield #"(x, 9, 8) 
being the dynamical object and the supergroup of unimodular holomorphic 
transformations being the gauge group. The transformation law for #” is given 
by equation (5.1.8), where the superfields 4" and /* obey, in contrast to 
conformal supergravity, the constraint (5.1.32). 

At this point, in principle, the descriptive part is over; one has all that is 
needed to proceed to extracting the consequences. However, it will be more 
convenient for us to employ a different, but equivalent, formulation of Einstein 
supergravity. The point is that usually working with fields under constraints 
is a more complicated technical problem then working with unconstrained 
fields. For example, it is a rather difficult task to define the path integral on 
the space of transverse vector fields A(x), 6"Az = 0. Fortunately, very 
often, it is possible to reformulate a theory of constrained fields as a theory 
of unconstrained fields with an additional gauge invariance, For example, 
electrodynamics may be treated as the theory S[A+] =4{d*xA-+"C)Az of 
a transverse vector field A~(x) without gauge invariance or as the theory 
S[A] = S[A*+] of an unconstrained vector field A,, = A$ + Al, where A! is 
the longitudinal component of A m ÔimAn = 0, but with the gauge invariance 
A, —> Am + Gm. The auxiliary field A!(x) is a compensating field for the 
gauge freedom. 
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5.1.4. Einstein supergravity (second formulation) 
Our wish is to remove the constraint (5.1.32) and to handle arbitrary 
holomorphic transformations of C$!* at the cost of the appearance of an 
auxiliary compensating superfield. 

Following W. Siegel and S. J. Gates, let us consider, along with #4”, one 
more superfield oly, 8) holomorphic on C$!? and possessing the transformation 


law 
al i fé] 1/3 
o'y. 8) = | Ber( = 7) | oly, 6) (5.1.33) 


under the supergroup of holomorphic coordinate transformations. Infini- 
tesimally, this transformation law is written 


mea ine: i/oa art 
o0, = 0.0) +3( sae ) 0008 (5.1.34a) 


or 


. | a i 
doy, 0) = p'(y. 8) — ply, 8) = (AE, + 4*8 + 3 (oma — ĝ 4"). 
(5.1.34b) 


In accordance with equation (5.1.33), one can find a coordinate system on 
C42 in which 


ely, @) = 1, (5.1.35) 


Evidently, all holomorphic coordinate transformations preserving this gauge 
choice are unimodular. As a result, we recover the gauge group of Einstein 
supergravity. It is the superfield p(y, 0) which compensates for the additional 
gauge freedom. ¢(y, @) is called the ‘chiral compensator’. 

Now, one can take the following point of view. Einstein supergravity is a 
gauge theory of iwo dynamical objects—the gravitational superfield 
vx™(x, 0,5) and the chiral compensator o(y,0) transforming by the law 
(5.1.8) and (5.1.34b), respectively, under the supergroup of holomorphic 
coordinate transformations—the supergravity gauge group. Of course, for 
physical applications it is necessary to restrict (y, 8) from C2!? to the real 
superspace RtH) embedded in C?!?, resulting in the complex superfield 
p(x, 0, 8) = p(x” + ix", 6°). 

The chiral compensator has a simple geometrical interpretation. One can 
develop integration theory over C4!? = C4!° x C2 in complete analogy with 
the integration theory over R?!¢ discussed in Section 1.10 (the only distinction 
between C$ and R*!° is that variables used for parametrizing C#!° and R*!° 
have imaginary souls in the former case and have no souls in the latter case). 
Similarly to the rule for change of variables (1.11.22), one can prove that the 
measure d*y d?@ on C$'? transforms under the change of variables (5.1.3) as 
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follows 
d*y’ d2@’ = Ber( 7?) d*y d26. 
ay, 0) 
Then, the transformation law (5.1.33) leads to 
d*y' d?O(o'(y’, 8)? = d*y d?A(o(y, 8))°. (5.1.36) 


Therefore, the chiral compensator defines an invariant measure on C?!*. The 
field ° is the superspace analogue of the density field e~t, e = det (e,”), used 
in general relativity. 


5.1.5. Einstein supergravity multiplet 

In subsection 5.1.2, the conformal supergravity multiplet was obtained. It 
included the following fields: e,"(x), Y",(x), P(x) and A(x). Now we 
proceed by finding a multiplet of fields corresponding to Einstein 
supergravity. Clearly, it should differ from the conformal supergravity 
multiplet, since Einstein supergravity is described by the gravitational 
superfield and the chiral compensator while all the dynamical content of 
conformal supergravity is encoded in #™ only. 

A possible gauge choice in Einstein supergravity is @(y, 8) = 1. Instead of 
choosing this gauge, it is more convenient for us to impose the Wess-Zumino 
gauge (5.1.17) in which the gravitational superfield has the simplest form (in 
the gauge ọ =1, 9” will contain 8%- and §?-terms as well). Every 
holomorphic transformation (5.1.4), preserving the Wess—Zumino gauge, is 
given by parameters (5.1.25). 

Let us expand the chiral compensator in a power series in 0: 


(x, 0) = e~ (x){F(x) + 0% 74(x) + 67 B(x)}, (5.1.37) 


Here the factor e~ '(x) is introduced to make F(x) and B(x) complex scalar 
fields and y,(x) an undotted spinor field with respect to the general coordinate 
and local Lorentz transformations, 


On+ KF = brin F ô+ xB = b"¢,,B 
Ona Kka = bE Xe + K Py, 
in accordance with equation (5.1.34b), Making use once more of the 


transformation law (5.1.34b), one finds how the Weyl and local chiral 
transformations act on the fields: 


ős, oF = (30 —iQ)F 


(5.1.38) 


7 i 
Oo +o% =| -0 — -Q )x, 5.1.39 
a (e ; Jz ( ) 


é, « QB = 408. 
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As for the local S-supersymmetry transformations, they are of the form 
ôF = 6,B =0 
(5.1.40) 
Onks = 2F Na 


As may be seen, the Weyl and local chiral transformations can be used to 
gauge away F. The most useful gauge choice is F = 1. After this, the local 
S-supersymmetry transformations can be used to gauge away Xy A useful 
gauge fixing proves to be y, = —2i(c,),;‘P**. Then, one results with the gauge 
fixed chiral compensator 


p(x, 8) = e7"(x)f1 — 2100, B(x) + 07 B(x), (5.1.41) 


Finally, it remains to analyse the Q-supersymmetry transformations. 
Setting in expression (5.1.25) all the parameters, except €, and €*, to vanish, 
one obtains a transformation which breaks the gauge (5.1.41). To preserve 
our gauge choice, any Q-supersymmetry transformation must be accompanied 
by some €-dependent local chiral + S-supersymmetry transformation. 
Namely, instead of parameters (5.1.25), one has to consider the set of 
parameters 


Ax, 0) = 2i0o%e," — 200P" 

A i n mee) tt Leet ee at tae 

Ax, 0) = + TA + 8) n*(€) + (EG) ha + ra Obea 

AE = — éa, P" — P'o E (5.1.42) 


nalE) = ila" V E) + TAAA % “(ose + TA 


~ (oa lalcorP* — ¥%q°%). 


It should be pointed that we have ø(£) = 0 due to the adopted gauge fixing 
for Za 

Let us denote the variation of any field under parameters (5.1.42) 
symbolically as ĝe. Clearly, this can be represented in the form 


$: = Ô: + Öre) + Ome) 
The variations ôe, ôn and 6, of 4°"-component fields are given by equations 


(5.1.26, 29, 30). The variation ôB can easily be found using the transformation 
law (5.1.346). Then, making use of equations (5.1.39, 40) gives 


5B = i(€o, P* — ¥%0,2)B + 2V,(EP*) + 2V,(P*G,0%). (5.1.43) 


We do not present here expressions for 6,¢,”, 5", and 6,A™. Instead, we 
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consider the set of fields with lower curved-space indices 
Pia” St = Gants. Am aay ImnA" 


and write down the transformation laws of these fields under the 
transformation (5.1.42) supplemented by the ¢-dependent Lorentz rotation 


Kag) = 5a, + (o8)g¥*, + Elo Pp + €o,),]. (5.1.44) 
The corresponding field variations wil] be denoted by 
ò = ô: + OKtep 
The gravitational field and the gravitino transform by the rule 
be? = IY 07 — ico, 
A 2i i 5,1,45 
C RSR E-A N T Seno) A’ x en (0hb at 


where we have introduced the fields 


B=B+ SPm + sY, 


= k 1 i 
A,, = Am — (ton + Yno, F’) — zer Pot, - ita ot | 


(5.1.46) 
V,, denote covariant derivatives with torsion: 
1 
VG = Vinge + 5 Pele) 
l 
D mab = Em Deas T en, (F are + F ach — TF bea) (5.1.47) 
F ave = zta Y, zj YoY). 
The transformation laws of the fields just introduced are 
6B = —2%o"#,, — io EB + 2i¢' PA, 
6A, = — seuleo"h n + lyfe PR) — 7oFnB (5.1.48) 


— ico*?,,A, + 560A, + entbaOOPA! + cc. 
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where F, denotes the gravitino field strength 
TE a LA PH = VP," 


: : 5.1.49 
AZ = Nota + ce 


We summarize the results. The Einstein supergravity multiplet is given by 
the set of fields {e,,”, Pinas Pm’, Am B, B}. The component gauge (quasi) group 
includes the space-time general coordinate, local Lorentz and local 
supersymmetry transformation. The local supersymmetry transformation 
laws of the supergravity fields are given by equations (5.1.45, 48). 


5.1.6. Flat superspace (final definition) and conformally flat superspace 
In conclusion, we would like to correct some notation and definitions 
introduced in this section. The point is that conformal supergravity and 
Einstein supergravity, being gauge theories with the same gauge group, have 
different dynamical content. Conformal supergravity is described in terms of 
the gravitational superfield only, while Einstein supergravity needs one more 
dynamical superfield — the chiral compensator. The gravitational superfield 
defines the embedding of physical real superspace in C*!?, while the chiral 
compensator determines the invariant measure du = d*yd*@y* on the 
physical surface. As a consequence, the more accurate symbol for denoting 
physical superspace is RIH, »), and not RHH). The symbol R*!4(3#) is 
reserved for denoting physical superspace in conformal supergravity. 

In fact, conformal supergravity may also be treated as a theory of the 
gravitational superfield and the chiral compensator, but with the additional 
gauge invariance 


HM me HE = EM 
oy, 8) > ey, 8) = ey, 8) 


where ø is an arbitrary superfield on C4!*. Equation (5.1.50) is a superspace 
analogue of space-time Weyl transformations (1.6.32). This is why the above 
transformations are called ‘super Weyl transformations’. 

Furthermore, the definition of flat superspace given in subsection 5.1.1 
needs correction. In the literal sense of the word, we haye defined a 
conformally flat superspace. To make this precise, let us remind ourselves of 
the usual meaning of conformally flat space. A space-time is said to be 
conformally flat if there exists a coordinate system in which the metric is, 
up to a factor, the Minkowski one, 


Imn(X) = P(X) nn (5.1.51) 


All transformations from the conformal group (see Section 1.7), and only 
these, preserve the conformally flat form of metric (5.1.51), 


(5.1.50) 
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Now, we formulate the final definition of fiat superspace. A superspace 
RA, @) is said to be a ‘flat superspace’ if there exists a holomorphic 
coordinate transformation (5.1.3) such that 


HX OP) = 5,00 p(x’, OV = l. (5.1.52) 


The super Poincaré transformations (5.1.13), and only these, leave invariant 
flat superfields (5.1.52). 

A superspace RAX, @) is said to be a ‘conformally flat superspace’ if 
there exists a coordinate system in which .#” has the flat form (5.1.12). It is 
not difficult to find the family of holomorphic coordination transformations 
of C#!? preserving the flat gravitational superfield (5.1.12). Such transformations 
are generated by the superfield parameters 


— Ay, 0) = b" + K%y? + Ay* + fy? — 2y(f,») 
+ 2i00°%% — 260°a,ny° 


— Ay, 0) = € — iy (ney + (5 + 32 = (fs yo 


+ (23° fla)" — K%s)0" + 2976? 
Kap = Kga K? - (0%), pK"? = (6°), aK? 


where A, Q, b", f° and K® are constant real c-number parameters and ¢,. 
na are constant complex a-number parameters, Transformations generated 
by the above parameters form a supergroup known as the ‘superconformal 
group’, which was studied in Chapter 2. 


5.2. Superspace differential geometry 


The supergravity gauge group has been realized in real superspace R*!* in 
a rather unusual way, as the set of nonlinear transformations of special form 
(5.1.6). For mathematical beauty and to observe direct contact with standard 
general relativity, it would be desirable to have a supergravity formulation 
in which the gauge group is extended to include the full supergroup of general 
coordinate transformations on R*!*; 


xe => xm = f(x, 6,8) 


A(x’, 8, z”) 
UPEP = d en "ix, ð. — S „J 
o" — OH = f”ix, 0.) Ber( a(x. 8.8) #0 (5.2.1) 


fa — 8, = Jax, 0,8) 
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or, in infinitesimal form. 
x" > x" = x” — K(x, 6,8) 
OH — G4 = 8" — K(x, 8,8) (5.2.2) 
Di = 0; = ĝi — K(x, 6, 8) 


where K" is an arbitrary real vector superfield and K” is an arbitrary undotted 
spinor superfield. In principle, such a formulation may be extracted from that 
constructed above by means of the introduction of superfluous compensating 
superfields. We take another course. For the time being we shall forget the 
results of the previous section and proceed to the development of a geometrical 
formalism in real superspace trying to keep, as far as possible, the analogy 
with ordinary differential geometry. 


5.2.1. Superfield representations of the general coordinate transformation 
supergroup 

We are going to describe some superfield representations of the supergroup 

of general coordinate transformations on R*'*. As in previous chapters, we 

adopt the compact notation 2” = (x", 0“, 0,) which makes it possible to 

rewrite (5.2.1) as 


„N 
zM so = f"(z2) Ber( =) #0. (5.2.3) 
az! 
Starting from this point, always when dealing with the general coordinate 
transformation supergroup, superspace indices will be denoted by letters 
from the middle of the Latin and Greek alphabets (letters from the beginning 
of each alphabet will be reserved for tangent-space indices). 
The simplest representations of the general coordinate transformation 
supergroup are scalar and scalar densities. A ‘scalar superfield’ (z) is defined 
by the transformation law 


ġ'(z') = (2). (5.2.4) 
A ‘scalar density superfield @,,,(z) of weight w' is characterized by the 
transformation law 
+ r ôz' Ka 
iwl) = Ber Oz iwl). (5.2.5) 


Given a scalar density of weight one, ¢,,)(z), the integral over R+I4 of hal) 
does not depend on the choice of coordinate system on R*!*, 


fazie) = arzon (5.2.6) 


as a consequence of equation(1.11.32). 
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An invariant first-order differential operator on R*!* 
v= VMiz)by = V" n + V6, + V ,0" (5.2.7) 


where V™(z) are smooth superfunctions, is called a ‘supervector field’. The 
supervector transformation law follows from the invariance requirement 


V Miz) = VM (2) y (5.2.8a) 
and it reads 
Viz) = V%(z)0yz'™ (5.2.86) 


The value of the supervector field V(p)=V“Gy|, at a given point p of 
superspace is said to be a ‘supervector’ at this point. 

In accordance with the results ofsubsection 2.1.4 ,the set of all supervector 
fields on R*!*, denoted by SVF(4, 4), forms an infinite-dimensional Berezin 
superalgebra with respect to the grading (2.1.46, 47) and the super Lie bracket 
(2.1.51). Based on equation (2.1.50), we introduce the operation of complex 
conjugation in SVF(4, 4) as follows (see also equation (2.4.28)): 


V= P= Piu = (ViP)* = (ipype 
pr = (v™)* 
=< PH = (-1) (Vv (5.2.9) 
Fy = (Me (Vy, 
where ‘P(z) is a pure (bosonic or fermionic) superfield. One can explicitly 
check that V™ transforms according to the supervector law (5.2.8). A real 


e-type supervector field K = K is characterized by components of the 
structure 


K™ = R™ =(K"™, K”, Ka) e(K™) = ey. (5.2.10) 
The set of complex (real) c-type supervector fields in SVF(4, 4), denoted by 
°SVF(4, 4) (°SVF,(4, 4)), forms a complex (real) super Lie algebra with respect 
to the ordinary Lie bracket. 
A ‘supercovector field’ (or super 1-form) U,(z) is defined to transform 
under the general coordinate transformation supergroup in the same way as 
a partial derivative of scalar a field, i.e, 


U4dz’) = (Oyz") Uz). (5.2.11) 
Given a supervector field V™(z), the object 
VMU p = VUm + V4U, + V,U’ 


but not U,,V™, is a scalar superfield. So, when working with supertensors, 
the relative order of factors turns out to be essential. 

Higher-rank supertensor fields may be defined similarly. For example, a 
second-rank supertensor field ¥ ,,"(z) is characterized by the transformation 
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law 
Pi Mz!) = (Bye? Mp a pz". (5.2.12) 
Due to this transformation law, the superfield 
(=E (2) 


is a scalar if (¥ y“) is a c-type supermatrix, 


5.2.2. The general coordinate transformation supergroup in exponential form 
As in Section 1.11, here we restrict ourselves to the consideration of coordinate 
transformations on R*!* expressible in the exponential form 
zM zM = eTM K = KG, =K (5.2.13) 

with K being a real c-type supervector field. The set of all such transformations 
forms a connected subgroup of the general coordinate transformation 
supergroup. Recall that the Berezinian of transformation (5.2.13) is given by 
equation (1.11.17). 

The exponential form for superspace reparametrizations is useful, since it 
makes it possible to write down superfield transformation laws in a similar 


manner to ordinary Yang-Mills transformations, Substituting equations 
(5.2.13) in the scalar transformation law (5.2.4) gives 


e~*$'(z) = o(z) 
therefore we have 
$'(z) = e* (2). (5.2.14) 
In the supervector case, making use of equation (1.11.19) leads to 
Vizja = (eC FV (z))e~ FG ye" =e *(V™(z)0,,)e* 
therefore the transformation law (5,2.8) can be rewritten as 
Vi = V™(z)6y = e Več. (5.2.15) 


It is instructive also to consider the transformation law (5.2.5) in the special 
case w = 1. From equation (1.11.17), we have 


e~z) =(1 T ad E thul) =(e~*(1 eK hul) 
where we have used equation (1.11.14). Recalling equation (1.11.13), we have 


Pilz) = (1 eX eK, (2) = (be). (5.2.16) 


It is obvious now that the integral of ¢,,,(z) over R*'* is invariant with respect 
to general coordinate transformations. 
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5.2.3. Tangent and cotangent supervector spaces 
The tangent space T,(R*'4) at a point pe R*! is defined as the supervector 
space of left first-order differential operators (supervectors) at this point, 


TAR) = {V= VMéy|,, VEA} (5.2.17) 


The dimension of T,(R*'*) is equal to (4, 4), Clearly, the set of supervectors 
{@y|p} forms a pure basis of T,(IR*!*) which will be called the *holonomic 
basis’. In accordance with equation (5.2.9), this basis is characterized by the 
following conjugation properties 


=~ 


n= ôn Cpe = F= Me (5.2.18) 


Every pure basis of T,(R*!*) satisfying the same conjugation properties will 
be called a ‘standard basis’. These are real c-type supervectors from T,(R*!*) 
which can be defined as directional derivatives at point pe R*+. 

The ‘cotangent space’ T*(R*!*) at a point pe R*"* is defined to be the right 
dual of T,(R*'4) (see subsection 1.9.5). Its element will be called super 1-forms 
at point p. Every super 1-form we T#(R**) is a mapping 

o: TART) = A, 
possessing the property 


(Vi + 4V 20 = (Viw + 4,(V2)m 


for arbitrary V,.V,¢T,(R*'4) and «,,%,€A,. The value of a super 1-form 
œw On a supervector V reads 


(Va = (Veyi = VA yen, (5.2.19) 


The dimension of T*(R*'*) is (4, 4), 
Given a scalar superfield (z) on R*!*, one can construct a super 1-form 
d'¥|,¢ T#(R*!*) defined by 


(V)d¥|,=(V¥)|,  WWeT,(R*"*) (5.2.20) 


and called the differential of ¥ at p. Choosing here ¥ = z” gives 
(ay) dz” = "Fid 


Therefore, the set {dz™| p} forms a pure basis of Te(R*4), which is the right 
dual of the basis {3al p} on T,(R*"*), For every superfield ¥ on R*!*, one has 


d¥|, = dz"), éyF/,. (5.2.21) 


Then, introducing the tangent bundle T(R*!*) = () ers T,(R*'*) and the 
cotangent bundle T*(R*!*)=(,-ne1 T*(R*!*), every supervector field 
V= V™(z)éy, determines section V: R*+ + T(R*!4) and every supercovector 
field w = dz“q,,(z) determines section w: R44 + T*(R*!4). 
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5.2.4. Supervierbein 
Supervector fields on R*!4 


E, = (En Eq, E*) = Ey™ (2) 
EP SB) Fog 
EM =| Er E¥ Ex, (5.2.22) 
Er E?! E, 
are said to form a ‘supervierbein’, if for any point pe R*!* the set {E,|,} 


Nate a standard basis in T ARII) Equivalently, the c-type supermatrix 
4"(z) must be non-singular at each point of the superspace, hence 


E = Ber(E,™) #0. (5.2.23) 


Note that the superfield E(z) is real, E = E. Since E ,™(z) is non-singular, it 
possesses the inverse supermatrix E ,,“(z) (‘inverse supervierbein’) defined by 


E,“E," = Oy” EEn” = 54°. (5.2.24) 


A general coordinate transformation on R*!* acts on E™ and E§, according 
to the laws 


E M(z’') = E4¥(2)dyz™ (5.2.25a) 
Evy A(z’) = (By2™)Ey4(2). (5.2.25b) 


It is clear that E4 = dz™ E „“(z) are supercovector fields and, due to the 
non-singularity of Ey“, the set {E*|,} forms a basis in T*(R*I4), Equation 


(5.2.25a) leads to 
Elz) = Ber( = ) E(z) 


therefore E~ ‘(z) is a scalar density superfield of weight one. In the case of 
the coordinate transformations (5.2,13), equation (5.2,25a) is equivalent to 


1 = E',"(2)0y = eX E,e*. (5.2.26) 


Using equation (5.2.16), the density superfield E~*(z) transforms according 
to the law 


(E~ tY = E` 16K, (5.2.27) 


Remark. We take the convention that letters from the beginning of the 
Latin or Greek alphabet denote tangent-space indices. 

Any supervector field V= V™(z)G,, can be decomposed with respect to 
the supervierbein, 


V=V42)E, V4A=VMEy4. 
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Next, any supercovector field œ = dz™w,,(z) can be decomposed with respect 
to the inverse supervierbein, 


w= Ew (2) wy =E Oy 


It is clear that V4(z) and w,(z) are scalar superfields with respect to general 
coordinate transformations. More generally, using the supervierbein and its 
inverse, all superspace indices of a supertensor field can be converted into 
tangent-space indices, For example, in the case of the second-rank supertensor 
field ¥,,‘(z), the conversion reads as follows: 


Pyr a p 8 = E; MHE SE D 


Supertensor fields with tangent-space indices are very useful in practice, since 
they change as scalar superfields ünder general coordinate transformations. 

In what follows, we will work only with supertensor fields carrying 
tangent-space indices. 


5.2.5. Superlocal Lorentz group 

To breathe life into our theory, it is necessary to choose a proper structure 
(super)group G of the superspace. By its very origion, the structure group 
does not act on points of the superspace. It merely determines, for each point 
peR*", physically equivalent bases (or frames) in T,(R*!*). Two standard 
bases {£4} and {£4} of T,(R*!*) are said to be equivalent if and only if they 
are connected by a structure group transformation: 


&',=A,7(9)65 geG, 


Here A is some linear representation of G. Next, two supervierbeins E4 and 
E' are equivalent if they define equivalent frames at each superspace point: 


E'4|,=A,G(p)Esl, oer 


or, expanding E, and E’, with respect to the holonomic basis, 


E, (z) = A4*(9(z))En(2). (5.2.28) 
The corresponding inverse supervierbeins are connected by the rule 
Ey (2) = Evb2)Ag“(al2))~*). (5.2.29) 


The above expressions involve a supersmooth mapping f: R*!*  G. The 
set of all such mappings forms an infinite-dimensional supergroup, with 
respect to the multiplication (fi ‘f2 Xz) = A(z) A(z), which will be called the 
‘superlocal structure group’. Any superlocal structure group transformation 
moves the supervierbein into a physically equivalent one. Therefore, the 
symmetry group of a physical dynamical system should include the product 
of the general coordinate transformation supergroup and the superlocal 
structure group. 
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Remark. Changing the supervierbein to an equivalent one induces 
superlocal structure group transformation of supertensor fields. In particular, 
the supervector transformation law is 


VA(z) + V'A(z) = VPA gE’) (5.2.30) 
and the supercovector transformation law is 
ca (2) > olz) = A4*(g(z))ogl2). (5.2.31) 


Now, how do we choose the superspace structure group? In the space-time 
case, there was the physical principle requiring us to identify the structure 
group with the Lorentz group. Namely, two vierbeins are equivalent if they 
determine the same space-time metric. Unfortunately, there is no physically 
natural superspace generalization of the concept of metric. The most 
reasonable assumption one can make is to identify the zeroth-order terms 
in the 6,@-expansion of the supervierbein’s component E,” with the 
space-time vierbein, 


E,"| = e,™(x). 


This requires the Lorentz group to be contained in a possible superspace 
structure group. We simply postulate the Lorentz group to be the superspace 
structure group and choose the representation (4,4) @ (4,0) @ (0,4) to 
constitute the equivalence relation between tangent space frames, Then, two 
physically equivalent supervierbeins are connected by a ‘superlocal Lorentz 
transformation’ of the form (5.2.29), where 


K 0 
AF = (e) K= KF 


i (5.2.32) 
K%(2) = (0% )apK™(z) — (6%), pK *A(2) 
with K,,(z) = K p(z) being arbitrary. 

Note that Ber (A ,”) = 1. Therefore, the superlocal Lorentz transformations 
do not change the Berezinian of the supervierbein, 


E =E, (5.2.33) 


As is seen, the superlocal Lorentz group acts reducibly on the supervierbein. 
Each of the supervector fields E,, E, and E* transforms independently. Then, 
any supervector field or any supertensor field can be invariantly decomposed 
into Lorentz irreducible components. On these grounds, it is possible to 
speak of Lorentz vector superfields, Lorentz spinor superfields (dotted and 
undotted) and, more generally, one can define arbitrary Lorentz tensor 
superfields. A tensor superfield of Lorentz type (n/2,m/2) is defined to 
transform under the superiocal Lorentz group according to the law 


Fr wan aa OE Ma ina aN (5.2.34) 
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Here the Lorentz generators M,, act, as usual, on the external superfield 
indices. When the superspace general coordinate transformations are also 
taken into consideration, the above transformation law must be substituted by 


Psaila Vig kiea (5.2.35) 
where 


X = K” ôu + 5K Ma = KMéy + K™Myp + KR? Myy. (5.2.36) 


Remark. As in Chapter 2, we will assume every tensor superfield with an 
even (odd) number of spinor indices to be bosonic (fermionic). 


5.2.6. Superconnection and covariant derivatives 
Let us introduce a ‘Lorentz superconnection’ — that is, a real c-type super 
1-form taking its values in the Lorentz algebra, 


Q = dz“ Ny = E*N, 
1 , 
Oy = FU E)M = Qu” Mp, + QPM p (5.2.37) 


Q = (Q, 0, 2") 
and transforming according to the law 
Y = d Qy = —dg' g" + gg 
1 (5.2.38) 
g(z) = exp( 5 KEIM) 
under the superlocal Lorentz group. Then, the operators 
D4 = (2n Pu, DP) = Ey + Q4 (5.2,39) 


change covariantly with respect to the superspace genera! coordinate and 
superlocal Lorentz transformations, 


2, =" Oe, (5.2.40) 
In the infinitesimal case we have 
2 =2, +82] 62,=[H#, 2,4] 


and, using equation (5.2.39), this transformation law is equivalent to the 
relations 


ôE," = XE, ™ —E,K™ (5.2.41a) 
ANQ = 24" E K" (5.2.41b) 
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which represent the supervierbein and superconnection transformation laws, 
respectively, 


Remark. Equation (5.2.41a) shows that E,™ is a gauge field for the 
general coordinate transformation supergroup, Similarly, equation (5,2.41b) 
means that Q, is a gauge feld for the superlocal Lorentz group. 

Let V,....2,%,,,.4,(2) be a tensor superfield. In accordance with equations 
(5.2.35, 36, 40), the superfield 7,V, 4,5, 4,(z) transforms covariantly, 


(DEV x, ... cog, .. 3,2)’ = oF DWV. ad, „4 (2). 
Here the Lorentz generators involved in X act on all the indices of 
Lav, ...o,5,...4,° Therefore, Z, moves each tensor superfield into a tensor 


one. On these grounds, the operators 2 , are said to be ‘covariant derivatives’. 
Covariant derivatives act on super(co)vectors according to the rule 


DeU a = EU i + Ora Ue 


DyV4 = EgV4 + Qg’ VE as 
where 
Qa" 0 
Qs = Qa? = -2,°5. (5.2.43) 
0 —2,/, 
(Antijcommuting the covariant derivatives gives 
[2a 28} = Tas Pet Ras 
Ras = Ras Me = Rys’?My5 + Rap Mis (5.2.44) 


Tas = —(—1)*"T 24° Ras = —(— 1) Rp4 


Here T,,° is the ‘supertorsion’, and R 4g“ is the ‘supercurvature’. As a result 
of equations (5.2.40), T 4p% and R 4, are supertensor fields. The supertorsion 
and supercurvatures are expressed in terms of the supervierbein and the 
superconnection as follows 


Ta =C tR RE (5.2.45a) 
Rag! = Ea“ + Ont — (— 1)" A + B) — C at. (5.2.45b) 
Here C4,° are the ‘anholonomy supercoefficients’: 
[E4, Es} = Can Ec 
Can’ = (E,Eg™ — (—1)"EgE MEM’. 


Taking into account the block-diagonal structure of Q,,°. the expression 


(5.2.46) 
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(5.2.45a) can be rewritten in the form 
Ta = Cag’ + Rag + Age 
Tag; = Cap; Taf = Cag 
TP =C +0 TE =C 
Tap = Cay’ — Qy Ta = Cav) 
Tay = Car + Quy’ 
Tos = Cap + Qay — Oa Tap’ = Car. 


It is seen that the anholonomy coefficients Cag Cap» Copy and Cay’ are 
Lorentz tensor supeérfields. 


(5.2.47) 


5.2.7. Bianchi identities and the Dragon theorem 
The super-Jacobi identies (2.1.8) are satisfied for any set of operators, in 
particular, for the covariant derivatives: 


[Za [2p Dc}} k ipo T KE [Ze NA: 
+1 + De, Pa 2e} = 0. 


Using equation (5.2.44), the left-hand side can be rewritten symbolically as 
l 
Sanc Ze + 5 Pane Ma 


and each of Sygc* and ¥ gc” must vanish. The condition S4gc® = 0 reads 
explicitly as 
Rape? + (— 1) * OR gea? + (— 1) Reap? = Aag? (5.2.48) 
where we have introduced the notation 
Aage? = {24T ac? — Tas Teh} + (—1* ADT cg? — Tac’ Tea} 
(5.2.49) 
+ (—1)* + UDOT gg? — Tea Teg) 
Next, the condition ¥ ygc = $F 4gc"M a = 0 reads as 
—D Rac + T ag? Roct + (1) +N —DeRey + TgPR 
{-ZaRsc as Roc} + (—1) {-ZaRea sc Rpa) (5.2.50) 
+ (— 1 + "| Ras + Tea” Rpg} = 0 
The relations (5.2.48, 50) are said to be the ‘Bianchi identities’. Given arbitrary 
supervierbein and superconnection, the corresponding supertorsion and 
supercurvature satisfy the Bianchi identities. 
One of the most important consequences of the Bianchi identities is the 


fact that the supercurvature can be expressed completely in terms of the 
supertorsion (this statement is known as the Dragon theorem). The point 
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is that the supercurvature takes its values in the Lorentz algebra, 


Ras? 0 
Rage” = Rup,’ (5.2.51) 
0 = Ras’ 
and the components R 4,.", R Aly and R4,’s are connected as follows 
Rap = (0 )Ras!? — (3h R 48. (5.2.52) 


Now, let us choose 4d = 4, B =f, C=c and D=d in equation (5.2.48). 
Then, by virtue of expressions (5.2.51), we have 


Rage” = Ange’, (5.2.53) 
Similarly, one obtains 
Rape’ = Aspe! Rape” = Age’. (5.2.54) 
Then, we choose A =x«%, B=b, C=c and D =d. The Bianchi identities 
(5.2.48) give 
Raye’ + Rear’ = Rare! — Race’ = Aare’. 


Since Raba = —Rapaes this equation can be resolved as follows 
l 
Rara = gla — Aseas + Âaabc) (5.2.55) 


Rza can be found analogously. Finally, we choose A = a, B = b, C =) and 
D = ô (or C = } and D = ò), obtaining 


Rapys = Aapys Raps = Acsd- (5.2.56) 


It only remains to apply equation (5.2.52). 

Therefore, we have proved that the supercurvature is completely expressible 
in terms of the supertorsion, and hence, in a sense, the supercurvature is a 
redundant object. This fact had no place in general relativity, where the 
curvature and the torsion were independent, and one could switch off the 
torsion leaving a non-vanishing curvature. In superspace, the supertorsion 
is the main object determining superspace geometry. 


5.2.8. Integration by parts 
Theorem. Given a supervector field V4(z) under proper boundary 
conditions, the following identity 
forse —1)"D9,V4= farze- 1(—1)*V4T ap? (5.2.57) 


is fulfilled. 
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Proof. Making use of equations (5.2.42, 43) gives 


(= 12, V4 =(—1)*E,V4 — V pE (5.2.58) 
Further, equation (5.2.45a) leads to 
(=1)"T yg? = (—1)"C yn? — Qg,” (5.2.59) 


since (—1)"Q45" = Qa? —Q4// + Q,// = 0. Finally, recalling the definition 
of the anholonomy coefficients (5.2.46), one readily obtains 


(—1)C yg = —E, In E~! —(1-E,). (5.2.60) 
The relations (5,2.58-60) show that 
(—1)"E- 12 V4 = (EVADE, + (— 1E- VAT ap? 


Here the first term in the r.h.s. is a total derivative, This completes the proof. 


Remark. In the cases of vector or undotted spinor superfields equation 
(5.2.57) reads 


| d82E7 +2, V" = farze- 1 1)"V°T ap? 


(5.2.61) 
Es fean = | d®z2E~!(—1)"V*T, 55. 


Remark. The relation (5.2.57) takes the most simple form in the case when 
(—1)T 43° vanishes, 


(—1)"T 43° =0=> [eze 'D,4V4* =0. (5.2.62) 


5.2.9. Flat superspace geometry 

The approach developed above enables us to introduce the notion of 
‘superspace geometry’ (or ‘supergeometry’) in literal analogy with the notion 
of space-time geometry. A supergeometry is determined by the set of 
superfields {E ,“(z), 2,'(z)}. where E,™ is a supervierbein and 2," is a 
Lorentz superconnection. The E,” and 2,” will be called the ‘supergeometry 
potentials’. Two supergeometries are said to be equivalent if the corresponding 
potentials are connected by some superspace general coordinate and 
superlocal Lorentz transformation. 

A ‘flat superspace geometry’ may be described as follows. A supergeometry 
is said to be flat if these exists a gauge choice with respect to the general 
coordinate transformation supergroup and the superlocal Lorentz group 
such that the covariant derivatives 2, coincide with the flat covariant 
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derivatives D4, 
%,=D, = May n° =0 (5.2.63) 
6," |010 


g= iloa 6,"| 0 


i(é")?"0, 0 5% 


These derivatives satisfy the algebra 


[Da De} = T 48° De Ras“ =0 (5.2.64) 
where the only non-vanishing supertorsion components are 
Taf = Tp = — 2il Jag (5.2.65) 


It is not difficult to find all gauge transformations (5.2.41) preserving 
the gauge (5.2.63). First, choosing # = K™@,, and demanding 66," = 0, one 
arrives at the equation 


[Dp K™éy] = 0. (5.2.66) 
After the redefinition 
RMy = — b" + (HQ, + E0) (5.2.67) 
where (Q,,, Q“) are the supersymmetry generators (2.4.37), the above equation 
leads to 
Db" = D,e# = 0 = b" = const € = const. (5.2.68) 


Thus, we recover the space-time translations and the supersymmetry 
transformations. Further, we consider # = K“ ôy +4KM,, with K,, # 0. 
In accordance with equation (5.2.41), the requirements 66," =0, Q4 ™ = 
2, = 0 give two equations 


D,K” =0= K*™ = const 


(5.2.69) 
K 2D, = [D,. KMN 
The general solution of the second equation is 
KM = 28K Pô“ + K™ (5.2.70) 


and we come to the standard Lorentz transformations of flat global 
superspace. After this, the superspace and tanget-space incides can be 
identified, 
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5.3. Supergeometry with conformal supergravity constraints 


The elegant supergeometrical formalism developed in previous section, turns 
out to be too general to correspond literally to superfield supergravity, To 
describe a superspace geometry, one must specify the superpotentials E ,"(z) 
and Q(z), which are arbitrary superfields in the general case. On the other 
hand, to describe a curved supergravity superspace, it is enough to introduce 
far lesser superfields: #™(z), g(x + if, 8) and @(x —ix#, 6). However it 
is not time to despair. We may hope that superfield supergravity corresponds 
to a subspace in the space of all supergeometries, where supervierbeins and 
superconnections satisfy some covariant constraints. Since the only covariant 
objects constructed from E ,“ and Q.,," are the supertorsion and supercurvature, 
any invariant subspace in the space of supergeometries (transforming into 
itself under the action of the general coordinate transformation supergroup 
and the superlocal Lorentz group) is selected out by imposing some 
constraints on T4,° and R4,"*. 

In principle, the situation is the same as in general relativity. Gravity is a 
gauge theory of vierbeins e,”(x), From the other side, in order to specify a 
geometry it is necessary to accompany the vierbein by a Lorentz connection 
w(x). It is the torsion-free condition 7 ,,°=0, which, expressing w,” 
uniquely through e,”, determines geometries corresponding to gravitation. 

If we try to keep a direct analogy with general relativity, it is worth 
imposing the supertorsion-free condition 


T ase = 0, (5.3.1) 


This determines, due to equation (5.2.45a), the superconnection in terms of 
the supervierbein. However, this constraint is unsuitable for two reasons. 
First, flat global superspace is characterized by the non-vanishing supertorsion 
(5.2.65). Hence, the constraint (5.3.1) does not admit flat superspace as a 
particular solution. Secondly, it has been shown in subsection 5.2.7 that 
supercurvature is expressed yia supertorsion. Then, the constraint (5.3.1) 
leads to the requirement 


Rag =0 


and as a consequence, to a trivial supergeometry. 

We have reached the point where our space-time intuition is unable to 
help us. Now, in order to find reasonable restrictions on superspace geometry, 
some purely superspace arguments must be taken into account. 


5.3.1. Conformal supergravity constraints 

In global supersymmetry chiral scalar superfields, defined by the equation 
D,® = 0, were of primary importance. Clearly, it would be very desirable to 
transfer this supersymmetry representation to the local case — that is, to 


Superspace Geometry of Supergravity 417 


introduce ‘covariantly chiral scalar superfields’ defined by 
G0 = 0. (5.3.2) 


But this equation proves to be consistent only under non-trivial restrictions 
on the supertorsion. Indeed, demanding equation (5.3.2) and using the 
covariant derivative algebra (5.2.44), one obtains 


0 = (Zs, Fj} ® = Tf ZO = Tf PO + T i2, 
and hence 
Tif = Taf =0=> Tyg = Tip; = 0. (5.3.3) 
Recalling that T g =C,gand Tyg; = Cap; (see equation (5.2.47)), we can 
rewrite equation (5.3.3) in the equivalent form 
{Ex Eg} = Cag E; (5.3.4) 
We take the requirements (5.3.3) as constraints on superspace geometry. 
In global supersymmetry, spinor covariant derivatives D, and D, generated 
the full algebra of covariant derivatives D, = {D, = ôe Da» D4} since the 


vector covariant derivative was expressed as an anticommutator of spinor 
ones, 


{D,, Dg} = —2i(o%)3D, = —2iD y4- 
It is very natural to conserve this basic property in the local case also, ie. 
to consider only such supergeometries in which spinor derivatives Z, and 
Z, generate the algebra 2, = (2n 2, Z*). This means that 2, can be 
extracted from {Z,, 24}: 
(Day Gs} = Tas? Dp + Tas? Dp + Tap + Row 


det((G4)** Tog”) Æ 0. 


Now, one can make the redefinition 
2, +8, = 2a 905 =(— 16! 9 9p), 20%) 
changing only the vector supervierbein 
EM > EM = — EJET E" 
and the vector superconnection 


Q, $ Lo a = ze T4225" T Rag” ¢ 
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The operators 2 a are characterized by the transformation laws: 
1 
B,=e" pu A =K"ðy + 5K Mo 


therefore they define a set of covariant derivatives. It is important that, after 
redefinition, the anticommutator of dotted and undotted spinor derivatives 
takes the same form as in global supersymmetry. As a result, the flat 
supergeometry arises as a particular solution. 

Motivated by the above discussion, we postulate the constraints 


Tag = —2i(o)as 
[Dy Fy} = —2ilo) yD, = —UDye< Ty =Tag=O0 (5.3.5) 
Ry" =v. 
This means that the vector supervierbein E, and superconnection Q, are 


expressed in terms of the spinor supervierbeins E, and E, and superconnections 
Q, and Q,. In particular, we have 


Eas = (oasE, = 5 (Ex Ex} — 5 QaapE? + EAEg 


2 
—2i(0") 5 
=> {En Es} = Cap Eg Ca = -Af (5.3.6) 
Qs. 


After imposing constraints (5.3.5), the only independent supergeometry 
variables are the spinor supervierbeins and superconnections. Similar to 
general relativity, it would be desirable to completely express the 
superconnection via the supervierbein, This requires additional constraints. 
Let us impose the following constraints 


Tap; = 0= Tap, = 0 (5.3.7) 
and 
Tanl) p; = O> Tarlap, = 0 (5.3.8) 
and show that they are sufficient to express Q, and Q, via E, and E, First, 
by virtue of equation (5.2.47), the constraint Tg, = 0 leads to 


1 
2.2, = — 5 (Cay + Crp = C hya). (5.3.9) 


Next, to resolve the constraint (5.3.8), we introduce the semi-covariant 
supervierbein (changing covariantly under the superspace general co- 
ordinate transformations and non-covariantly under the superlocal Lorentz 
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E, = (Eq En E) = ( — ze En Ep}, En» Æ 


(5.3.10) 
[Ew E;} = Cas Ec 


constructed in terms of E, and E, only. As opposed to E,, the covariant 
vector supervierbein E, depends, due to equation (5.3.6), on the spinor 
superconnections: 
See in p 
Ez = Ex + 5 its E; mS 5 ae Ep 


Ea E CEN (5.3.11) 
=> Cah = Copp," +Nf ós 


where we have introduced the notation 
Cy phe a- (apala) Caie 
Now, demanding (5.3.8) and recalling (5.2.47), one obtains 
| 
2.35 = gsi + Ča pfp. (5.3.12) 
As a result, we have expressed Q, via E, and E,. 
Introducing the notation 
T 2.86.99 = (0°) p0); T abe (5.3.13) 
the constraint (5.3.8) can be rewritten in thè form 
Tapis = ET a- (5.3.14) 


We can summarize all the constraints on a superspace geometry: 


representation-preserving constraints 
Typ = Taf = Tig = Tag =0 (5.3.15a) 
conventional constraints (I) 
Taf = Taf =R =0; Taf = —2ilo*)up 


i (5.3.15b) 
kag Dee = 3 {Dy Da) 
conventional constraints (II) 
Tag’ = Tag = Tanto) = Tapn? = 0: (5.3.15¢) 


Representation-preserving constraints make possible the existence of chiral 
scalar superfields: conventional constraints (I) determine the vector covariant 
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derivative in terms of the spinor ones; conventional constraints (II) determine 
the spinor superconnections Q, and Q, in terms of the spinor supervierbeins 
Ez and E;, 

Constraints (5.3.15a) and (5.3.15¢) mean that 


Ta = Ty =. (5.3.16) 


As will be shown later, constraints (5.3.15) correspond to conformal 
supergravity, 


5.3.2. The Bianchi identities 

For a given set of covariant derivatives 2 4, the Bianchi identities (5.2.48, 50) 
are satisfied identically. The Bianchi identities become non-trivial when the 
covariant derivatives are restricted by constraints. In this case the Bianchi 
identities play the role of consistency conditions and may be used to determine 
non-vanishing components of supertorsion and supercurvature. Now, our 
goal is to investigate the consequences to which the Bianchi identities lead 
when the constraints (5.3.15) are chosen. 

We organize the analysis of the Bianchi identities according to their (mass) 
dimensions (recall that the spinor derivatives 2, have dimension 4, while the 
dimension of Z, is 1). Possible dimensions of superfield expressions in 
(5.2.48, 50) run from 4 to 3. We reproduce below only the identities needed 
for our analysis, ordering them by dimension. 

First of all, to simplify the analysis, it is useful to convert any vector index 
into a pair of spinor indices (dotted and undotted) in the standard fashion: 


Tappy =(O)ppT a, — Tx,8p.9 = (Opp T aos 
T aipha = (6) 140") 56T any (5.3.17) 


Tasby = (07) aslo") pA O°). T ane 


and analogously for complex conjugate quantities (see also equation (5.3.13)) 
and supercurvature. It is also necessary to keep in mind relation (5.2.51) 
along with the identity 


R 48,75,55 = (007 sR anca = 2ep4R any + 2ER anys: (5.3.18) 


All identities of dimension 4 and 1 are contained in (5.2.48). Taking into 
account constraints (5.3.15), they can be written as: 


Dim 1/2 
Choose A = x, B= f, C= 4, D = c. Then one obtains 
Ty, pi.) + T2497 = 0 (5.3.19) 


and its complex conjugate. 
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Dim I 
Choose A = x, B=f, C = y, D = ô. Then one obtains 
Rapò = R gyz + Ryxps =0 (5.3.20) 


and its complex conjugate. 


Choose 4 = x, B= ß, C =}, D = ô. Then one obtains 
R355 = Zi T 2,033 af- 2iT pay,å (5.3.21) 


and its complex conjugate. 


Choose A = 4, B = ĝ, C = $, D = y. Then one obtains 
Tagha + T hadr =0 (5.3.22) 
as well as its complex conjugate, 


Choose 4 = x, B= $, C = c, D = d. This leads to 
IR apys + 2Ry pps = DaT borja + LpT arja + MeaaT pyys 


: l jj 
+ 4iegs T5938 + 3 T ps, Taasi (5.3,23) 


l ul 
+ 5 Tey), “T pads 
as well as its complex conjugate, 


Choose A = 4, B = ġ, C= b, D = d. This gives 
= 2iT rappr = PaT appa + BaT appiys + Hen Tanjy — 4iteyT app, 
; l > 
+ 5T ane, ay GOTO 5 Tab. sal PETES (5.3.24) 


Dim 3/2 
Choose A = a, B = $, C = y in the second Bianchi identities (5.2.50). This 
gives 


BD Rg, + DpRyy + DB Rap = 0. (5.3.25) 
Choose A = g, B = $, C = > in (5.2.50). Then one obtains 


DR ps = BiR; ap + Rpa (5.3.26) 
and its complex conjugate. 
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Choose A = 4, B = b,C = y}, D = ĝin expression (5.2.48). Then one obtains 


z 1 i ! 3 
Ry phos = — 2T. pps — ZTa pps — 5 Tp. “Taji — 5 Tap, “Tait 


(5.3.27) 
— 2iT pió 


and its complex conjugate. 


Finally, we choose A = &, B = b. C =}, D = à in expression (5.2.48). Such 
choice Jeads to the identity 


1 H 
Ra ppsd + Roopa = ZT: pps — GT spp3 + 5 Tae. Ty ahd 


1 a (5,3.28) 
T: 3 Tapk Tazid 


and its complex conjugate. 


Dim 2 
Choose A = a, B = b, C = }, D = y in (5.2.48). Since R ap. = 0, one obtains 


GT op — ByT yal — Tar’ Tyo + Tae Teg — Ty’ Ted + D'T aby =O (5.3.29) 


and its complex conjugate. 


Choose A =a, B = b, C=), D = 6 in (5.2.48). One obtains 
ZT ans — DaT jbs + ZoT jas + Ta Ties — Tia Tens + Tap T Eas = 9 
(5.3.30) 


and its complex conjugate. 


The Bianchi identities of dimension $ and 3 will not be of help to us. 

To solve the Bianchi identities, we shall decompose supertorsion and 
supercurvature into their Lorentz irreducible components and then apply 
the equations (5.3.19-5.3.30). The simplest situation occurs with the tensor 
Tapy» Of dimension 4. In accordance with equation (5.3.19), it is 
antisymmetric in x and $. In accordance with constraint (5.3.14), it is 
antisymmetric in Á and 7, Hence, the result is 


Tappi = Exp pp T; > Tappy = Expëp; Ty (5.3.31) 


where T, is a spinor superfield. 
Recalling that Tag” = 7,4” = 0, equation (5.3.31) leads to 


(—1)"T 2 = Ty. (5.3.32) 
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5.3.3. Solution to the dim = 1 Bianchi identities 
We begin with consideration of the curvature Rags = Rixgyys) and decompose 
it into irreducible pieces: 


Rapes = f (Ex€ps + Eas€py) +I? (2p6) + Cyl op + Euf aa 


where Pap; sand f 3,4 are completely symmetric tensors. Substituting this 
decomposition into equation (5.3.20), one finds that f?wgyg = 0 and f’ag= 0. 
If we denote f' = —2R, then our result is 
Raga = —2RlEn Epa + E458 py) > (5.3.33) 
Revd = 2R(E5:8 45 + EzE): 
Next, let us analyse equations (5.3.21) and (5.3.23). By virtue of equation 
(5.3.31), we can rewrite equation (5.3.23) as 


1 
26:4R,p,4 + 2e Rapi = — g islet ps + Ex5Ep;) T? 


+ EyslEp, 2T 5 + En 2gT 5) + 46257 potó 
+ 4i€g5T a5 (5.3.34) 
T ST 
R, 9: is Symmetric in indices } and ò, therefore equation (5.3.34) leads to 
€,6Rxp33 = AT ppd + T p83) + iegalT 258 + T2983): 
Comparing this result with equation (5.3.21), it is not difficult to deduce that 
Ri 936 = 0 = Rajya = 0. (5.3.35) 

Then, equation (5.3.21) is re-solved by 

Tappy = €apS Bs 


for some tensor f g;. Now, the relations (5.3.33) and (5.3.34) are consistent only 
under the conditions: 


GT + PpTz =0 (5.3.36) 


as well as 
ent a ay 
Tahy = TIG = Té T’ Ty + aT, ) 


è 1 we : (5.3.37) 
Tsp) = iesyen( R ——T;T’+-9,T’ ) 
16 i 
Itremains only to study equations (5.3.22) and (5.3.24). The first implies that 
Tappy = 18g g > 


(5.3.38) 
Tapps = izpi py 
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where .. is a complex vector superfield. Let us substitute equations (5.3.31) 
and (5.3.38) into equation (5.3.24), resulting in 


Tag pier = a eu op + i217) a en vn + iar, ) | 
~ il (Bo = rats) + in( Fa ae 12,7) |6339 


p 1 1 
+ ipa Y -p — -2,1 — 12,7, | 
4 4 
Supertorsion Ta» is antisymmetric in indices a and b, therefore 


Taabri = —T phasi 
For consistency of this equation with equation (5.3.39), one demands that 


iy Vy = 52,7) + 52T, (5.3.40) 


Defining a real vector superfield G, by the rule 
Ya +a =2G, (5.3.41) 


we obtain 
1 l 
Yas = Gay + geal + quits 


i i (5.3.42) 
Yai = Gy — gals = gT 


To summarize, we have resolved all the Bianchi identities of dimensions 4 
and | in terms of tensors T,, Ta, R, R and G,, In fact, we have completely 
determined the anticommutators of spinor covariant derivatives, since the 
relations (5,3.16), (5,3,33) and (5.3.35) mean 


{Dn 2p) = —4RM.„g {Da Fp} = ARM. (5.3.43) 


5.3.4. Solution to the dim = 4 Bianchi identities 
We proceed by resolving the identities (5.3.25-28). Taking into account 
expressions (5.3.33), equation (5.3.25) means simply that 


G,R =0 => GR =0. (5.3.44) 


Therefore, R is a chiral scalar superfield. Further, since Rg,g; = 0, equation 
(5.3.26) means that 


DR yas = WRyapas + AR pad (5.3.45a) 
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and 
Rapipi + Rpxy.p, = 0. (5.3.45b) 
Recalling equation (5.3.33), we can rewrite the first relation (5.3.45), in the form 
BZR = iR pel. (5.3.46) 


The identity (5.3.28) may be rewritten, by virtue of expression (5.3.31) and 
(5.3.38), as 


Ranisd + Ry ppad = eal 2, te ; T, On + a 2, j= ; Ts ) Oat 
Since Raga» is symmetric in j and 4, this relation is easily resolved: 
Ripos = aa 2 — 57) uo - “(east + mG — ; T Vy 
(5.3.47) 
Now, equation (5.3.46) gives 
G - ; T Fas = JR. (5.3.48) 


This formula relates the tensors G, and R. 

Finally, we must consider the identity (5.3.27). First of all, we decompose 
the supertorsion Tapp, arising in the commutator of vector derivatives, 
into its irreducible components: 


Tai phy = Eag W (apy) “ie fa pba S $ Egy f 2} Sf Exp f by (5.3.49) 


where W,,, is a totally symmetric tensor and f iby is symmetric in its dotted 
indices, Inserting this decomposition into identity (5.3.27) and bearing in 
mind that R4 søs is symmetric in y and 6, one can express f} and f 249 in 
terms of T,, R and G,. After doing this, one obtains 


Ri phyé = — 16g Aep,X 5 + EpaX) — 2ieagWgyà (5.3.50) 


l ] 9 dees 
x,= +] (9)-3))(a—j7") -4 |z 
l 1 1 
+ mie + @ -1 T.)(2. -4 r.) 


+i,- T)( 2: =s n) |r 
2 2 


Evidently, equation (5.3.45b) is satisfied. 
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5.3.5. Solution to the dim = 2 Bianchi identities 
One can check that equation (5.3.29) is consistent under the requirement 


(2? — T Wap, = H 2$- 52.74) Yos -= ar —< (Gs 7+) Ua 
2 2 2 2 
(5,3.51) 
Next, equation (5.3.30) is satisfied if and only if the identity 
(2, a SR) Wap =0 (5.3.52) 
holds. 
It may be shown that the other Bianchi identities, not considered above, 


are satisfied identically or play the role of relations determining the 
supercurvature Rg 


5.3.6. Algebra of covariant derivatives 
Now we are in a position to write down the algebra of covariant derivatives; 


{Ba Ba} = —2iP as 
{Z., Zp} = —4RM,», CA Zp} = 4RMip 


1 , l j ; 
[Zs Dap] = FeaT Dp; = iey( R + gat’ = ant J2, 
~is( Gë — sT = 527s) 2, = iZgRM h 
A 4 1 $ » 4 + th wee = 
+1Eah F =a Gg -52T -3 7Ts M3; 
‘ . ~ : (5.3.53) 
+ 2i833X'M gy = 2iesgW p °M, 
[Pa Ppp] = seusT'2,p = ity(R + 527; = LTT, )2 
tieg 6% ~ 2T + z2r )2, + iGpRMag 
—ig (2°-3r°(o% shore, + 32T )Ms 
¥ 2 al a 


= 2ig,gX’M po + 2ieyg Wa M 
where X, is defined by equation (5.3.50). The supertorsions Ty, R. G,; and 
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Wp, satisfy the following Bianchi identities: 
G.Tg+ DpT, =0 ZR=0 
Ga= Ga Wap = Wrap 


,' la, l l 
BR = (z = 3T\( Gu = gaara —_ EZT, 


5.3.54 
(24-571) Wan =0 
(2 — T\W,p, = (at = iam )( Gps + TaT; + 52aTo) 
(oa er 1 1 
+ {2 - FET )( Gu + goats + 19,1.) 


We did not give above the commutator of two-vector covariant derivatives. 
In accordance with equation (5.3,53), it can be calculated in accordance with 
the rule 


E Dp) = =P Fa}, Zp) = > {[2,, Dep), Fa) + 5 (Pn [23 Ppl}. 


5.3.7. Covariantly chiral tensor superfields 

The set of representation-preserving constraints (5.3,15a) was sufficient to 
ensure the existence of covariantly chiral scalar superfields. The full set of 
constraints (5.3.15) makes possible the existence of covariantly chiral tensor 
superfields with undotted indices only. Indeed, the equation 


FM, ...4, =0 (5.3.55) 


is consistent with the anticommutator {Z,, Z4} = 4RM,g. As opposed to 
the flat-superspace case, in a curved superspace there are no covariantly chiral 
superfields with dotted spinor indices unless R # 0. 

Note that, given a tensor superfield U, ,, the tensor superfield 
(Z?—4R)U,,..«, is covariantly chiral 


ZAD? — 4R\U,, 4, =0. (5.3.56) 


5.3.8. Generalized super Weyl transformations 

By construction, the algebra (5.3,53) is covariant under the general coordinate 

transformation supergroup and the superlocal Lorentz group acting by 
9,79 DB, ="Ge* 


A Be (5.3.57) 
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In fact, the algebra admits a richer symmetry group. It is not difficult to 
check that constraints (5,3.15) are invariant under the transformations 


i 
i P- a >} LA | 
Grr Bs Da = {Bn Fs} 


2, = LD, — XP*L)M ap (5.3.58) 
2, = TP, — APL) ap 


where L(z) is an arbitrary complex scalar superfield (non-vanishing 
everywhere). In particular, one finds 


T, = LT, — 2, 1n (L L’) 


Ps ay (5.3.59) 
R'=— 17 — 4R)L?. 
Let us introduce real superfields A(z) and x(z) according to the rule 
LI=c is -t=e%, (5.3.60) 


Then, by virtue of equation (5.3.58), the supervierbein transforms according 
to the law 


E, er E; = el4 + iKY2 FE 
E, > E; = 4 - 2B, (5.3.61) 
E+ B= t4E, +... 


Therefore, the parameter A induces superloca] scale transformations (or 
superspace Weyl transformations) and the parameter x induces superlocal 
chiral or 7.-transformations. 

We will refer to the transformations (5.3.58) as the ‘generalized super Weyl 
transformations’. The set of all such transformations forms a supergroup 
which represents a superspace extension of the Weyl group appearing in 
general relativity (see Section 1.6). 


5.4. Prepotentials 


After imposing constraints (5.3.15), the supergeometry potentials E,™ and 
NQ,” are expressed in terms of the spinor vierbein superfields E,“ and E,”. The 
latter are constrained superfields, in accordance with equation (5.3.15a), In 
practice, operating with unconstrained objects is usually more convenient 
than with objects subject to constraints. On these grounds, it is worth 
resolving constraints (5.3.15a) in terms of unconstrained superfields 
(‘supergeometry prepotentials’). The term ‘prepotentials’ is not incidental. 
Indeed, following the terminology of gauge theories, T 43° and R48% play 
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the role of field strengths, being gauge covariant superfields, while the gauge 
superfields E,“ and Q, play the role of potentials. So, it is perfectly 
reasonable to consider objects determining potentials as prepotentials. 

The solution to the constraints described below was first given by W. Siegel. 


5.4.1. Solution to constraints (5.3.15a) 
Equation (5.3.4) says that the supervector fields E, form a closed algebra. 
What usefulness does this fact contain for us? To answer this question, it is 
helpful to remember Frobenius’ theorem from differential geometry (see, for 
example, Warner's book*). It may be formulated as follows. 

Let s be a p-dimensional manifold with local coordinates x”, and {V;}, 
i=1,...,q, be a set of vector fields on æ, V, = Vi"(xX2/2x"), linearly 
independent at each point of the manifold and forming a closed algebra: 


[V Vi) =C; K(x)V,. 
Then, there exists a set of independent scalar functions f '(x),...,f?~ (x) such 
that the one-forms d f* vanish on vector fields V, 
af{V;) =0 
Equivalently, if one considers submanifolds (surfaces) in K, defined by the 
system of equations 
{*(x) = const “a=1,....p—q 


then V; are tangent to each surface: 
é 

V= Aly) 5 det (4j) #0 
y 


where y‘ are local coordinates on the surface. The variables ¥" = (y',..., y%, 
f',...,f?~ define a local coordinate system on the manifold, and we have 


Uym 6 U é -U 


x =e 


for some vector field U. Finally, we obtain 


é 
= Ajet’ 3 
Vi = Ade aie fae E i 


Returning to superspace, we deduce from equation (5.3.4) that 
E,=AS@E,  {6,,£,)=0 


abe ao (5.4.1) 

E, =e" ôe E W= Wy + W 
"Warner, F.W., Foundations of Differentiable Manifolds and Lie groups. — Graduate 
Texts in Mathematics, no: 94, New York, Berlin, Heidelberg, Tokyo: Springer-Verlag, 
1983. 
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Here W™(z) are unconstrained complex superfields such that the operator W, 
being considered as a supervector field, is of c-type, | W™) = £w. The bosonic 
superfields A,*(z) are subjected only to the requirement det (4,“) 4 0. W is 
not restricted to be real because the submanifolds generated by E, can be 
seen to be defined in a complex superspace, where dotted and undotted 
fermionic coordinates are not related by conjugation, in which our superspace 
is embedded as a real subspace. 
Taking the complex conjugate of relations (5.4.1), one obtains 


E =A, Ê =De”, (5.4.2) 


Recall that the superlocal Lorentz group acts on E, as follows: 
E = (exp K) P Ep, det (exp K) = 1. Therefore, it is useful to factor A,” into a 
Lorentz scalar and unimodular matrix, 

E,=FN#E,  £,=FNE, 


5.4.3 
det (N #) = 1 ea 


Then, the superlocal Lorentz transformations act on F, N,“ and W according 
to the rule: 


FP=F W=W N#= (e5) PNY. (5.4.4) 


With respect to the general coordinate transformation supergroup, the objects 
under consideration change in the manner: 


Et =e*E,e“* K = Kô, =K 
ä = 5 (5.4.5) 
=F=e*%F N #=e6e5N¥ e" = efe", 


To summarize, after imposing constraints (5.3.15), all geometrical objects 
are expressed in terms of unconstrained complex superfields N 4, F and W™ 
and their conjugates, which will be called the ‘supergeometry prepotentials’, 


5.4.2. Useful gauges on the superiocal Lorentz group 

The prepotentials NV, prove to be compensating superfields for the superlocal 
Lorentz group. As is seen from rule (5.4.4), the superlocal Lorentz 
transformation (e*),? = ô {NT yf moves N ,“ into the unit matrix. Therefore, 
the simplest gauge choice on the superlocal Lorentz group is 


N#=6,4 (5.4.6) 
In this gauge we have 
E, = FÊ => C, = E,1n Fp + Epin Fô. 
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Then, equation (5.3.9) gives 


Qupy = bx Eg ln F + expE,|n F = (5.4.7) 


Dap = ĉa Eg In F + expE. In F. 
Another useful Lorentz gauge is of the form 
Qaa = Qag, = 0. (5.4.8) 


Such a gauge choice is possible since the supercurvature Rg; vanishes 
identically, in accordance with constraints (5.3.15). In fact, we have 


Rox, 3 3 
Ri pps = 0 E Nph; = 5 Cag 2,p) — Nap Apd 


This equation means that the SL(2, C) connection 2,4, is trivial: 
QPM py = 9°'E.g g = exp (LPM p) 


for some symmetric tensor superfield Ly). Therefore, one can find a superlocal 
Lorentz transformation leading to the choice of gauge (5.4.8). 

Gauge fixing (5.4.8) is helpful when working with covariantly chiral tensor 
superfields. To make our discussion clear, let us start with the scalar case. 
Consider a covariantly chiral scalar superfield ®(z), By definition, it satisfies 
the equation 


2,0 = Eð =0, 
By virtue of equations (5.4.2), we can represent ® in the form 
o=c%S 3,6=0. (5.4.9) 
Hence, every covariantly chiral scalar superfield is determined by a ‘flat’ 
chiral superfield (x, 8), depending on x” and 6“ only. The exponential 
e™ plays the role of a picture-changing operator, since it transforms any ‘flat’ 
chiral superfield into a covariantly chiral scalar one. Note that Ê is invariant 


under general coordinate and superlocal Lorentz transformations. 
Next, consider a covariantly chiral tensor superfield 7, _,,(z). We have 


0= Dalaran = Ee note pa PM pytas.. e = £aXx,...2, + (g Eaa. a 


where g = exp (LE'M ay). On these grounds, X«,...x, can be represented in the 
form 


fe;...0, = EXP (— LE'M pye fas... 
prey PS Katte (5.4.10) 


Baka, hy 0 


which looks to be much more complicated than equation (5.4.9). However, 
in the gauge (5.4.8) both these representations take the same form. 
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5.4.3. The 4-supergroup 

Often, when solving constraints in terms of unconstrained fields, we are faced 
with the appearance of a new gauge invariance. The most familiar example 
is electrodynamics. The first Maxwell equation reads "42, F 4 = 0, F.a is an 
antisymmetric tensor unifying the electric and magnetic fields. Solving 
this equation using F,,=6,A,—6¢,A, introduces the gauge arbitrariness 
ÔA, = E,W. 

So, we should scrutinize our theory for the appearance of an additional 
gauge invariance after solving constraints (5.3.15a) in the form (5.4.1). We 
shall look for transformations of the prepotentials N,“, F and W™ leaving 
invariant the spinor supervierbein E, and hence, the covariant derivatives. 

The general coordinate transformation supergroup acts on e” by the left 
shifts (5.4.5). Now, let us try to consider a right shift 


Ww wok w We} A = Môy (5.4.11) 


=e"e e” =e"e 
with 4 being a complex c-type supervector field. In the infinitesimal case, we 
have 


e 


Bi =e ae = Eyy ae. 
To preserve the Ê,-form, one must demand 


a Yh T 
Cut = 6,A,=0 


5.4,12) 
= 5,i" = 3,2" =0 ( 
resulting in 
bE, = (e" 6,2 )E, = (e dA E, + > sero aE, 
If one supplements this transformation with 
ôF = — se Ga )F 
(5.4.13) 


ONY = —N Me" G2") 


then E, does not change. Rather beautifully, we do not obtain any restrictions 
on the parameter Åp, while the parameters 2” and 4“ satisfy chirality constraint 
(5.4.12). 

Transformations (5.4.11) with the parameters restricted according to rule 
(5.4,12) form a supergroup (the ‘4-supergroup’). This follows from the fact 
that two supervector fields of the type (5.4.12) commute on a supervector 
field of the same type. The /4-supergroup can be realized as a group of 
triangular transformations 


y™ = y™”(y, 8) 
8! = B'H(y, 8) 
Pa = Pidy, 9, P) 
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acting in complex superspace C*!* with c-number coordinates y™ and 
a-number coordinates 9“ and f,. This is the geometrical interpretation of 
the 4-supergroup. 

The covariant derivatives and tensor superfields are unaffected by the 
A-supergroup. It acts on the prepotentials only. In addition, the prepotentials 
transform non-trivially with respect to the general coordinate transformation 
supergroup (the ‘K-supergroup’) and the superlocal Lorentz group. So, the 
full gauge group of the prepotentials is the product of three groups: the 
A-supergroup, the K-supergroup and the superlocal Lorentz group, In 
accordance with equations (5.4.4, 5, 11, 13), the infinitesimal transformation 
laws of the prepotentials are 


de” = Ke” —e" 7 


ôF = KF — sie aD )F 
(5.4.14) 
ONY = KN # + KPN — Npe GA”) 
K = K™ dy = K A = AMOu dph" = Dah” = 0. 

There is an interesting connection between the K- and A-supergroups. Let 
® be a covariantly chiral scalar superfield. Then ® is transformed by the 
K-supergroup and is inert with respect to the A-supergroup. Next, we 
represent ® in the form (5.4.9), Now, ® is inert with respect to the 
K-supergroup, but is transformed non-trivially by the 4-supergroup. In 
accordance with equation (5.4.11), we have 

p= p= S 
therefore 
Ô =e’ = exp ("ôn + 43 DÔ = 0. (5.4.15) 


Note that constraints (5.4.12) could be obtained from the requirement 


3,0 = 0. 
Remark. In the Lorentz gauge (5.4.6) every A-transformation should be 
supplemented by a A-dependent Lorentz transformation with the parameters 
Kap =" Sahm Rag =e Baty (5.4.16) 
(see equation (5.4.14)) where 
ĝa = 6,0, Zp = òp Fy 


5.4.4. Expressions for E, T, and R 

This subsection is devoted to obtaining expressions for the Berezinian 
E = Ber(E,™) and the supertorsion T, and R in terms of the prepotentials. 
These results will be used later. 
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We begin by determining E. For this purpose we choose the Lorentz gauge 
(5.4.6) and introduce a semi-covariant supervierbein E, (different from É, 
(5.3.10)) according to the rule: 


£, = (Ê, Es È’) = EM ôy 
i ~ 5.4.17 
Ê, ee JOE, Ea} Ê = Ber (E4™). 


Note that superfields Ê,™, in particular Berezinian Ê, are constructed in 
terms of the prepotentials W and W only. By virtue of equations (5.3.6) and 
(5.4.3), E4 and E, are connected as follows: 


E,=FE, F=FE 


E, = FFE, - EFENA + òP E; in F)E, (5.4.18) 


y FOO + ôf E, ìn F)E,. 
Then, one obtains 
E = FPF’ Ê. (5.4.19) 
Since E, Ê and F are Lorentz scalars, this result holds in the general case. 


To find T,, we again choose the Lorentz gauge N,” = 6,". Recalling 
equations (5.2.59, 60) and (5.3.32) leads to 


T, = E,InE—(1+E,) — Qp.. 


Then, making use of relation (5.4.7) reduces this expression to 
T, = E, ln E —(1+E,) + 3E,In F = E, ln (EF?) — (1°E,)F. 


Now, one can apply the technique of subsection 1,11.2: 


(1+B,) = (1er de") = (ee ie ) = ae Me™ 
= (i -e7Xe”8 (1 -e7 7) = (1 -eE e" e77) 
=(1-e”)Ê (1 eyt, 


As a result, we have 


T, = E, In (EF?(1 +e”), (5.4.20) 


Since T, and E, have the same Lorentz transformation laws, equation (5.4.20) 
holds in the general case. From equation (5.4.19), we read off the final 
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expression 
T,=E,T T=In[F?F*E(1-e”)] 


5.4.21 
T,=E,T T=\n[F?F*E(1 e"). ; } 


To find R, we represent the anticommutator 
{2an 2p} = —4RM p 
in terms of the spinor superconnection 
{Ba Be} = (E Npa + Enys + 2Q4,'QXp35)M” 


and use equation (5.4.7), As a result, one obtains 
R=- FENE, =R=- sB Er. (5.4.22) 


Given a scalar superfield U, the superfield 
(2? —4R)U 
is covariantly chiral and, by virtue of relation (5.4.22), we have 
(2? —4R)U = E,E(F?U). (5.4.23) 


The supertorsions G, and W,., can also be expressed in terms of the 
prepotentials. However, these expressions turn out to be highly complicated 
and we do not reproduce them. 


5.4.5. Gauge fixing for the K- and A-supergroups 
Let us analyse the W-transformation law (5.4.14). It can be rewritten in the 
form 


ôW = Wu = K —7+ O(W) 
=(K™ — 7™)é,, + (K4 — 26, + (Ka — Ay)" + O(W), 
Recall that K” is an arbitrary real vector superfield, while 7“ and K, are 
arbitrary spinor superfields. Using our freedom in the choice of K™, we can 
kill the real part of W™. On the other hand, the parameters 7* and K, can 


be used to gauge away the spinor components W* and W,,. After this, we 
obtain a purely imaginary vector superfield 


W=-iH H=H"2, =A. (5.4.24) 


Therefore, the prepotentials Re W™, W” and W, are compensating 
superfields for the K™- and 7“-transformations. 
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Remark, Considering the K-transformations only, we can gauge away the 
real part of W resulting in a purely imaginary supervector field 


W=-iH H=H™3,=f (5.4.25) 


Remark. After imposing the gauge (5.4.24), a covariantly chiral scalar 
superfield takes the form 


D(x, 0, 8) = ce! H(x, 0) = Oe!" x, 8). (5.4.26) 
In the Lorentz gauge N,” = å”, the spinor supervierbeins are of the form 
E,=Fe-"ae'4 FE, = Fet- ge". (5.4.27) 


It is instructive to compare these expressions with the ‘flat’ ones (see 
(2.5.18-21)). 

There are some residual K- and A-transformations preserving the gauge 
choice (5.4.24). Making use of the W-transformation law 


de” = Kô ye E — eH My 
= {KMay = (eH Me- Hp ye leit 


and demanding ôH to be real and to have no spinor pieces, 5H = ÂH” ôm = 5H, 
one arrives at the following restrictions: 


Keski Kietie (Ky =e-'47, 

= IM = (1x, 8), Ax, 0), Ze~ "x, 0). 
Here K"(A, 4) is a rather complicated function, It proves to be quite difficult 
to operate with this function in practical calculations. So, the gauge (5.4.24) 
is not a useful one. It is worth obtaining a gauge-fixed version in which the 


K-transformations are excluded by construction. As the key to the problem, 
let us consider the transformation law for exp (—2iH): 


de H = Se eW ) = Ze-2iH — e-i?H7, (5.4,29) 


We see that only 4-transformations act on exp (—2iH). Hence, it is sufficient 
to find a reformulation in which H arises only in the combination exp (—2iH). 
We shall turn to the chiral representation. 


(5.4.28) 


5.4.6. Chiral representation 

For the time being, it is worth forgetting about any gauge fixing and starting 
from the beginning. Once again, we choose the Lorentz gauge N,“ = 6, and, 
then, perform the following picture-changing transformation: every superfield 
V is changed to 


=e "y (5.4.30a) 
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the covariant derivatives Z 4 are transformed into 


E j l 
Ži = "g e= E Moy + 58 My 


k 5.4.30b 
E~! = (Ber (E ,™) ~ = (E~ te-7), shite 
The spinor supervierbeins take the form 
È, = (e724 Fe H0 e”" È. eS -y 
‘ (5.4.31) 


eH =e MW H= HMO, =f 


where we have denoted F simply by F. The representation obtained is said 
to be chiral, while the original representation is called real. 

The chiral representation is well suited to the treatment of covariantly 
chiral scalar superfields: 


B = Gx, 6) =x, 0) but È = e- *# Hx, 8), (5.4.32) 


The only complication this representation produces is that it modifies the 
complex conjugation rules: given a superfield V and its conjugate V, for their 
chiral transforms we have 


P=(e v) =e "p= itp (5.4.33) 


In particular, if V is real, then 


KRI 


= eH (5.4.33b) 


Now, let us analyse K- and 4-transformation laws. In the real 
representation, we have 


6D, =[X, 21] ôV= XV 
H = K åy +(e" ogl )MP + (edp MA 


where V is a tensor superfield (indices are suppressed). Recall that in the 
Lorentz gauge N,“ = 6," every 4-transformation must be supplemented by 
the Lorentz transformation (5.4.16), Making the chiral transform, one obtains 


69,=[49,]) ô=? 


(5.4.34) 
2 = My + (07740 97,)MP? + Gp) MA. 
In particular, the spinor supervierbeins change as follows: 
bE, = (e~ 746, AYE, + Ay Ea 
( ah Ea + [AN Gy Ea] (5.435) 


bE, = (ôP) Ep + [Aby Egl. 


As may be seen, the K-transformations never arise in the chiral representation.. 
Of course, there is no mystery in this disappearance: the K-invariance can 
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be used to gauge away the real part of W. There are no independent 
K-transformations in the gauge Re W = 0, But in the chiral representation 
W enters into all quantities in the combination exp(—2iH) = exp(—W) 
exp W only, and hence the real part of W is excluded by construction. 

It should be pointed out that the spinor part of H can be gauged away 
by proper choice of gauge parameters 2”, resulting in the gauge (5.4.24). After 
this, we work with the restricted 4-transformations (5.4.28). 

There is a simple recipe for transferring each expression in the real 
representation to the chiral representation. Namely, one is to make the 
following replacements: NV,“ + 6,4, W—+ —2iH, W+0, F >F, F+e77"/F 
(and to place tildes on the remaining symbols). In particular, the chiral 
transformed supertorsions T; and R read 


T, = E,T T= in (F7E) 


where we have used equations (5.4.20, 22). 
Let ¥ be a scalar superfield. Equation (5.4.30b) then says that 


| zp +E = faz- 1p (5.4.37) 


anticipating suitable boundary conditions at infinity for £. Therefore, there 
is no need to worry about representations (real or chiral) in which integrals 
over superspace are done. 


5.4.7. Gravitational superfield 

Instead of imposing the gauge (5.4.24) with purely imaginary vectorial W, 
we can retain some Re W” if we wish. Then, the arbitrariness in choosing 
Re W" can be used to make the gauge fixing 


exp (W"G,)x™ = x" + i30"(x,6,5) Ar = JP". (5.4.38a) 


Understanding this relation as an equation in W”, its perturbative solution is 
pe 


+ y 1 
W" =i” + hadi call + O( 36°), (5.4.38b) 
Now, covariantly chiral scalar superfields have the form 

D(x, 6, B = e B(x, 8) = Ox” + i”, 0"). (5.4.39) 


Let us find the residual K- and /-transformations preserving the gauge 
(5,4.38). We have 


id." = fex" = KYôpe x” — eV Aniya" 


= K%Ay(x™ + i") — eA" = K™ — eam + KOE" 
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This expression should be purely imaginary, hence 
, x è 1 > . y 
KTZ Une am + L A= 1 mx + 13", 0) +- ix" —i9",) (5.4.40) 
2 2 2 2 
and 
BH” = KH" + (mx + 19", 0") — I(x" —i9", PM), (5.4.41) 
Tt is also necessary to require two consistency conditions: 
deV=0 de%5,=0= 
K" = JM x" + 196", 8"), Ky = 7,(x" — ist", P) (5.4.42) 


iM = (A(x, 0), 2” (x, 8), e7 Fe T(x, 0). 


Finally, let us substitute the expressions for K”, K“ and K, into expression 
(5.4.41) and compare the result with equation (5.1.8). Good Lord, we have 
recovered the transformation law of the gravitational superfield! 

In the ‘gravitational superfield gauge’ (5.4.38), all the building blocks which 
have appeared in the expressions for the covariant derivatives can be readily 
expressed in terms of #”, F and F, The semi-covariant supervierbein Ê, is 
then given by 


Ê, = 0, + i(0,9¢"(1 — i89)~',"6,, = 0, + (Êr Om 


Ê, = =T; + iBA + id9)-1,"6, = —2, —i(E,20,, (5.4.43) 


lA EE TOPE E20", = E."y 


where we have introduced the notation 


(1+ iat), = 5m iC, (5.4.44) 
ox" 
Introducing the anholonomy coefficients C4,° via 
[Ey E;} = Cas’ c Cay = Caz; =C,, =0 
Ĉ £= “(5 £%(0,£), + i [Ên B,) )e" 
(5.4.45) 


Chee ~B,¢( Peb ~ ifE*, £, Je" 


EPE, = 6," 
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the spinor superconnections prove to be 


Azp: = EapÊ.F $ Ey pF 


| (5.4.46a) 
QL: = a (Capps + Canta) 
and 
D4, A = eanE;F + ex EF 
ere ((5.4.46b) 
yp = ge (Cepast + Cr wal ) 
Finally, the following identities 
Ê = Ber(E,™) = det (Ê,") 
(5.4,47) 


(ee) =det(1 +i) (Te!) = det (1 — iar) 


hold. 
Let us comment on the derivation of equations (5.4.43-47). Consider the 
change of variables 


m — ym i m 
xip = xX" + if 


zM = eM = ¢ Ou, = 6H (5.4.48) 
Buni = By. 


The corresponding Berezinian is equal to 


Ber( Se) =(1 ei) = det (1 + iI) 


which coincides with the second relation (5.4.47). Furthermore, we have 


fa bE wes ~ 
We Wee V > E = —3h. 


Now, making use of expressions (5.4.48) leads to the expression for E; (5.4.43), 
Finally, the expression for 2,4, (5.4.46a) follows from equation (5.3.12). 

In conclusion, it should be pointed out that the gauge transformations 
(5.4.40, 42) (preserving the gauge choice (5.4.38)) act on the covariant 
derivatives and tensor superfields in the manner: 


62,=(",.9%,] sV=H'V 
H = X Yôu + KM ay + RË Map 


K" = Lra + 19,8) + ; "(x — id, D) (5.4.49) 
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K" = JH(x + id, 8) 
Kag = Egialx + ix, 8) 


since in the gauge N, = 6,“ every /-transformation must be supplemented 
by the Lorentz transformation (5.4.16), 


5.4.8. Gauge fixing on the generalized super Weyl group 
We have nearly reached the aim formulated at the beginning of Section 5.2. 
Namely, we have found a supergeometrical description for the gravitational 
superfield. But what about the chiral compensator of Einstein supergravity? 
The point is that the set of prepotentials does not contain chiral superfields. 
Notice, however, that among the prepotentials N“, F and W™ the superfield 
F played a rather passive role in the above considerations. By construction, 
F is a complex superfield transforming as a scalar under the K-supergroup 
and as a density under the 4-supergroup (see equation (5.4.14)). In principle, 
there exists the possibility of obtaining a chiral superfield, if one manages 
to restrict F in a covariant way. Recall that in the supergeometrical approach 
every covariant constraint is a constraint on the supertorsion. Hence, in 
order to obtain a supergeometrical description of Einstein supergravity, one 
must supplement equations (5.3.15) by some additional constraints. 

One can look on the prepotential F as a compensating superfield for the 
generalized super Wey] transformations (5.3.58). They act on the prepotentials 
as follows 


F'=LF N'#=N;F Ws WM, (5.4.50) 


Now all the prepotentials acquire a clear interpretation. F, N, and Re W 
are compensators for the generalized super Weyl group, the superlocal 
Lorentz group and the K-supergroup, respectively. W“ and W, are 
compensators for the independent 7*- and 4,-transformations. Finally, 
Im W™ plays the role of gravitational superfield. 

It has been shown in subsection 5.3.8 that the maximal symmetry group 
of constraints (5.3.15) is given by the product of three supergroups: the general 
coordinate transformation supergroup, the superlocal Lorentz group and the 
generalized super Weyl group. In a theory with such a symmetry group, the 
prepotential F can be gauged out by proper choice of super Weyl 
transformation. Then, in the gauge (5.4.38) we work with the gravitational 
superfield only, as in conformal supergravity, This is the reason why 
constraints (5.3.15) are said to be conformal supergravity constraints. 

Since the prepotential F plays he role of super Weyl compensator, to 
impose a constraint on F is the same as fixing a gauge on the generalized 
super Weyl group. The simplest gauge choice is 


F=], 
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However, this gauge fixing is not invariant under the A-supergroup (see 
equation (5.4.14)). To obtain a covariant gauge, let us recall the super Weyl 
transformation law for T, (5.3.59). By virtue of equation (5.4.20), this can be 
rewritten in the form 


T,=B,T T'=T+ (LL) (5.4.51) 
Hence, one can take the super Weyl gauge 
T,,=9, 


Let us proceed to an analysis of this constraint. 


5.5. Einstein supergravity 


3.5.1. Einstein supergravity constraints 
In the space of supergeometries (5.3.15) we consider the subspace 
characterized by the additional constraint 


Tp = Te=0. (5.5.1) 
Now, the full set of constraints is 
Tap =0 Ta =0 
Tug + 2167(6%)45= 90 Riff =0 (5.5.2) 
Ts =0 Tz‘ = 0. 


These constraints (in a slightly different form) were suggested by J. Wess and 
B. Zumino. 

We are going to show that the set of constraints (5.5.2) corresponds to 
Einstein supergravity. 


5.5.2. Chiral compensator 
The supertorsion T; is expressed through the prepotentials in accordance 
with the rule (5.4.21). Setting T; = 0 gives 


F2F4E(1-e%) = 9-3 Esp =0 


(5.5.3 
=p=e"@ 4,6=0 


where (x, 0) is a flat chiral superfield. Adding the complex conjugate formula, 
one obtains 


F= ga UL «e¥)-13(] +e 1/6 f- 1/6 


F= o 1631 -ef 1/61 +e) - 1/36 - 1/6 (5.5.4) 
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As a result, all geometrical objects are expressed in terms of the old 
prepotentials N “and W™ and the chiral superfield ọ (and their conjugates). 
To find the transformation law of », we represent it in the form 


g? = E-'F-(1 rej- 
using equation (5.4.19). E~' changes only under the general coordinate 
transformations, 
E`! = KMA,,E~* +(— 1y KME 
(see equation (5.2.27)). The transformation law for F~? follows from (5.4.14). 
Finally, using equations (1,11.21) and (5.4.14), one readily obtains 
&(1 +e”) = (1+e"K) — (11e) 
= Kê re) + (—1)™(2yK™\1-e%) —(—1™(e” ByAM\ Le”) 
From these results, we deduce 
ôo? = Kyo? + (eF (6,,2" — 6,4")? (5.5.5a) 
or 
G? = MeyG? + (6,,4" — 0,4" )p? = 6,3") — AAG? (5,5.5b) 


The second relation coincides with the transformation law of chiral 
compensator (5.1.34b) in Einstein supergravity! Hence, the prepotential @ can 
be identified with the chiral compensator. As a result, we have found the 
supergeometrical description for Einstein supergravity. 

The supergravity formulation constructed in Section 5.1 and here, is usually 
called the minimal supergravity. Later we shall consider other versions of 
supergravity characterized by non-chiral compensating multiplets. The 
superfields N,4, W™ and ọ are said to be the ‘minimal supergravity 
prepotentials’. 


5.5.3. Minimal algebra of covariant derivatives 
Under constraint (5.5.1), the covariant derivative algebra (5.3.53) is simplified 
drastically: 


{Das Za} = 2i y; 
{P.,Dgt=—4RM.p (Za Dy} = 4RMig 
[Za Ppp] = — ica R2 p + GT; —iDgRM ag 

+ i8gpD"G Mg — 2iesgW pËM,s 
[Pay Pop] = ies RZ 4 + G 42;) + iZ RM ay 

ib ypF!G 4M s + 2ieygW p M5, 


(5.5.6) 
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The commutation relations for vector covariant derivatives are also quite 
simple: 


[Lair Zipp] = Eaa + Expbap (5.5.7) 
where 


‘ 4) 1 l y IG, 
Wap = —iGg 2a $ 5 (F2R)Dp sir 5(2-60)2; + Wag P, 
+ a — 8R)RM „p + 2,W 9?M,5 — 52,56 ily 
io 1 l A 3 
Wah = iG' p2; — 7R = 5 (AG pF; — Wig 9; 


1 z n 
+ I7 — 8RIRM ap — ZW P Ma + 52CM pā: 


The supertorsions R, G, and W*®” satisfy the Bianchi identities 
G, = G, Wap, = Wian 
a adi (5.5.8) 
Z Gua = G,R 
DW xp, = 5 2G ps + 52 Gas 
We point out that in minimal supergravity W,,, is chiral. 
From the covariant derivative algebra, one can obtain the following useful 
identities: 


1 
DF 5 = za? ae 2RM 45 


1 (5.5.9a) 
DD} = -347 + 2RMig 
D,2? = 4R2P lesg + Ma 
Sa iMag (5.5.95) 
BD, = —2RD*(e,4 + 2Map) 
GF = 4RP ey + M 
Cad Map) (5.5.9¢) 


FS; = —2RP (65, + 2M) 

[2?, Zs] = HG + i24)2" + IRF, — (DG*)M,5 + 8W°M yg 
(5.5.9d) 

[P*, Dy) = HG — iF,s)* + 42D, — ALZI GSM 5 +8WXÎM a 
(5.5.9e) 


Superspace Geometry of Supergravity 445 
sag? — 4R)G, — s22 — 4R)Z* 
= {512,682 — Wy5,D* + (2 Gn) be (5.5.9 f) 


+ [50002 san Ws35D* + ia Gu) 


It is worth noting that the identities (5.5.9a—c) hold for covariant derivatives 
under the conformal supergravity constraints, while the other identities are 
correct only in the Einstein supergravity case. 

Let us give some simple applications of the above relations. If w,(z) is an 
undotted spinor superfield, then equations (5.5.9b, c) lead to 


(2? —4R) Dy, =0 
(Z? — 4R)Fs* = 0. 


If 7,(z) is a covariantly chiral spinor superfield, then making use of equations 
(5.5.9d, e) gives 


(5.5.10) 


Ging = 0> (2? — 4R)Py, = 0 
(2? — 4R)D,7* = 0. 
For every scalar superfield V(z), we have 
242? —4R)2,V = D(D* — 4R)\G*V (5.5.12) 


in accordance with equation (5.5.9 f}. 


(5.5.11) 


5.5.4. Super Weyl transformations 

It has been pointed out in subsection 5.4.7 that the Einstein supergravity 
constraint (5.5.1) can be treated as a gauge fixing condition for the generalized 
super Weyl group acting on the covariant derivatives according to the law 
(5.3.58). However, the gauge condition (5.5.1) does not completely fix the 
generalized super Weyl symmetry. There exist some residual transformations 
(5.3.58) preserving the gauge (5.5.1). In accordance with equation (5.4.51), the 
corresponding superfield parameters must satisfy the equation 


2, \n(L*Z2) =0= 
= exp( 50 — a) a =0. 


Here o(z) is an arbitrary covariantly chiral scalar superfield. 
We conclude that the minimal supergravity algebra (5.5.6) is covariant 
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under the transformations 

2, + 2, = L2, — XAD*L)M ga 

Z > Bi, = LZ, — APL)M ji 

(5.5.13) 


B37 B= {51,93} 
2 


L=exp( 30-2) Ga =0 


which will be called the ‘super Weyl transformations’. 
It is not difficult to find how the supertorsions R, G, and Wag, change 
under the transformations (5.5.13), The results are 


Ri =— zoe? — 4R)e? 


2 1 
Gii = e76 > mafau + 5 (20X78) + IDF m a| (5.5.14) 


Wp, =e Wap 


As may be seen, Wg, changes homogeneously. 
At the prepotential level, equation (5.5.13) means the following 


N,4 = N,f WM = WM p = eto. (5.5.15) 


Therefore, is a compensating superfield for the super Weyl transformations, 
The super Weyl invariance can be used to impose the gauge condition o = |, 


5.5.5. Integration by parts 
From the algebra (5,5.6, 7) one can obtain the relation 


(—1)"T 4,7 =0. (5.5.16) 


Therefore, in Einstein supergravity we have the rule for integration by parts 
(5.2.62). In particular, if y,(z) and V,(z) are spinor and vector superfields 
under proper boundary conditions, then 


[ave Eta; =0 [avs E*9*V, =0. (5.5.17) 


5.5.6. Chiral integration rule 
Let ¥,(z) be a covariantly chiral scalar superfield, 


g= 2, 2. =0 
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where Y, is characterized by the transformation law 
bP, = (An + HE) Po 


Equation (5.5.5) tells us that the integral 
S= fess pf. = fasz PP. (5.5.18) 


is invariant with respect to all supergravity transformations (K, 4 and 
superlocal Lorentz ones). Now, we are going to rewrite expression (5.5.18) 
as an integral over the superspace R*'4, 

In the chiral representation (see subsection 5.4.6), equation (5.5.3) can be 
rewritten as 


oF’ = Ë, (5.5.19) 


Acting on both sides with the operator 46,0" and recalling equation (5.4.36), 
one obtains 


@R= atime (5.5.20a) 
or 
P= peittE- 1/R), (5.5.20b) 
Therefore, S, can be represented in the form 
S,= fats d? d?0(E-*/R)Z.. 
Finally, due to the identity (5.4.37), we can write 
S= f a2 P= [acerime. (5,5.21) 


This relation, known as the ‘chiral integration rule’, was obtained by W, Siegel. 
It should be stressed that the chiral integration rule becomes unacceptable 
in cases when the body of R vanishes at some superspace points. In particular, 
this prescription has no flat superspace limit implying R — 0. Hence, the chiral 
integration rule illustrates itself the peculiarity of curved supergeometry. 
Using the chiral integration rule, any integral over R*!* can be reduced to 
an integral over R4 x C?. Given a scalar superfield ¥(z), two integrals 


for: EZ 
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[oes(e-o(i2) 


coincide, owing to property (5.5.17), Then, since R is chiral one can write 


and 


| dr EIF = — plaze 1 IRZ? — 4R)? 


5,5.22 
a= ; Í déze F(Z? — 4R) L]. ; } 


5.5.7. Matter dynamical systems in a supergravity background 

We have completed the supergeometric description of curved superspace 
corresponding to Einstein supergravity. Now, one can easily develop matter 
superfield theory in a given (background) curved superspace. 

By matter superfields we will understand unconstrained tensor superfields 
of arbitrary Lorentz types (n/2, m/2), unconstrained chiral tensor superfields 
of Lorentz types (n/2,0) and unconstrained antichiral tensor superfields of 
Lorentz types (0, m/2). 

The main symmetry principle which underlies dynamical systems in a 
curved superspace is invariance with respect to the general coordinate 
superspace transformations and the superlocal Lorentz transformations (the 
general covariance principle): 


GioerGe~ = 
l (5.5.23) 
KH = Kay + zE Ma 


Here y is a set of matter superfields, in terms of which some dynamical system 
is described. By definition, a local dynamical system is characterized by an 
action superfunctional with the structure: 


Six; Gal = forse EATEN] 
+ | aecore"2 D,)+ | d®zp%e7 P A Ay; 2 4) (5.5.24) 


= farze- i | £06 2a) + (à L 2a) + cc)} 


with ¥ being a real scalar superfield and ¥, a covariantly chiral scalar 
superfield; Z and Z, are assumed to be functions of superfields y and their 
covariant derivatives to a finite order. In addition, Z and Y. may depend 
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polynomially on the supertorsions R, G, and Wap, in order to have a 
well-defined flat superspace limit. 

Clearly, the dynamical superfield equations for the system (5.5.24) should 
be covariant under the transformations (5.5.23). In order to have an explicitly 
covariant form for these equations, it is worth obtaining covariant variational 
rules. We shall now find covariant variational rules in two particular cases; 
for dynamical systems described by a real scalar superfield V(z) or by a 
covariantly chiral scalar superfield ®(z) and its conjugate ®(z). Tensor cases 
may be treated similarly. 

Having a dynamical system with an action superfunctional S[V; 2], we 
represent an infinitesimal variation of S[V;@] in the form: 


öS[V; 7] = S[V+ 6V; 2] — S[V; 2] 
ôS[V; 2] (5.5.25) 
ôv {z) 
The. ôS[V; #]/dV(z) will be called the ‘left superfunctional (or variational) 
derivative’ of S[V;Z] with respect to V(z), Obviously, S/V (z) is a real 
scalar superfield. It follows from (5.5.25) that 
ave) 
ôV (z) 
The bi-scalar f(z, z’) will be called the ‘covariant delta-function’, 


Having a dynamical system with an action superfunctional S[, 6; 2], we 
represent an infinitesimal variation of S[®, ©; 2] as follows: 


SLO, D; 2] = S[® + 60, Ý + 56; 2] — S[O, O; 2] 


= arse '6V(z) 


= Ed4(x — x')d(0 — 0')6°(F — F) = 5%(z, 2’). (5.5.26) 


= | atge t | 50(e) 10-22) +c.c. (5.5.27) 
= [aae Ryo) ES + c.c, 


where ôS[ġ, ©; 7]/5@(z) is a covariantly chiral scalar superfield, which will 
be called the ‘covariant superfunctional (or variational) derivative’ of 
S[®, ®; 2] with respect to ®(z). Owing to the identity 


ô®(z') = farze- 1 §@(z)5%(z, z’) = — z fezeron? — 4R)5%(z, 2’) 


we have 
5D(z') 
ô®(z) 


=— a — 4R)6*(z, 2’) = ĝ (2, 7’), (5.5.28) 
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The bi-scalar 6 ,(z, 2’) is covariantly chiral with respect to each argument, 

F,6.(z,2') = 56 a(z, z7) = 0. (5.5.29) 
This can be readily seen in the chiral representation: 

~(F? —4Ryy = 30A Fy) Y= 

z 
4 
: 
4 
= ~ *54(x — x')6?(d — 0’) 


where we have used equation (5.5.19). 6,(z, z’) will be called the ‘covariant 
chiral delta-function’. 


3 (z,2') = — 6,0" F7Ed5*(x — x'e? — 06°45 — F)} 


Dto tix — x')54(@ — 0')54(7 — B)} 


5.6. Prepotential deformations 


In this section we would like to discuss a covariant variational technique for 
the supergravity prepotentials. It will be necessary in order to obtain a 
supersymmetric generalization of the energy-momentum tensor and to find 
(in the following chapter) supergravity dynamical equations. To start with, 
we introduce a slightly modified parametrization of the supergravity 
prepotentials and the supergravity gauge group, The parametrization given 
below proves to be most convenient for perturbative calculations. 

In the main body of subsections 5.7.1 and 5.7.2, the covariant derivatives 
under conformal supergravity constraints only will be considered, Each 
occasion that specification to the Einstein supergravity case is needed will 
be specifically mentioned. 


5.6.1. Modified parametrization of prepotentials 
In the prepotential parametrization of subsection 5.4.1, the flat superspace 
limit corresponds to the choice: 


Nf=6 F=1 W= —iboðô, = iF.. 


Hence, when making perturbative calculations with respect to a flat 
background, one must expand W around its flat non-vanishing value (—i3#,). 
This is not so convenient. It would be preferable to have a parametrization 
in which the flat superspace limit corresponded to the choice W= 0, Such 
a parametrization is easily obtained from the old one by merely replacing 


eF > e e7 io, (5.6.1) 
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Then, the spinor covariant derivatives take the form 
l 
B= FN Pe” Eer" + 52a Mu 


—— (5.6.2 
Gi = FN Że" Dye + SANM 


where D, and D, are the flat spinor covariant derivatives (see equations 
(2.5.19, 21)). Then, it seems reasonable to write W as follows 


W=W"Dy Dyu = (ôn Dy D’). (5.6.3) 


Further, we exclude from our consideration the unimodular matrix N,” at 
the cost of introducing a complex superlocal Lorentz transformation. Namely, 
the covariant derivatives will be represented in the form: 


a; = e7 (FD, + Esme g (5.6.4) 


w= W4D, + W Mag + WM ag PEA 


instead of the form (5.6.2). Here W*4(z) and W*(z) are symmetric bi-spinor 
superfields. One can easily see that W°’ is in one-to-one correspondence 
with the old prepotential N”. A novel feature is the appearance of redundant 
superfields W? (+ (W2)* = W*) which we have introduced by hand, In 
principle, one can set W*? to zero or uniquely fix their values by imposing 
the requirement 


r,PiM jy = 0 (5.6.5) 


which is possible owing to the results of subsection 5.4.2. However, we prefer 
to keep arbitrary wb. similarly to the other superfields arising in W. It will 
soon be shown that W*? is a pure gauge degree of freedom associated with 
some auxiliary gauge invariance. 

Considering the parametrization (5.6.4), it is convenient to represent 24 
in the form 7,=E,“D,, +44" Mp as well as to write the transformations 
(5.3.57) according to the rule 


By BD, = "Bie * 
1 5 (5.6.6) 
X =K4D,+ zE Mie =f, 
These act on the prepotentials just introduced according to the law 
e” =e%e* Per) 2%2=5, (5.6.7) 
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To find an analogue of the 4-supergroup in the parametrization (5.6.4), we 
seek a transformation of the form 


et =e" eF =e 

A= A4D, + A%M ag + AP May HA 

supplemented by displacements of F and E, such that the covariant 
derivatives remain unchanged. In the infinitesimal case, we have 


F 


"eTA 


(5.6.8) 


GS is — +o 1 
0 =e” ĝe" = -| AFD, + EF Mu | +5FD, + 208," My 
Due to the relation 


[D Aj = LDA Pn iAP pa + (D,A)Dg 


— (DA + AŚ) D; + (D.AM My 


the above requirement leads to restrictions on the parameters 
DA” = 4iA5f D,Ar=0 
Aug = —DaAg (5.6.9) 
A, and A,, arbitrary 


and also the transformation laws 


oF = AF + EDA F 
x (5.6.10) 
6£," = —D,A® + (CA, E,))*. 


Under the relations (5.6.9,10), Z; is invariant with respect to the 
transformation (5.6.8). 
The first equation (5.6.9) is equivalent to the two identities: 


DsApza DyAgs = BIA” = DA”. 


They can be solved in terms of a spinor superfield L, as follows: 
Avg = —2iD3L, A, =—- =D'L, (5.6.11) 


Then, the second equation (5.6.9) is satisfied automatically. We see that the 
A-transformations (5.6.8, 10) are generated by unconstrained parameters L,, 
A, and A, = Apa This is one of the main advantages of the parametrization 
(5.6.4). 

Let ®(z) be a covariantly chiral scalar superfield, 7,® =0. It can be 
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represented as 


=e D,b=0 (5.6.12) 


with Ê being a flat chiral superfield. The A-transformations act on ® according 
to the law 


b' =e (5.6.13) 


or. in infinitesimal form, 


ôĝ = Ab = — F D4L*D,ĝ) (5.6.14) 


where we have used equation (5.6.11). Clearly, ŝÊ is chiral. 
The X -transformations (5.6.6) can be used to gauge away the real part of 
#“ resulting in 
W =i H= HD; + HM, + H Map =F. 


Such a gauge choice is equivalent to introducing a chiral representation 
defined by the rule: every tensor superfield V is to be changed by 


=e "y (5.6.15a) 
the covariant derivatives are to be transformed to 
G, =e F 2e”. (5.6.15b) 


There is one difference between the chiral representation just introduced and 
that considered in subsection 5.4.6. To obtain the representation of subsection 
5.4.6, one has to make the complex coordinate transformation (5.4.30), In 
the present case, since 


eF = epl —W4D,- ; WM = apl - ; WM [exp [-—W4D,] 


one has to apply not only a complex coordinate transformation, but also to 
accompany it by some complex superlocal Lorentz transformation. Since 
Lorentz transformations (real or complex) do not change invariant functionals 
of the form f d*z E~ +2, with ¥ being a scalar superfield, the identity (5.4,37) 
holds in the present case also. 

The covariant derivatives in the chiral representation are 


9, = (FD, + 52M) 
3, = FD, + 52 Ms. Da = ={Fn Fs) (5.6.16) 


> 1 
=e % er at = H'D, + 5 HM = F. 
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They transform according to the law: 
Bi =ADGye® eT = ehe eA (5.6.17) 


where the parameters are defined as in equations (5.6.9) and (5.6.11). 
Since (—2i6#°) = A,D* — A*D, + APM up — APM sp +...,we can use 
A, and A,, to gauge away H*, A, H”? and A* resulting in 


H = Hð, (5.6.18) 
In this gauge, we have a restricted set of gauge transformations: 
de?" = Ae—7" — e-7¥A has no spinor and Lorentz part = 
Ague"**A, Amer A, (5.6.19) 
Remark. Instead of choosing the gauge (5.6.18), one can impose a weaker 
gauge condition 
# = H'D (5.6.20) 


In this case, only the second restriction (5.6.19) should be imposed. 
In the chiral representation, one can readily repeat the analysis of 
subsection 5.4.4 obtaining explicit expressions for the geometrical objects: 


E=Fe* Fee R=- = D4F?) 


= = : = 5.6.21 
7,=En(EF) T= E infiere iny S 


where we have denoted: 
Ê, = Ê" Dy = ( = FEE Epe De”, nt) 


Ê = Ber (Ê,™). 


In the Einstein supergravity case, we haye T, = T = 0. Then it follows 
from the above relations that 


EF =° Dw=0. (5.6.22) 


The chiral compensator @ proves to have the transformation law 


ĝo? = A4D,9? + (€,A% — D,A*)9* = _D*DAL*9") (5.6.23) 


5.6.2, Background-quantum splitting 
We go on by describing the covariant supergravity variational technique 
developed by M. Grisaru and W. Siegel. 
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Consider two sets of covariant derivatives under conformal supergravity 
constraints: 


and 


I | (5.6.24) 


Using the parametrization of previous subsections for 2,4, one can write 


V, =e” + fi + 6F)D, + A + 5E) Ma e=” =W" (5.6.25) 


where 6W = d6W™D,, + 46W"M,, and ôF are finite deformations (52, 
is determined in terms of ôW and ôF because of the conformal supergravity 
constraints). The main problem one is faced with is that 6W transforms 
highly nonlinearly: the X- and A-transformations act on W and (W + 5%) 
according to the laws 

ew = et ew eA ee +56" L eXe” + OW eA (5.6.26) 
To circumvent this problem, it is worth substituting the variation bW by 


the covariantized one, AW, defined by 


et + oh = hh a (5.6.27) 
In accordance with equation (5.6.25), AW transforms covariantly: 
er a en eare T, (5.6.28) 


Now, if one represents AW in the form 


Aw = AW™D,, + 5AW*M, 


l 
= AWE, AG, + 5 (Awe — AWME40.,")M,. 


=AW49, + 5Awe My, 


then AW and Aw will be Lorentz tensor superfields. 

There is another argument in defence of variation (5.6.27). Namely, looking 
at equation (5.6.4), it is seen that W enters as a complex general coordinate 
and superlocal Lorentz transformation. Therefore, it seems reasonable to 
represent any change in e” as a (complex) supergroup shift. Similarly, the 
superfield (e” F) enters as a super Weyl transformation (5.3.58). Hence, it is 


456 Ideas and Methods of Supersymmetry and Supergravity 


tempting to represent its change as a supergroup shift, F + ôF =(e~” F)F. 
Finally, making a redefinition of 62,” in equation (5.6.25), one arrives at the 
V representation: 


V, = r| sa, + a0," [emer 
“poa 1 . i 
Vi = eô” | >z; T satin, Jem*? (5.6.29) 


i 1 
Fa +(e Fa AW =AW%g,+ 5AM. # AW, 


This representation is known as ‘background-quantum splitting’ (originally, 
it was developed for covariant quantization of supergravity). Background- 
quantum splitting determines deformed covariant derivatives V, in terms of 
the initial (background) derivatives @,, The derivatives V, turn out to be 
coupled to the background derivatives Z,. All objects AW“, AW, F and 
AQ’, which specify V,, are tensor superfields. 

There exists some inherent arbitrariness in the choice of AW’, F and AQ*, 
Let us seek a transformation of the form 


2',=F, eå" = eA 7^ 
(5.6.30) 
A= AMD, + A*M,y + APM ap 


supplemented by displacements of F and AQ," such that the operators V, 
stay unchanged. Imposing the requirement 


0 = emar op ei = — Eg + Anim | + ÒF D; + FAAAM 


and making use of the algebra (5.3.53), onè finds the following restrictions 
on the parameters 


GN, + shel R + 1,7? = Erare) =0 
2 8 16 


2iA*54 = laat + 1 AB TÊ 
2 nri 


i 7 ig (5.6.31) 
Nag = —Z Ap + TAGA S gota < 5247") 


A; and A,g arbitrary. 


The first two equations can be solved in terms of an unconstrained spinor 
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superfield Ly; 
Ags = -2( 7, + ir) 


1 l l 
=- g-i | g+ T8 
i (21 2 o) 2 Jb 


Here T, R and G,, are the supertorsions corresponding to 24. Further, the 
transformation law for F is 


(5.6.32) 


åf = AF + (ZF = ih ( Gu = sot = 52:7.) (5.6.33) 


The explicit form of d[AQ,**] is not essential for later applications. In 
summary, the transformations (5.6.30-33) leave the derivatives V,, unchanged. 

The background-quantum splitting proves to be very powerful when 
making covariant variations with respect to the supergravity prepotentials 
of invariant superfunctionals of the general structure 


Sa) = Sike 2] = faze 2000 2] (5.6.34) 


with ¥ being a scalar dependent on a set of matter superfields Xia) coupled 
to supergravity covariant derivatives 2 ,. Here we mark the matter superfields 
by the label (Z), since covariantly defined superfields often depend on 
supergravity prepotentials. For example, if x) is a covariantly chiral scalar 
superfield, Xie) = 0, then one can write ua) =e" % zy with y being an 
independent flat chiral superfield, D,y=0. Hence, any supergeometry 
deformation 9, >V, = 2, +62, will induce some change of the matter 
superfields, Xia) —> Xy) = Xa) + Oy, as well as of the functional (5.6.34), 
Siz) => Siy) = Sia) + òS, where 


Sv = SExy VI = | dêz- P(x) V). (5.6.35) 


Both functionals Sj) and Sy) are invariant under the -transformations. 
In the former case, they take the form 


ka= Xa, 24 =e Ge-* (5.6.36) 
in the latter case, they read 
Xi) = e” Hv) 4=e7V ee. (5.6.37) 


However, after introducing background-quantum splitting (5.6.29), the 
transformations (5.6.37) can be realized in two different ways: (1) as 
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‘background’ transformations 


Dix De~X Ve=e*V ye *= 


(5.6.38) 
AW =e"AWe-~ F'=e™F AQ = AN, 
or (2) as ‘quantum’ transformations 
g' = B y’ = ery er 
i oe s (5.6.38b) 


ef” = ett Aw F' =F AQ‘. = AD 


where 


HO = KAG, + 5M, = FO, 


It is worth noting that the existence of two types of X -transformations is 
brought about by the splitting of a single object (W° + W) into two 
independent parts W and 6W (a similar situation occurs, for example, in 
electrodynamics, where, after splitting V,, = V® + V‘@, gauge transformations 
ÔV m = O,4 can be realized as V® = GA and 5V‘2) = 0 or as 6V) = 0 and 
ôV!® = 6,4). Note also that Siy) is invariant under the A-transformations 
(5.6.30—33). 

The real part of AW is a purely gauge degree of freedom for the ‘quantum’ 
X -invariance. This invariance can be used to gauge away ReAyw’, 
Equivalently, Re AW is excluded automatically when working in the 
‘quantum’ chiral representation introduced by 


> -aF 
an> to = OQ, Da Do 


1 (5.6.39) 
Vi ay A = e74 y co? = SDs + 304" Mye 


Since ~! = [Ber(# ,™)]~' =(67! se-AF), the quantum chiral transform 
of Siy) coincides with Siy». In the quantum chiral representation, we have 


A = ml sa, ne anM e 
VFI + ANM Vami {Ves}, (5640) 


e- 3H = p- AF pA H = H42, + FHM =A 


and the functional Sy; is invariant under the transformations 
Xin = e^ Va = eV e^ 


eW2i’ = ghg-2iH,—A (5.6.41) 
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with A defined by equations (5.6.30—32). Using this invariance, one can impose 
the gauge 


H = H°9,. (5.6.42) 


After doing this, we work with a restricted set of gauge transformations 
(5.6.41) selected by the requirements 


Ag=Az+O(H) Aug = Ap + O(H). (5.6.43) 


Remark. If Xv) is a covariantly chiral scalar superfield, Vay = 0, then its 
transformation law is 


z ~ 1 w 
ôx) = Any) = — rial — 4RYL*Z hy). (5.6.44) 


In conclusion, we give explicit expressions for some geometrical objects, 
constructed on the basis of Vy, in terms of H and F. We will denote the 
supercurvature and supertorsion tensors of ¥, in bold type, 


[Ve V5} = Taa Vet -RaM ed 


Demanding the anticommutator 


{9,, Vp} = ARM 
one finds 


Alpy = 84g DF + e D pF 
6,45 
R= —2(9? — 4R)F?. ik 


Next, similarly to the derivation of equation (5.4.20), one can obtain 
T, = 9, In [F kea FUL e7]. 
On the other hand, the supertorsion T, found from @,, takes the form 
T; = Z; ln [Ele F)*(1+e” J]. 
From these expressions we deduce that 


T, — FT, =9,in[F28E-"] (5.6.46) 


Finally, let us obtain a useful formula for #. Introducing auxilliary derivatives 


v,= ( - 7E O Vp} e724g, eH, 2) =U 29, + FAM (5.6.47) 
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and recalling equation (5.6.40), one readily obtains 
6 =(Fe HF PEU U =Ber(U,?). (5.6.48) 


Tt is not difficult to check the following conjugation rules 


(f-*)* = (ĝ- teH) (U-*)*=(U7! » 2H, (5.6.49) 


5.6.3. Background-quantum splitting in Einstein supergravity 
In the Einstein supergravity case, one must impose the constraints 


Ts = T = 0. 
Then, the expressions (5.6.46) and (5.6.47) give 
Fte- HF PU sp 3 Gw=0 (5.6.50) 


where is a covariantly chiral scalar (with respect to Z,) superfield. Using 
this relation together with equation (5,6,48), one can easily obtain 


F =o He ZHg 277 = tej] „e-%Ħ}1;6 


(e7 2H F) = g! ?e- 7g) 1 U- 161 -e-2Ħ)- u3, (5.6.51) 
Now the Berezinian €~' takes the form 
é- tAE (pe 7 *Ħp)U - 1/3(] 4 e 72H) 1/3, (5.6.52) 


To complete out discussion, it is necessary to determine the transformation 
Jaw of ọ under the A-transformations (5.6.41). It is an easy task if one 
represents this superfield in the form: o° = F -28 -1E = F~*4-", where & 
is the Berezinian of the auxiliary supervierbein defined by 


0,=69,+...- 


Here dots denote terms involving the Lorentz generators (superconnection 
terms). The transformations (5.6.41) change #4 as follows 


6é P = Aé 2 a ÑA? + EANET 
and hence 
S-t = AĞ (1ER A (EAT 4 = SA 


where we have used the identity (— 1)™T s44 = 0, which is fulfilled in Einstein 
supergravity. Then, the transformation law for F is given by equation (5.6.33) 
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(in which one has to set T, = T; = 0). As a result, one obtains 
p? = Ag? + 9°(FZ,A* — Z,A" — iG,A*) 


l (5.6.53) 
I7 — 4R)Z,(L*9*). 


The reader can compare this result with equation (5.6.44). 
Note that, when H = 0, the derivatives V, coincide with those obtained 
from 2 4 after applying the super Weyl transformation (5.5.13) with a = In g. 


5.6.4. First-order expressions 

Now, we would like to calculate all geometrical objects constructed from ¥, 
to first order in the quantum superfields H and ø (g = €”), i.e. considering 
the approximation 


eH ~1-2iIH"99, w=e’=1l+o. (5.6.54) 


An application will be given in the next subsection. 
First of all, we calculate the Berezinian U of the supermatrix U,” found 
from the derivatives ẸŶ, (5.6.47). In the linear-in-H approximation we have 


U,2=6,2+AU 2 U=(BerU,3)=1+ (-1)"AU 44. 
From equation (5.6.47) we deduce that 
V, = 2, — 2i[H’S,, 2] 
= (5,6 — HigG?"\D_ — (PHP gg + HRI + 


ž i z 1 

Gua = 5 (Van Vs) = Paa — Hap CPD ps + 5 (212 WD yp + 

where dots denote superconnection terms and off-diagonal terms. One readily 
obtains 


U=1+2G6°H, + 5 PTH (5.6.55) 
Analogously, we have 


(1+e-2¥) = 1 — 219°H,, (5.6.56) 


After plugging the upper two identities into expression (5.6.52), one obtains 


@-'=E7 (o +ē— SOH, + Sia, FH, — iam, ): (5.6.57) 
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Further, from equation (5.6.51) one has 


F =] + Af 
av =16—c—16n,-i9n,-1 gon, CW 
2 3 3 12 
Now, making use of equation (5.6.45) gives 
ADH) = eap AF + ta DAF 
(5.6.59) 


l 

ŘR=R-— z7 — 4R)AF. 

To finish the calculations, it is necessary to determine the superconnection 

AQ, ,, and the supertorsions G, and W,,,. In order to find AQ,,, one must 

calculate carefully the derivatives (5.6.47) and then impose the Einstein 

supergravity constraints on the covariant derivatives Ñ}. After doing this, 

taking (anti)commutators [V,,¥,} one may obtain explicit expressions for 

G, and W,,,. It is a trivial but tedious task. Omitting the details, we reproduce 
the final results: 

1 
ADs = DiAgp Az = 529M pp + G.PHpp 
Way = Wap, + AW apy 


AW, = — aW — APM p5 Wagy 
= iF = ARP Agy + H 2G] 
Guz = Gaz + AG zs 
AG = —iH? 2,63 — 50 + 6)G4 + iDas(F — 0) 
+ p IHD -4R + LOND —4R9, (5660) 
k, (PRI, + (TRZ + ERR + O, Has 


+ {5 Gu -= izan)” - 374 ar) 


= T + 50,02, = (2.62. bpp 
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$ lat W5,H;’) -~ = IM Wap) 


2 
+ FIHLA Dp) + (DpH”?\Dy — (Dp) Dp} Gas 
4 ; ((@,R)D Hp, — (ZR) Z’H ng}. 


5.6.5. Topological invariants 
As an application of the technique developed above, we show that the 
superfunctional 


1 a, , 
P= [er E7? fi WPW apy + G'G, + arè} (5.6.61) 
is invariant with respect to arbitrary variations of the Einstein supergravity 
prepotentials. The superfunctional 2 turns out to be a supersymmetric 
generalization of the four-dimensional topological invariant (P — y), where 

Pis the Pontrjagin invariant and y is the Euler invariant (see subsection 1.6.6). 

First, we vary the superfunctional 
l = farze- */R)W*?)W apy. (5.6.62) 
For this purpose note the identity 


| d8(#-'/R)L, = | d®(E“"/RYL + 30)L, ZZ. =0 (5.6.63) 


which follows from the relations (5.6.57-59). Then, making use of equation 
(5.6.60) gives 


dh, = [aR "(RWW ay, — | aE URW Wy 


= farzan] nam WP DpG a + W LDCs = PDC xi 


1 (5.6.64) 
+ z(PPRI2s + (DpR\D")Gyu — (BsG)D,G, — IRRG ys 


+ = GaFR + D?R)+ +I PR = aR} 


where we have used the relations (5.5.6, 8). It is seen that ô7, does not involve 
variation of the chiral compensator, o. Therefore, the superfunctional (5.6.62) 
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does not depend on the chiral compensator @. Equivalently, the above 
observation means that J, is invariant under the super Weyl transformations 
(5.5.13). 


It is worth pointing out that the right-hand side of equation (5.6.64) is 
real: Hence, the superfunctional 


-P-P= | d®2(E~!/R)W*"' Wy, — faze “/R)W ap WP (5.6.65) 


does not change under arbitrary variations of the Einstein supergravity 
prepotentials. This object represents the supersymmetric extension of the 
Pontrjagin invariant. 

Secondly, let us vary the superfunctional 


l= Í dz E~'G°G,,. (5.6.66) 
Making use of the relations (5.6.57, 60) leads to 


j= | dad 0G, — | d2E 6G, 
= y [eeoa + GDR} 


+ | d®zE- HAW PIG +WPIDsG, + BD Ga 


1 7 (5.6.67) 
= zl a?RIZs + (DpRVD"\G,4 + (ZeGVPG, + RRG 4 
-= 1 Gra, Z\G, + 4 Gal Z R + ZR) 

2 24 

Si j : Z g l 
— 77 Pl R-@ R)+ FRPR + 3 (FaRIPR ` 

Finally, we consider the superfunctional 
I, =2 [ers E- RR. (5.6.68) 


Since in the quantum chiral representation 


R = e~24(R)* 
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making use of the relations (5.6.57, 59) leads to 
él, = 2 | ata IRR — 2 (atze RR 


=— jee Ho2?R + a2? R) 


; = 5.6.69 
+ farze- iw) 2RRG.. - <GulFR + 2°R) l ) 
$ = GPR ~ 2?R)— EROR 4 (2.Ra.R\. 
From equations (5.6.64, 67, 69) we see that 6? = 0. 
In conclusion, we point out that the superfunctional 
far: E` \(G°G, + 2RR) (5,6,70) 


is invariant under the super Weyl transformations (5.5.13), similarly to the 
previously considered superfunctional (5.6.62). 


5.7. Supercurrent and supertrace 


In general relativity the energy-momentum tensor of a matter dynamical 
system coupled to a gravity background satisfies equation (1.6.60), owing to 
the general covariance. Our goal now is to find a superfield generalization 
of the energy-momentum tensor as well as to look for a supersymmetric 
version of equation (1.6.60). 


5.7.1. Basic construction 
Consider a theory of matter superfields y living on a given (background) 
curved superspace. Its action 


S = S[%; 2] = | dêz ELi 9) (5.7.1) 


& , being the relevant covariant derivatives, is supposed to be invariant under 
the superspace general coodinate and superlocal Lorentz transformations. 
In the present section it will be useful for us to understand the 
action as a superfunctional of the matter superfields and of the back- 
ground supergravity prepotentials W = WMD, +4WM,, and o(G,0 = 0), 
Sly; 2] = Si: W. g]. 


466 Ideas and Methods of Supersymmetry and Supergravily 


Suppose the prepotentials suffer slight disturbances such that the covariant 
derivatives change in the manner 


1 
ZV 4 =EMDy + = Ou" Mp 
: 1 F 
v,= on #9, + 540,!M,, Je" H=H°9,=A (5.7.2) 


A = (F7; + JAAM Je Vag = 5 {Ve Va} 


with # being as in equation (5.6.51) and AQ, being determined by 
supergravity constraints. This change in the supergeometry is accompanied 
by some disturbance of the matter superfields 


X> 4) =F (GH, p) (5.7.3) 


depending on their superfield types. The action changes as follows; 


SEx; 2) > Sly V] = Sl: Z|, p] = [ars E~'P(y9V). (5.7.4) 


In practice, it is useful to transform S[yy;V] into the ‘quantum’ chiral 
representation: 


oy =e"*Ze, 04 =e FV e" 
= (5.7.5) 
SEx; 2|H, 9] = f d828-' P(x); Ñ). 
Let us introduce two superfields 
= 6 . 
Ta 3 zg 2|H, ]|u = 0 p=! 
ô (5.7.6) 
T=— Six 9|H. 9] |H =0,0 =) 
õp 


which will be called the ‘supercurrent’ and the ‘supertrace’ of the system, 
respectively. The supercurrent turns out to be a real vector superfield, since 
the same is true for H°. Similarly, since g is covariantly chiral and scalar, 
the supertrace represents a covyariantly chiral scalar superfield, 


%,T= 0, (5.7.7) 
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Remark. For calculating the supercurrent and the supertrace, the following 
variational rules 


dH"(z’) 
dH%z) 
de(z') 
dy(z) 


= ôP Eð (z —z') 


(5.7.8) 


=- 2 — 4R)Eô?(z — 2') 


are helpful. 
In accordance with the results of subsections 5.6.2 and 5.6.3, S[xy V] is 
invariant under the transformations 


de—2iH — Ae- 2B _ e-23ĦÑ 
5 = dom, y a 3, (5.7.9) 
dp” = 17 —4R)ZAL*9°) bv) = Any) 
where 
A=A49, + APM ap + AŻ M ig 


Aa = (hah = -2il AiL A= Ra + OH) 
l (5.7.10) 
Asp = —DaAp + 5 NaaGh Aug = Aug + O(H). 
Here L, is an unconstrained spinor superfield. The transformation law for 
H,,; can be rewritten in the form 
6H, = ZL, — DL, + OH) (5.7.11) 


where O(H) denotes all H-dependent terms. 
Now, let us choose vanishing quantum superfields 


H*=0 g=l. 
In this case, yy) = x and the transformation laws (5.7.9) reduce to 
Hya = Jila — Zalo Sy) = Ax 
1 1 (5.7.12) 
ô? = I7 — 4R)2,L" = dg = rial — 4R)9,L". 


Further, the condition that S[y,y) V] is invariant under the transformations 
(5.7.9) now reads 


> Feri l l ôsS[x; 2] 
= | d8zE-'4 —-ôH”T u + —dpT + —5@T > + (Ay) ———. 
o= faei + ZbeT+ LoeTh + (Ax) bn 


(5.7.13) 
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Suppose the matter superfields satisfy their dynamical equations 
SSL: Z] _ 
ôy i 
Then, equations (5.7.12) and (5.7.13) say 
te l 
0 = fe E- LT + +2.1| + cc. 
Due to the arbitrariness of L*, this relation is equivalent to the equation 
, 2 
FT xs => 3 Pat. (5.7.14) 
It is this equation which expresses the condition of invariance of the action 
superfunctional S[z; 2] under superspace general coordinate and superlocal 
Lorentz transformations. One can look on equation (5.7.14) as a supersymmetric 
generalization of the conservation law (1.6.60). 
Remark. There is a simple prescription for calculating the supertrace: 


considering the action S[y;Z] as a superfunctional of the supergravity 
prepotentials, S[y: 7] = S[y; W, @], the supertrace proves to be given by 


ô 
= z Sewe] Za =0 (5.7.15) 
o 
with the variational derivative ĝô/ðe being defined as follows 
doa(z’) rr 
= —-(F? — 4R)ES*(2 — 2’). 5.7.1 
Fol2) a! )ES"(2 — 2’) (5.7.16) 


5.7.2. The relation with ordinary currents 
Here we would like to discuss the component content of the supercurrent 
and the supertrace. 

As we know, the invariance with respect to the supergravity gauge group 
can be fixed by imposing the gravitational superfield gauge (5.4.38). In this 
gauge, the matter action becomes a superfunctional of the gravitational 
superfield 3"(x,0,6) and the chiral compensator ĝ(x, 8) S[y;2]= 
Sly: 4", @]. Clearly, making a slight disturbance of the gravitational 
superfield 3" — 3" + 639/" will induce some change in the covariant 
derivatives. This change, supplemented by an auxiliary 64°"-dependent 
general coordinate and superlocal Lorentz transformation, can be represented 
in the form (5.7.2). The two variations 63/" and H° are in one-to-one 
correspondence. However, the former transforms in a nonlinear, complicated 
way, while the latter possesses the vector superfield transformation law. 
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Further, instead of considering T,;, one can introduce 


ô 
T,2=— Sly g 5.7.17 
o [x ĝ] ( ) 


which will be called the ‘non-covariant supercurrent’ of the system. The two 
objects T, and 7,, are uniquely connected to each other but, in contrast to T,, 
J „is characterized by a nonlinear complicated transformation law. We can 
look on the supercurrent T, as a covariantized form of F m 

Expanding 7,, in a power series in 6, 8, we obtain 


T m = JÀ = VO’ Qiny + 2i nt + 200°OT yg +... (5.7.18) 


where 
Hae 5 See fee 
5A” oa. de,” 
here e,”, Y,” and A™ are the component fields of #” in the Wess—Zumino 
gauge (5.1.17). Obviously, T,,” is the energy-momentum tensor, Next, it was 
shown in section 5.1 that '¥", and A” are gauge fields for local supersymmetry 
and local chiral transformations, respectively. Therefore, Q,,7 is the spinor 
supersymmetry current and J> is the axial or y,-current. As a result, the 
supercurrent contains the multiplet of ordinary currents, including the 
energy-momentum tensor. 
The leading term in the expansion of the supertrace in a power series in 6 is 


T(x, 8) = 3G(x) +... G = 6S/6B (5.7.20) 


where B is the complex scalar field appearing in the power series expansion 
of ° (see equations (5.1.41)). Higher-order component fields in the expansions 
(5.7.18) and (5.7.20) turn out to be expressed through the currents (5.7.19) 
and the field G. To argue this statement, let us analyse the conservation law 
(5.7.14) in a flat superspace. 


(5.7.19) 


5.7.3. The supercurrent and the supertrace in flat superspace 
It is almost obvious that when background superspace is flat the supercurrents 
T, and 7,, coincide. Then, using equation (5.7.18), the leading component 
fields of Ty; = (0°)xżT, are given by 

Tx3l|=Jia Da T pg] = —2iQ ppa = —2i(o”)ppQro 
(5.7.21) 


l 
3 Po DAIT sal = 2T 5608 = 2(0°) palaza Ti 
Equation (5.7.14) takes the form 


DT aa = — =D,T D,T= 0. (5.7.22) 
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Recalling basic properties of the flat covariant derivatives, one can deduce 
from equation (5.7.22) some useful consequences: 


D’D*T,; = — ah D?T D’D*T,, = =8¢,D°T (5.7.23a) 


DT, = sida D’ Tu = — Sidat. (5.7.23b) 
From relations (5.7.22) and (5.7.23a) we obtain 


D,T| = —3i(o*O,), 
5.7.24 
~! p27) =2 DDTa = —2 7,9 + Bias, OAL 
4 8 8 4 


Therefore, the supertrace is expanded in a power series in 6 as follows: 
1 ; 
yi> G — i6%(o"Q,), — FONT, — ið Jį) (5.7.25) 


We see that the supertrace contains the trace of the energy-momentum 
tensor, the trace of the supersymmetry current (o°Q,)a and the axial current 
divergence 6*J3. On these grounds, the supertrace can be treated as the 
supersymmetric extension of the trace of the energy-momentum tensor, 

The supercurrent component fields, omitted in the expansion (5.7.18), can 
be easily found with the help of equations (5.7.23, 24). The results are 


- ; D?T,5| = 216446 


== EDD’ Tal = 2iôo" 0.) (5.7.26) 


l 
32 
As we see, these components are expressed via those presented in equations 
(5.7.18, 19). 
The conservation law (5.7.22) encodes information about the symmetry 


structure of the energy-momentum tensor as well as about divergences of 
the currents under consideration. It follows from equation (5.7,23a) that 


D, DÍT pa + DgD’T.4 = 0 (5.7.27) 


(D? DÌT al = SalI) 


eT, = ipt- D?T). (5.7,28) 


Now, taking the space projection of equation (5.7.27), one readily obtains 
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the relations 
O55 = — 00I 


Tf? = =ô TE (5.7.29) 
The second relation shows that the energy-momentum tensor is symmetric, 
T= T,. (5.7.30) 


Further, equation (5.7.28) can be used to find 


Qag = —0%(0,6°Q.)p 


(5.7.31) 
OT 5 = 5aT% 


Therefore, the currents Q,, and Tan obtained in accordance with rule (5.7.19), 
are not conserved. But the improved currents 


Qag = Qag + (0,5°Q.)2 


1 (5.7.32) 
Tas = Tay — gaT: 


turn out to be conserved. 


5.7.4. Super Weyl invariant models 
Consider a dynamical system such that its action superfunctional S[y; 2] = 
S[x; W, e]is invariant under super Weyl transformations of the general form 


y =e7te -dy YEW g =e Gyo=0 (5.7.33) 


with d,., and d,_, being numbers (fixed for the system under consideration) 
and o(z) being an arbitrary covariantly chiral scalar parameter. In this case 
the dynamical system is called a ‘super Weyl invariant model’. Recalling the 
definition of supertrace (5,7.15), we see that super Weyl invariance requires 
the supertrace to vanish when imposing the matter dynamical equations, 


T)ss/sy =0 = 9. (5.7.34) 
Then, the conservation law (5.7.14) takes the form 
D*T,; = 0. (5.7.35) 
At the component level, equation (5.7.34) leads to the requirements 
(°0),=0 Tt=0 &F5=0 (5.7.36) 


in accordance with equations (5.7.26). 
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5.7.5 Example 
To obtain some experience in the calculation of the supercurrent and the 
supertrace, we are going to evaluate these objects in the case of a theory of 


a covariantly chiral scalar superfield y, 7,7 = 0, and its conjugate y. The 
action superfunctional reads 


Sin 427) = fe: E`! + f [aeza + ce} 
(5.7.37) 
GL Ax) = Q 
Y, being a chiral superpotential. This action generalizes the Wess-Zumino 
model action (3.2.8) to the case of a curved superspace. It is worth pointing 
out that if one represents the chiral compensator and the matter superfield 
z in the form 


y=" 0 Do=0 


pA $ (5.7.38) 
x=¢"74 Dy=0 
then the chiral superpotential term can be rewritten as 
[eze HRZ Ay) = | déz PLL}. (5.7.39) 


In accordance with the prescription of subsection 5.7.1, to find the 
supercurrent and the supertrace one must calculate the variation 


5S = SLivy is Y] — SEx Z: 2] 


where 


SLavy 4v: V) = [avs -tinko + f fasaa- RIL (Zv) +c.| 


uy =% Xv) = en any, 


Using equations (5.6.57, 63), to first order in quantum superfields H°, o and 
ē we haye 


ce. 1 1 
6S = aze~] —-—H*T,, +—0oT+ zar} 
2 R R 


where 
l 2 2+ Pa 
Tej = 372a T 34 Di4% = z OXX (5.7.40) 
and 
1 $ 
T= — 32? — 4R) + 32x). (5.7.41) 


Remarkably, the supercurrent does not involve (7). This follows from the 
fact that thè superpotential term (5.7.39) depends only on the chiral 
compensator. 
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Let us clarify whether or not the supertrace vanishes on-shell. Due to the 
variational rule 


dy(z') 
ToN 
the dynamical equation for y is given by 


-42 - 4R)Ed*(z — z') 


= FP — 4R)z + L(y) =0. (5.7.42) 


The relations (5.7.41) and (5.7.42) show that the supertrace vanishes if and 
only if 
32x) = tPA) => 


(5.7.43) 


with g being a constant. In this case the action turns out to be invariant 
under the super Weyl transformations 
x Y= WV yo =H G6 = 0. (5.7.44) 


The reader can explicitly check that the supercurrent (5.7.40) and the 
supertrace (5.7.41) satisfy the conservation law (5.7.14) under imposition of 
the equation of motion (5.7.42), 


xe" 


5.8. Supergravity in components 


In this section we intend to describe the technique of passing from superfields 
(supergravity or matter) to component fields. Explicit formulae expressing 
the component fields of the supertorsion tensor R, G, and W,,,, via the fields 
of the Einstein supergravity multiplet (see Section 5.1) will be given. It will 
be shown how to read off the action functional from the action 
superfunctional. Local supersymmetry transformation laws of matter 
component field will be discussed. 

Throughout this section, we work in the gravitational superfield gauge 
(5.4.38), in which the covariant derivatives are built from the gravitational 
superfield 9” and the chiral compensator ¢(z) = eF (x, 8) = Q(x + iX, 8) 
(and conjugate @(z) = e" G(x, 8) = G(x — i, 0) by means of equations 
(5.4.43-47) and (5.5.4). As was shown in Section 5.1, the residual gauge 
invariance can be used to set the Wess—Zumino gauge 


H" = bobe," + ito", — 1678,P™ + 622.4" 
@° = e7 t{1 — 2i00,'8* + 67B} (5.8.1) 
& = e7*{1 — 2106, + FB} 
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where 


ypa =e pr, Pat e ami, (5.8.2) 


We take the Wess-Zumino gauge as the starting point for investigating the 
supergravity component structure. 


5.8.1. Space projections of covariant derivatives 

In flat global superspace, superfield component fields were defined using the 
notion of space projection. It seems reasonable to follow the same line when 
working in a curved superspace. By definition, the space projection V| of a 
superfield V(x, 6,9) coincides with the zero-order term in the power series 
expansion of V in 6,9: 


V| = V(x,8d =0,9=0). 


one can also define space projections of differential operators. Given a 
first-order differential operator of the general structure 


X = X™(2)6y + X%(z)Ma, 
its space projection is taken to be 
X| = XM |u + X*|M,,. 


It is clear how to extend this definition to the case of operators of second 
and higher orders. We would like to point out, however, that when calculating 
space projections one should be careful and remember that the expression 


(XV)| = X™|(6,4V)| + XHM aV | 
does not coincide with 
XIV] = Xd, | + XIM Vl. 


Now, we proceed to find the space projections of the covariant derivatives 


24| = Ey! ĝu + za, My 


in the Wess—Zumino gauges (5.8.1). For this purpose let us obtain some 
auxiliary relations. 

Owing to the Wess—Zumino gauge, the semi-covariant supervierbein Ê, 
(5.4.43) is characterized by the projections 


E,| = Os E,| = —ĝ; 
Èj =-83, Ë= -5 (5.8.3) 


[£s AJ Ss = aĝ 
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and 
E,| = e,"Cq = en 
=E|=e" Ê =e. 
We see that Ê,| coincides with the ordinary vierbein. Similarly, considering 
the superfield anholonomy coefficients C,,° appearing in the commutator 
[Ê Ê,] _ Cs Ê. 
Ĉ. | proves to coincide with the ordinary anholonomy coefficients €, 
Len ep] = Can ec 


since Ê, does not involve spinor partial derivatives. 
The above identities make it possible to rewrite the expansions (5,8,1) in 
the manner 


(5.8.4) 


W| = ÊE," = Ê "| =0 


-5 [En ÊJ") = (o*)se,” 


-lg fræni" oe 
4 x a 

1 a 

vie E?, E? H| = A" 

lE Èran 

and 
E A = FeV, 
(5.8.55) 


= =f = e(a + Epea) 


and similarly for ø. Among the relations (5,8,5a), only the latter requires 
comment: due to equations (5.8.3) and (5.4.43), we have 


ÈE" = DE] = —3,0%(0, + ilo De)" 
= 16A" + hila”) ae, "| 


which means 
| feg2 ym = An — Le e™ 
16 z 


à i 5.8.6 
| pary =A™+ Le em, ee 
16 2 
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To derive the relations (5,8.5b), it is sufficient to note that in the Wess—Zumino 
gauge ¢ is of the form 


wid) = ( 1+ i904, — sind, Os 8) 
and then to use the expansion of @° (5.8.1). 
Remark, Using equations (5.8.6), one can prove the relations 
~£.B Eye" =— (oes ate + 643A” 


ea 5.8.7) 
vB Eye = slo aa ae" an pA”. í l 


Now all the necesary ingredients are at our disposal in order to evaluate 
the projections 2,| and 24|. Itis worth recalling that the spinor covariant 
derivatives read 


2, = FE, + Q.p,M*' + Q,g;M" 
2; = FE, + Dag M” + Ap MË 


Here the connection superfields are built from the F and F and anholonomy 
coefficients Ĉ and Ĉ (5.4.45) by the rule (5.4.46). In accordance with 
relations (5.4.47) and (5.5.4), F and F have the form 


F = pg! det "/9(1 — id.) det (1 + iH) det YS(E,") 
F= 7 '@'? det'/(1 — idx) det ~ "(1 + 189) det '/(E,") 
where 
(1+i6#)," = 6," + 16,3" 
Es shag (@)*tEs E Joe". 
Therefore, one must calculate F|, £,F|, E,F| and Ĉ„ and their conjugate. 
Using identities (5.8.4, 5) and expressions (5.4.45) one obtains 
Ca 3| = Ries + PI 
BBY $ vib (5.8.8) 
Ca.ppri| = —2iezsP yp: 
Here we have converted the gravitino vector index into a pair of spinor indices, 
Yaag =p (Oaza Pg Pip = CAA Pp. (5.8.9) 
Further, one readily obtains 
det (Ê, ")| =e Ê, det (Ê,")| = ie(o,¥"),. (5.8.10) 
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Along with the relations (5.8.5b) these mean 
F\=F\=1 


Ê,F|= —E,F|=—- TAa (5.8.11) 


E,F|= -—E,F|= «(Poe 


Now, in accordance with definitions (5.4.46), the space projections of the 
spinor superconnections are 


i y 3 
Nag; = — 3 (tap? 9, + Eny F py!) 
i (5.8.12a) 
2.49 = 5 (Pap + Pasg) 
and i s 
Dapyl = 5a P ys + eap Pp) 
i (5.8.12b) 
5 fF 62, af Pag} 
Then, since F| = 1 and Ê,| = @,, one can immediately arrive at the final results 
2| —s Ôx = i(o*P"),M a 
G*| = P — I(E PM a 


It remains to determine 2,|. Using the explicit form of the supervierbein 
vector components (5.4.18), it follows from the above identities that 


Dipl = — 


(5.8.13) 


E,| =e, + sep + apo (5.8.14) 
Now, we find it convenient to represent Z,| as follows 
9,\ =V, + ; Y fagl + 5 P| (5.8.15) 
where V, are ordinary space-time covariant derivatives, 
V, =€, + 50 My (5.8.16) 
Here the Lorentz spin connection @,,, is related to Q,,.| by the rule 
Wape = Kavel + TZA — PoP, + Yo F, — ¥.0,¥,). 


We shall determine the connection w,,, (and hence Q,,,|)in subsection 5.8,3, 
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5.8.2. Space projections of R, R and G, 
As the next step, we evaluate the projections of the supertorsion tensors R, 
R and G, 
Recall that R is given by 
1 
R = —-E*F?), 

ri (F*) 

Then, making use of the explicit form of F gives 


Ri = - i P| E lo det *(E.))). 


After a short calculation, one obtains 


R| =ŻB 
3 
1 i (5.8.17a) 
B=B+ 5 Pea” + rR 
hence 
R\==B 
3 
(5.8.1 7b) 


B=B+ TEAN + HY, 


We see that 3R| and 3R| coincide with the scalar field B and B, respectively, 
from the Einstein supergravity multiplet. 
To find G,|, we note the relations 


~iG, = T paf = CaP (5.8.18) 
Tg.’ being the components of the supertorsion, 
[Fp.F.] = Tpi 2y ++. 
and Cg,” being the supervierbein’s anholonomy coefficients, 
[Eg E = Cp.’ E, +-.... 


In deriving relations (5.8.18), we have used the commutation relations (5.5.6) 
and the expressions for the supertorsion components (5.2.47). 
Expanding the commutator 


[Ep Exe] = | Fe», FFE, + SFE Es + FEF Es 


+ = 0,2 FE, + 50,66, | 
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one arrives at 
l va i x Ì =s 
Choa = gera a — 5(EP)|E.F| + EPY os! — (E;F) EF | 
~i0,,"|E,F| + 5 EAESF | + Te 


All the terms, except the last two, have been calculated above. When 
evaluating £,£,F| and E(FQ,,")|, the relations (5.8.6, 7) prove to be helpful. 
After some calculation, one arrives at 


Jai; 
3 
A= A" + so = ie + Po, P,) (5.8.19) 


1 ° 
= 5 ee ot sees, 


We see that 3G, coincides with the vector field from the Einstein supergravity 
multiplet. 


5.8.3. Basic construction 
The relations (5.8.13, 14, 17, 19) turn out to be sufficient to determine ail the 
other quantities: the connection Was» the projections Wapy|, ZaR|, DaGal, 
G* R\ and so on. This is done as follows. 

We are going to evaluate the space projection of commutator [2u 2s] 
in two different ways: first, using the representation (5.8.15) and secondly, 
making use of the commutation relations (5.5.7). In the former case, we have 


G 5 1 
PRIE ae 
= Va Vef + 7TA 2B, | + z T2 | 
1 1 
+ 5 Fas, lF, Dppl\ + 5 Peal, Pell 
Ea 5 Fa, Veg + 5 PA. Bs t+ 5 ps2 F,| 


1 I s 1 
+ 5 Paso Wan + 3 Pap Ps + 5 Yana) 
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which leads to 
[Fis pll = [Vaz Veg) 
l , l , 
+ Vet ap, = V pp? 25. VZ,| + 3 (Vas E op.3 +s V pp Paa) Z 


1 F 1 x 
+ 3 bx [Mp Dpp]\ - 5 Pap LP» 9.5] | 


] n l 7 
+ 5 Pia LP. Baill = 5 Fm2. Ball 


| ` : l z 
+ 7 Paa Ppp 2a Diy) + g Pas Poal, F| 


| aie 5 ates 5 = 
=~ ga Pap la ad Paai Ypa KZ, Z;} | . 


Now, introducing the torsion and curvature tensors associated with the 
derivatives V,, 


1 
[Vas Vi] a$ F an Ve T 5 Pana M“ 


A 5.8.20) 
az F a Ve + Rawa MË + Rays? 


and applying the (antijcommutation relations (5.5.6), the upper expression 
takes the form 


(Pais Zppll = [z z4 pf + Eat Bh — P pgo“ Pahv, 
+ BAZ — Veg xa’) + aao Pps — Papo P aat 
= 5%. 96% — P542G'5|) — 5 (Pas 5 = Pp 50819, 
+ i Bas Bhi — 5 (Past + Yaa) ZAR] 
+ EP ta + Pop sé )P2R| + 5 ¥ 429% Gap age 


i , , 
= 3 Fiha? (Gaal — iPas AW mal + Pep a0 


l 
- 5 Paar Paha + Paza Y pi)R ibs 


+ Z|- and M**-terms. 
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On the other hand, owing to the identity 
(Cal nape "GL = iesp p Za + iesp p2 
from relations (5.5.7) we deduce 
(Paix Z ppl) = —(Fa)aslOy)ppe""Ga| V, 


| 
+ ~ 5 Odana Gal ES$ Tea Rö} 


K AA, | wie 
+ pW | — 5 espZiG" ed (5.8.22) 


1 
+ | sateen T Ease p AZ? = 8R)R| T Esha W p.5| 


1 s A wai 
+ 5d Gal M” + Z| — and M*?-terms. 


Now let us analyse the relations (5.8.21) and (5.8.22), 
Since the V-terms in relations (5.8.21) snd (5.8.22) must coincide, the torsion 
J œ is determined in terms of the gravitino and the vector field A, as follows: 


F ave = — LAL — YoY.) — stant (5.8.23) 


Therefore, the V-connection reads 


l 2 
Uibe = 3 UF bce + Fas — Dabe) = Danile, ¥) — 3 Eate A (5.8.24) 
where 
Dair = 6 abe -as F abc (5.8.25) 
It is seen that the connection depends on the gravitino and the vector field 


A,. Extracting from ©,» the term containing A? gives the gravitino-dependent 
connection w,,,(e, ¥). The corresponding covariant derivatives 


1 
Ü, = e, + 5 adle, yym* 


5.8.26 
(VM) = FV, + 5 Bae Gs 


will often be used later, 
To simplify subsequent work, it is convenient to introduce the gravitino 
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field strengths: 


‘ 
Pans = Vadba — WPa F Wey + = Aaa), — Oa Pa) 


+S [A Py — AP} 


(5.8.27) 
FP = = Va p, = V,",' — Taf? i= = Ad ADI (Ča F aV » 


-TAP AY 7 


and their spinor analogues 
ar Lii 
YB. = mie Jag Fary Papy =y z” Ja Fany 


l 1 (5.8.28) 
Pags = z0 ag Pavi Pips => a agav) 


In terms of the derivatives ¥,, then Pasy reads 
2i 
Fan = AA = A -7 ab Yoy + yA eae); 7 (Caa) 


i 5.8.29a 
= + {Ay ~ A,¥,,} ( ) 


or 


1 


Pasy = cates oe — ô, pE t5 Ome Y, )y =! Sönd" Pn} } 


2i 2i (5.8.29b) 
+ TAYOY) — OPa] + FA Py — A Po} 


where Òmed = Cm Oacale, Y). It is worth pointing out that ¥,,, and ¥,,’ differ 
from similar quantities which arose in the transformation laws (5.1.47) only 
by the presence of A-dependent terms. 

Let us return to the analysis of relations (5.8.21) and (5.8.22). Setting the 
@,|-terms in both expressions to be equal, one obtains 


l 3 og i'd ; 
5 fab ZaR Òh + Ea W ag | — 3 fue DaG'al 


e nA n 
= Esp Y ap, i+ Exp? af, 7 g OCP aff = P 55,203). 
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We decompose this identity into irreducible components resulting in 


2 pe 
F,R) ==> 5 lo Habla + SBP) = Wap? + = BY! (5.8.30a) 
F Gpl = — Wp? + = BPs (5.8.30b) 


l 
Waml = 3(Papy + Yaya + Pomp (5.8.30c) 


Now, one can easily calculate the projection %Gp|, using the Bianchi 
identity 7*G,; = ZR. Next, conjugating the relations (5.8.30), one obtains 
the projections ZR], AjsGpy'| and Wap. 

At present, it remains to investigate the M’®-terms in expressions (5.8.21) 
and (5.8.22). First, however, we would like to discuss the properties of the 
curvature tensor in the case of non-zero torsion. 


5.8.4. Algebraic structure of the curvature with torsion 
As is well known, in the torsion-free case the curvature tensor is characterized 
by the following algebraic properties: 


Rares = — Rhad = —Ravac (5.8.31a) 
Raved + Rycag + Beara = 0 (5.8.31b) 
Ravet = Rodat (5.8.31¢) 


The first property follows directly from the definition of the curvature. The 
second relation represents the torsion-free Bianchi identities. Finally, the 
third property is a direct consequence of the second one. 

In the case of non-vanishing torsion, the Bianchi identities are modified 
in the manner 


Rant + Brea’ + Rear’ =VaF vd HVT ca + VF a” 
I fF ner =F, Font sa cl aT nh 


therefore neither equation (5.8.31b) nor equation (5.8,31c) hold. The curvature 
components induced by the torsion can easily be determined. Let us 
decompose the curvature into two parts: 


_(s A) 
Raves = Rarea + Barca 


(5.8.32) 


l 1 
OR sped = 5 Pate ie g Pesat = OR eain 


1 1 
OR abed = g Paves = 5 Meat = — MB ss. 
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Since 2 sea is symmetric with respect to transposition of the first and second 
pairs of indices, one can readily see that 
Ranea HOR ncd + Reara 


is totally antisymmetric, therefore, 
l 
a. sca = eared =; ye NR, tha (5.8.33) 


# »-4 being a curvature tensor under the torsion-free constraints (5.8.31a—c). 
As for Rasca: antisymmetric with respect to transposition of the first and 
second pairs of indices, it contains two irreducible components: antisymmetric 


(pe, =1R,,-48,, (5.8.34) 
where 


Rar = Bec (5.8.35) 


and symmetric traceless 


pacde( A) Aie + gcse al a = PR 2 $ eR a + TEN 


It should be stressed that the tensors (5.8.34) and (5.8.36) and e“ 2 pea are 
generated by the torsion, owing the equation (5.8.32). 

For further analysis, it is useful to consider the curvature tensor with vector 
indices converted into spinor indices, 


R xå, Bhyd = (07) a0") O°) yO") 55 Beaded 


= 264R xa Ahy + 2E faa BAd 
where 2-4 a4.pa proves to have the general form 


Rai Bhus = FapCapys + ExpE ap 
+ Eapen Spa + Epy Sas + ExeSpy + €p5Sx,) (5.8.37) 
+ €5pfEx,295 + Exstp,)F 
with Cappo and Sap being totally symmetric and E, s44 symmetric in its 


undotted and, independently, its dotted indices. We would like to recall that 
in the torsion-free case the scalar F and the symmetric traceless tensor 


E= 0 E Enpa (5.8.38) 


were real and S,, was absent (see equations 1.6.65, 66)), Another situation 
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occurs in the general case. One can explicitly check the following relations: 


; 
F= (2 + stat 


12 
l j i 
Eu = i} + 5 Fact A, + Ryo + = Fae, 
l i (5.8.39) 
= 2 na( 2 oe T] 


l 
Sip miry g xe Ra 
where 2 = n®2 a is the scalar curvature. 


Now, we are ready to complete the investigation of relations (5.8.21) and 
(5.8.22). 


5.8.5. Space projections of Z° R, D 2 Gsp and 2a Wpyóy 
Using the Bianchi identities (5.5.8), the M’°-terms in equation (5.8.22) can 
be rewritten as 


z4 - 
gelen ega + Casen) ( (E? — BR) R |+644Da Wsyp] ) 
l ! 
+ 5 8p @yGoyh| + Eapen 2 W opal + Ep DPW pas 


+ 8,39? W pp,| + £5)D?Woay|)) 


where dotted and undotted indices in Z.;%,,G5)g, (and everywhere below) 
are symmetrized independently. Further, we insert the expressions for 
Ras phys (5.8.37) in (5.8.21). Now, setting the M’°-terms in (5.8.21) and (5.8.22) 
to be equal leads to 


F*R| = ‘(a + Teana) + BB _ E BOC,3,%" + PY.) 


3 
i (5.8.40a) 
+ iZ R(t’ + A DG 
Z a2 Gl z 2E” ah + 2D yR| — Paa 22G’) 
(5.8.40b) 


2 
+ LiF aps, AW + FBO a Paes 


Dia W pyoy| = Capys—iP ag? yaya — iF py Paya, (5.8.40c) 
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When deriving the last relation, we have used equations (5,8,30b, c). 

Let us discuss the results obtained. From equation (5.8.40a) we see that 
the -component of the supertorsion R (and the @?-component of R) 
contains the scalar curvature. Therefore, one can look on R and R as 
supersymmetric extensions of the scalar curvature. Further, it follows from 
equation (4.8.40b) that the @0°9-component of the supertorsion G, contains 
the traceless Ricci tensor 


| 1 
(Bas + Boa) — -Na 
51 b ba) ql 


in accordance with equation (5.8,39). Therefore, G, represents the super- 
symmetric extension of the Ricci tensor. Finally, equation (5.8.40c) shows 
that the leading term in the 6*-component of the supertorsion W g, coincides 
with the anti-self-dual part of the Weyl tensor (see equation (1,6.66)). On 
these grounds, W,.5 can be called the ‘super Weyl tensor’. 

Above we have evaluated only a special set of supertorsion space 
projections. Beautifully, these results (combined with the commutation 
relations (5.5.6, 7) and the Bianchi identities (5.5.8)) turn out to be sufficient 
to determine 9;9,G5p| and 24W pys| and all the other space projections, 
such as Z?G,s|, 2*Wg,| and so on. For example, we have 


DB GCyi| = Z°D,Gps| — Da 2PG pa) = (DË, Dy}Ggs| — 2D,.D° Gp, | 
= 4R|M,5G",| — 29,D,A| = 6R|\G,4| + 4iD,,R| 


= 8BA,;| + 4iVeaR| + 2iF 24, ZPR] 
=8B( A, =m Pat) + vap _ Epad Py 


where we have used equation (5.8.15). As a result, we have at our disposal 
the full component description of Einstein supergravity, 


5.8.6. Component fields and local supersymmetry transformation laws 
Our next goal is to give a proper definition of the component fields of tensor 
superfields and to discuss their transformation laws. 

We begin by recalling that in the gravitational superfield gauge (5.4.38) 
we stay with the restricted set of gauge transformations of the general structure 
(5.4.49). The stronger gauge fixing (5.8.1) imposes severe constraints on the 
superfield parameters 2”(x, 8) and 4%(x, 8), Namely, the only transformations 
preserving the Wess-Zumino gauge are: the general coordinate transformations 
described by 


A™(x, 8) = b™(x) = B(x) 4*=0 (5.8.41) 
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the local Lorentz transformations, 
Am =0 = A%(x, 8) = K*9(x)0? (5.8.42) 
and the local supersymmetry transformations, 
A™(x, 0) = 2ido°ée,” — 2072" 
i (5.8.43) 
A(x, 8) = E(x) + a AN + K*%,(€)0* + 6?-terms 


with Q(€) and K*,(¢) being given in equations (5.1.42) and(S.1.44), respectively, 
Consider a tensor superfield V (indices are suppressed). In accordance with 
relations (5.4.49), its space projection V| transforms as follows 


a 1 = a T Rå 
V| = z6" + Å" |)ðm + A*|6,V| + Aal OV | 


+ Bad p| MV] + ôsåpl MPV]. 


In the case of the general coordinate and local Lorentz transformations, this 
law is reduced to 


6444V| = b™(x)é,,V| af S K#A)MaVl. (5.8.44) 


Therefore, V| is a tensor field. Similarly, since the covariant derivatives 24 
move every tensor superfield to a tensor one, each of the fields 24V |, 2428V |: 
<., 1S a tensor, 

Under the local supersymmetry transformations (5.8.43), V| changes by 


ÖV | = Ex) V | + EDV | + (Kipl)M ig + KaMap) |. 


Now, comparing the explicit form of K,(¢) and K4g(€) with the projections 
of the spinor superconnections (5.8.12) and using (5.8.13), one obtains 


SV | = (X)PV| + E(x) PV. (5.8,45) 


This marvellous result means that the set of tensor fields {V|, 2,V|,7,Z,V|, ...} 
is closed with respect to the supersymmetry transformations, and the relevant 
representation is linear, owing to the Z-transformation law (5.4.49). It can 
be readily seen that among the fields {V|,2,V|,P2,Zs_V|,...} only a finite 
subset is functionally independent. In particular, if V is an uneunstrained 
superfield, such a subset can be chosen as follows 


F| DV ZV] -42*V] -427V 519 ZALA 


lo FV | ~! 3,927 l ig? FV a 
4:° re 3a? 
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Obviously, these fields are in one-to-one correspondence with those arising 
in the expansion of V in a power series in @ and @. Therefore, we can identify 
tensor fields (5.8.46) with the component fields of V. In the case ofa covariantly 
chiral tensor superfield 7, 7,7 = 0, its component fields can be taken as 

I 

xl Darl = — Dy). 
4 
As an example, let us find how the local supersymmetry transformations 
act on the component fields of a covariantly chiral scalar superfield y. Defining 
the component fields by 
A 1 
Cix)= Zz] A= 2al F(x) = — g7” 


we obtain 


ÒC = Zay = EÀ 

Schy = (PDs + ZAZ = — 5 ay + iDa 
= 26,F + 2i V 57) + iF ,5? Dox 
= 2¢,F + ËV aC + iP g 


bE = — ED, + D997) = ERA- FAD? Fay 


1 i r 
— qn + &G,3|B*z| + iP FF" y| 


1 4 spago ; 
— JAS = 7A ee — i(V*A)o,€ —i'P*0,EF 


where equations (5.5.95, d) have been used. 
We hope the reader has already been convinced that finding local 
supersymmetry transformation laws is a simple procedure. 


Remark, The transformation laws (5.1.48)can easily be reproduced utilizing 
the fact that the fields B and A, represent the space projections of tensor 
superfields R and G,, respectively (and keeping in mind the difference between 
the definitions of gravitino field strengths (5.1.49) and (5.8.27)), 


5.8.7. From superfield action to component action 
Before we conclude, one more important question must be discussed — how 
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to represent an action superfunctional of the general structure 
S= faz Be 


in terms of the relevant component fields. 
Owing to the well-known identity 


| 
[ater =o feig — 4R)? 

4 R 

itis sufficient to solve the problem for chiral action superfunctionals of the type 
-i 

c= fost ie GL. = 0. (5.8.47) 

Recall that one can equivalently write S, as 
S.= | d°2 6, (5.8.48) 


where Y, and its chiral transform 2, are connected in the Wess-Zumino 
gauge (5.8.1) in the manner 


l 
# (2) = (1 HIH Om — JAEn) Pb 0). 
Next, performing the integral over ð reduces S, to 
S.= EGA 


Now, since Ê?| = — "ô, and X" ~ , we can rewrite the last expression 
in the form 


S. = | atx] = AAN 


5.8.49 
= atx} - TA -= 5 2.1E 0" - TOA y i 


On the other hand, we have the simple relations 


Baf l =; FE? | = EFI 


= AEA =- {PFE LL) =- 7 FIENFE,£,) ~ JOFFE.) 


== (EFI + PNZ) — ier, 
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since F| = 1, Using equations (5.8.11, 12), one obtains the relation 
l l i 
S A E AE E A EA 
4 | 3 | 3! PL Le 


which must be inserted in expression (5.8.49). Finally, after using equations 
(5.8.5b), S, takes the form 


g> 1 i 
= RS = 4 aki sai G2 ane a z 
5, = fa 2, fa xe l PL. — FUNDY. 


5.8.50 
P (B-35 Paat — soe, |i. et} 


This is the working formula for calculating the action functional. 


6 Dynamics in Supergravity 


To invest existence with a stately air 
Needs but to remember 

That the acorn there 

Is the egg of forests 

For the upper air! 


Emily Dickinson: 
To Venerate the Simple Days 


6.1. Pure supergravity dynamics 


We have already succeeded in developing a deep understanding of curved 
superspace geometry. Naturally, the formalism developed inevitably leads 
those familiar with Einstein general relativity to new hypothetical 
worlds—supersymmetric universes. By a supersymmetric universe we shall 
understand a curved superspace, empty or inhabited by some matter tensor 
superfields denoted y, with a joint evolution law (action principle). It is 
reasonable to take an action superfunctional determining physically 
admissible supergeometries and dynamical matter superfield histories in the 
form 


S=Ssol Fa) + Sule: Za] 


where Ssg is a pure supergravity action, depending on the Einstein 
supergravity prepotentials only, and Sy is a matter action. Both terms in S 
are required to be invariant under the general coordinate transformation 
supergroup and the superlocal Lorentz group. In this section we consider 
the simplest candidates for the role of pure supergravity action. 
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6.1.1, Einstein supergravity action superfunctional 
We begin by finding a supergravity action such that the corresponding 
dynamical equations reduce to ordinary Einstein equations after switching 
off all the fields, except the vierbein, of the Einstein supergravity multiplet. 
In other words, the dynamical equation should admit the following particular 
solution 

#,(e)=0 yrs = A™=B=0 


Pale) being the Ricci tensor constructed from the torsion-free covariant 
derivatives. This implies that the purely vierbein-dependent part of 
supergravity action must coincide with the ordinary gravity action 


l z 
sozi | dive Re) (6.1.1) 


where « is the graviational coupling constant. 
It seems natural to look for a supergravity action in the class of 
superfunctionals of the general structure 


-1 
4 [asx a LIT a24 Tac", vi + C.c. (6.1.2) 


G,¢,=0 
where &% is a covariantly chiral scalar depending polynomially on the 
supertorsion and its covariant derivatives up to a finite order. 
Remark. Recall that owing to the identity 
8 æ} i 8 E~! (Br 
d§z E~'#=—-— | d’: — (Z? 4R) Z 
4 R 


each integral over R*!* can be reduced to a chiral-like integral. 

Let us show, guided by considerations of dimension, that the supergravity 
action can be restored uniquely modulo a constant, The dimensions of 
quantities appearing in (6.1.2) are 


[1/k?]=2 [dz] =—2 [E]=0 [R]=!}. 
Since the action is dimensionless, we must have 
[4]=1. 


Next, we suppose that & has no explicit dependence on the gravitational 
coupling constant. Then, by virtue of the relations 


[G= [Wop J=3/2 [BT gc] >3/2 


which follow from the commutation relations (5,5,6), & may be at most a 
linear combination of R and R. Finally, the requirement of chirality means 
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YL ~R, We therefore obtain 
3 
Ce [atz ES 4 (6.1.3) 
K 


The normalization constant (—3) is needed to produce the correct vierbein 
contribution (6.1.1) at the component level (see below). 

As may be seen, the supergravity action has a simple geometrical 
interpretation. Namely, Sg, is proportional to the supervolume of the curved 
superspace. Using relations (5.4.19) and (5.5.4), the action can be rewritten 
in terms of the prepotentials as follows: 


Ssao=—3, [ds o(E Mere)" (6.1.4) 
K 
In the chiral representation, the action reads 
Ssc= -3 fasz PR R=e"R (6.1.5) 
K 


and this form of the supergravity action is just like the gravity action (6.1.1). 


6.1.2. Supergravity dynamical equations 

To vary the supergravity action, we follow the prescription of background- 
quantum splitting described in Section 5.6 (see also subsection 5.7,1). Making 
use of equation (5.6.57) gives 


ÒSsG = Ssol¥ 4] ~ SsclFa] 


= -2 fe eforai G'H,+5 [25 ZHa-ian,) 
K 


=-3 faze- o+a-20m,] 
k 3 


where we have omitted total derivative terms. Recalling the variational rules 
(5.7.8), with ø= 1 +0 being the quantum chiral compensator, one obtains 


SSos 2 Tea TA 
Px bes. =——R. 6.1,7 
ôH x? * by K? SEN 


Therefore, the supergravity dynamical equations look like 
G,=0 R=0 (6.1.8) 


We see that on-shell, only the super Weyl tensor W,g, remains 
non-vanishing, and it satisfies the equation 


F*W,5,=0 (6.1.9) 


in accordance with the Bianchi indentities (5.5.8). 
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6.1.3. Einstein supergravity action functional 

We would like to describe how the action (6.1.3) looks in terms of components. 

For this purpose we apply the component technique developed in Section 5.8. 
To convert Ssg into components, we make use of the reduction formula 

(5.8.50): 


3 E°! 3 2 us: i. Ss 
Ss=— 3, | ae z= Z fee A-J PR E (BZR) 


(B-a w, )rib 
2 2 


Next, recalling that R|=4B and making use of equation (5.8.40a) one obtains 


3 EA eer: 1 
Sso=-3, fatre fiais aa +5 BB 
l l i i : 
— 5 BPa P+ YP,) -i (Poč 2R] = PHT Capt. 


The last two terms can be written, with the help of equations (5.8,30a,b), in 
the form 


-ie S 5p 4 5B ¥2, osp PP, 


with Yas being the gravitino field strength (5.8.27). Therefore, the action 
functional reads 


1 l i 1 1 
Ssg=—s | d*xe ti -R Fg + — 0 SP, -ie}, 6.1.10 
sG =| i i 4 abed t7 ap P= ( ) 
Note that the second term in Sg, is purely imaginary. In addition, the 
third term also has an imaginary part. These constributions must form a 


total derivative, since the original action (6.1.3) is real by construction. Hence, 
we can rewrite Ssg in the explicitly real form: 


Son fa*xe7 45 P- BBH P, T, Y.a — Y atad) (6.1.11) 

The action has hidden dependence on the vector field A‘ via the connection 

Wabe (5.8.24) and the gravitino field strengths (see expressions (5.8.29)). 
Extracting all A-dependent terms, one obtains 


1 1 
Ssc= 3 fers e`? {3 Re, vi BB +; A‘A, +) Paa k s.P ,—¥.0,¥.,) L 


(6.1.12) 
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Here R(e, Y)=2*, is the scalar curvature generated by the covariant 
derivatives ¥, (5.8.26), and 


Po = Vy — Vea —T ap Ys (6.1.13) 


From equation (6.1.12) we see the part of Ssg determined by the vierbein 
simply coincides with the gravitational action (6.1.1), It is seen also that Ss, 
leads to trivial dynamics for the fields B and Ay, which vanish on-shell, 


B=A,=0. (6.1.14) 


On these grounds, B and A, are said to be the ‘supergravity auxiliary fields’. 
As for the last term in (6.1,12), it turns out to be a curved space nonlinear 
generalization of the Rarita~Schwinger action of a massless spin-# particle 
(1.8.42). Therefore, we can consider the supergravity theory as describing 
interacting massless spin-2 and spin-3 particles. It should be noted that there 
exists a wide class of models of interacting spin-2 and spin-3 fields, with 
Lagrangians of the form 


; Re) +e P 3,V(e)¥ + O(F*) 


where V,(e) are the torsion-free covariant derivatives. But it is the supergravity 
action which describes consistent interaction in the sense that Ss, possesses 
invariance under local supersymmetry transformations ÒF ms =0 mEt... 
which generalize the linearized gauge invariance. Let us stress also that a 
naive curved-space generalization of the Rarita—Schwinger action 


S= [as a a Ve) Py 


proves to be contradictory, since the dynamical equations 
AA Ok PEA 


are consistent only if 


O= 6G V (eV (e)¥ a= > eheda [Vs(e), V(e)] P= ; CPR op FOE 


which implies a strong constraint on the curvature of curved space. It is 
supergravity which gives us the only satisfactory way to describe massless 
spin-3 particles in curved space. 

In conclusion, we would like to comment about the component form of 
the supergravity equations of motion (6.1.8). First, setting R|=G,|=0 gives 
the auxiliary field equations (6.1.14). These mean, in particular, that the 
connections Wap: and Waele, ‘¥), defined by equation (5,8.24), coincide on-shell. 
Then the requirements 2,R|= 2G’ |=0 are equivalent, due to equations 
(5.8.30a,b),and to the gravitino field equations which can be written in several 
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equivalent forms: 


9 =0 Pyg.=0 (6.1.15a) 

gibt = 0) (6.2.15b) 
AIESTA MEA ESTAN (6.1,15¢) 
=o y= ee PY =0. (6.1.15d) 


Finally, setting the left-hand sides of the relations (5.8.40a) and (5.8.40b) and 
their conjugate to vanish, one arrives at 


. A 
Rint Roa sip aty + ; =F, ) + (oP +5 ota) (6.1,16) 


where we have used the second relation (5.8.39). These equations constitute 
the supersymmetric extension of ordinary Einstein equations. 


6.1.4. Supergravity with a cosmological term 

It has been pointed out that Ss, is actually given by the invariant volume 
of curved superspace R*'*. Besides the supervolume [d®z E~', we have at 
our disposal two other invariant ‘volumes’ 


fazo [arcane 
faze = faz E- tR=4 


corresponding to the superspaces on which chiral and antichiral superfields 
respectively, reside. Hence, one can consider an action superfunctional which 
combines all the supervolumes: 


sig=—3 [ate +4 fazo [assy 
K KE K 
=; faze f- ae (6.1.17) 
K R R 


with p being a complex constant. What physics does this action lead to? 
In accordance with the reduction formula (5.8.50) at the component level 
we have 


and 


8 E~* 3 et l a> b 1 o 
dêz = | dixe” !| B—- Pz, o, Pt- PP, 
R 2 2 
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therefore the total action functional reads 
1 Pa — 4 
p? 


n pP a — Hoo P, -ut Jee |}, (6.1.18) 


= 
As is seen, the fields B, B and A, do not propagate, since their dynamical 
equations are 

B=3u A,=0. (6.1.19) 


However. in contrast to Ssg. S% leads to non-zero constant values for the 


scalar fields. Eliminating B and B with the help of their equations of motion 
produces the following contribution to the action 


3 De [or en! (6.1.20) 
K 


which can easily be recognized as an ordinary cosmological term. As a result, 
we can interpret the superfunctional 


Bases -5 f déz? +c.. (6.1.21) 


as the ‘supersymmetric cosmological term’. The action (6.1.17) describes 
supergravity with a cosmological term. 

The dynamical equations of supergravity with a cosmological term can 
be readily found with the help of equations (6.1.7) and (5.6.63): 


G,=0 R=} (6.1.22) 


Clearly, their space projections coincide with the auxiliary field equations 
(6.1.19). Further, setting 2,R|, Z,G"s,| and ZR| to vanish, one obtains the 
gravitino field equations 


ete P a — noo, Pt —p'P*=0 (6.1.23) 


Nie 


and the expression for the scalar curvature 
1 
R= —12\y\*+ a { UP o D P+ PY, + cC}. (6.1.24) 


Equations (6.1.23) show that the gravitino becomes effectively massive in the 
presence of the cosmological term. As for the scalar curvature, it acquires a 
constant negative value modulo gravitino excitations. 
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6.1.5, Conformal supergravity 

We have seen that the full covariance group of the commutator algebra 
(5.5.6; 7) also includes, on a level with the superspace general coordinate and 
superlocal Lorentz transformations, the super Weyl transformations (5.5.13). 
Clearly, the Einstein supergravity action is not super Weyl invariant. 
However, it is not difficult to find a supergravity action possessing such an 
invariance. In accordance with the results of subsection 5.6.5, the 
superfunctional 


-j 
S= | ats EZ wew, (6.1.25) 


does not depend on the chiral compensator g, and, hence it turns out to be 
super Wey! invariant. Note, Ssc is real modulo total derivative terms (see 
subsection 5,6.5). In components, the purely vierbein-dependent part of Sc 
coincides, due to equation (5.8.40c), with the integral from the squared Wey] 
tensor. Hence, the superfunctional (6.1.25) represents the supersymmetric 
extension of the conformal gravity action (1.6.53). On these grounds and 
since the super Weyl invariance is inherent in conformal supergravity (see 
subsection 5.1.6), the S.- can be identified with the action superfunctional of 
conformal supergravity. 

Arbitrary variation of S,- can be represented in the form (5.6.64). Therefore, 
conformal supergravity is characterized by the dynamical equations 


WP! DG. WP DG, + (FGF, 


faa- j(9°RGp—j(IpR)O 3RR- FR) -E (PR) | Gu 


+ : Dys(2?R-F R) =O. (6.1.26) 


It follows from these equations that the component vector field A,, being 
auxiliary in Einstein supergravity, becomes dynamical in conformal 
supergravity. 


Remark. Owing to the fact that the integrand in (5.6.61) forms a total 
derivative, the conformal supergravity action can be rewritten in the manner 


Sc= PE: [ats E~'(G°G,+2RR). (6.1.27) 


6.1,6. Renormalizable supergravity models 

As is well known, the sufficient condition for a quantum field theory to be 
renormalizable is the appearance of dimensionless coupling constants in the 
classical action. Since the gravitational coupling constant x has non-zero 
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dimension, Einstein grayity turns out to be non-renormalizable, and this fact 
has proved to be one of the most serious obstacles on the way to constructing 
quantum gravity. Renormalizable gravity models exist, but they are described 
by higher-derivative actions of the general structure 


S= fes e`! = Re)+ 4 + ER” (e)R le) + aie (6.1.28) 


with č and ¢€ being dimensionless constants. These models are known as 
R?-gravity theories. It is worth pointing out that we could add to the 
expression in braces in (6.1.28) one more term—the squared Weyl tensor. 
However, there is no necessity to do so because of the topological nature of 
the functional (1.6.44). 

In superspace, the most general supergravity action with dimensionless 
coupling constants reads 


Sas | d®z E~"'{G6°G, + (RR +qR?+qR?} (6.1.29) 


and renormalizable supergravity models are described by classical actions 
of the form 


S= Sse + Ss.cosm F Ssg (6. 1.30) 


Using the relations (5.8.40a.b), one can readily see that at the component 
level the first and second terms in (6.1.29) contain the squared Ricci tensor 
and the squared scalar curvature, respectively. So, they are supersymmetric 
analogues of the structures presented in the R-gravity action (6.1.28). The 
last two terms in (6.1.29), however, prove to have no direct space-time 
analogues in the sense that they do not produce purely vierbein-dependent 
contributions in components. 

In conclusion, we note the action (6.1.30) leads to non-trivial dynamics 
for the component fields B and Ay. 


6.1.7. Pathological supergravity model 
The naive superspace generalization of the gravity action (6.1.1) would be of 
the form 


s= [a E~\(yR+nR) (6.1.31) 
where y is a complex constant. But it turns out to be pathological from a 
physical point of view, To argue, this point we take for simplicity 7 to be 


real, »=7=—9x_'. In components, one obtains 


s=1 [ats o'8+B(9+1BB)+... 
K 
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where dots mean gravitino-dependent terms. Setting the gravitino to vanish, 
the B-equation of motion reads 


2 l 
# +-BB+— B?=0 
3 3 
which has the solution 


B=B=+,/ -2. 


For consistency. the scalar curvature should be non-positive, Now. 
eliminating B from the action gives 


S= LiL fatx e` t= R? 
3K 


We see that the action becomes non-polynomial in the curvature after 
elimination of the scalar auxiliary fields! 


6.2. Linearized supergravity 


We are going to show that at the linearized level the Einstein supergravity 
theory, constructed in the previous section, is reduced to describing two 
massless super Poincaré states of superhelicities (— 2) and ł (or, equivalently, 
four massless Poincaré states of helicities +ł and +2). We also consider 
linearized conformal supergravity. 


6.2.1. Linearized Einstein supergravity action 

To obtain a linearized form of the supergravity action (6.1.3), we shall use 
the prepotential parametrization of subsection 5.6.1. It will also be 
convenient for us to work in the chiral representation defined by equations 
(5.6.15, 16). After imposing the gauge (5.6.18), the action Ssg reads in terms 
of the prepotentials H*= A’, » and @, with ọ being a flat chiral superfield, 
D, =0, as follows 


Se -3 farze% @\ lee) B- 19 (6.2.1) 


where 


H=H%, E=Ber(£,3 
ARA (6.2.2) 


E,=E,*Dg= ( = : (6,)""{E,, E;}, a T a n) 


with D, being the flat covariant derivatives. Here we have used the relations 
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(5.6.21, 22). The action is invariant under the gauge transformations 


eH = Ae 2i _ 9-21 


i (6.2.3) 
ĝp = a D?D*(L, 0°) 
where 
1 
A=A‘D, A,= we D?L, 
Äz= —2iD;L, Ag = -; euD La 
with L, being an arbitrary spinor superfield. 
Now, let us set 
g=e" =e" D,yo=0 (6.2.4) 


and decompose the supergravity action to second order in the superfields 
H°, o and G, First, we note that E=det(E,"), because H does not involve 
spinor pieces. From (6.2.2) one readily obtains 


Ê, =, + Ut, 


U =; (3,)"D,D,H?— ; (é,)D,{(D,H'),H°— H‘D,3,H*} + O(H?). 


Due to the formula det et =e'"4, we have 
E-adet 91+ U)= 1—5 tr U+žir UP += itr U)*+0(U) 


which leads to 
6-3-1! p,p,H* ++ (0,D,H™)? +- (D,D,H"(D yD ,H*) 
6 72 24 
+H?-total derivative terms + O(H?). 


Up to the same accuracy, we have 


2i 4 
~ @,H?+—(é,H")? 
3 5! A 


(1-e 2413 ~j— 
and also 


, l ; 
peH pxl +a+õ+5 (0+5) —2iH°0,3. 
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Finally, making use of the identities 


D,D,H** = -5 [D,, D;] H” +2iô,H" 
Je (D,D,H"*\(D yD pH**) =r [eao + H*D*D’D,H,} 
one arrives, after the rescaling H" —xH” and ¢— xo, at the superfunctional 
Sv= fef H" D’D*D,H,— 350 - i ((D,, D,JH™yP 


—(6,H*)? +2i(a — ai (6.2.5) 


where we have dropped numerous total derivative terms. It is instructive to 
compare the first term in equation (6.2.5) with the massless vector multiplet 
action (3.4.9), 

Looking at Si). we see that the (anti)chiral superfields are characterized 
by a kinetic term with the wrong sign (compare with equation (3.2.5)). 
Nevertheless, this is not a defect of the theory, since ø and 6 turn out to be 
purely gauge degrees of freedom with respect to the transformations 


6Hy=D,L,-D,L, we -5 D?D*L, (6.2.6) 


which leave invariant S@ and represent the linearized version of the original 
nonlinear transformations (6.2.3). The above gauge invariance can be used 
to impose the guage condition 


o=c=0, (6.2.7) 
Another useful gauge is 


D?H,;=D*H,,=0. (6.2.8) 


in this gauge SẸ} proves to take the form 


s=- | a8: {H*QH,+3¢c} oO =0%,. (6.2.9) 


Remark. All we have done above is, in fact, the expansion of Ssg around 
a flat superspace background. To obtain an expansion of Ssg around a curved 
superspace background described by covariant derivatives Z,, one starts 
with the following ansatz for Ssg: 


Sso= -3 fanz E` (pe give“ )U-"9 (6.2.10) 
K 
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where 
H=H'9,=H p= GZ,=0 U=Ber(U,*) 


with the supermatrix U ,® being defined by equation (5.6.47). In accordance 
with the results of Section 5.6, the action is invariant under the background 
transformations 


ôD, =[4%, 2] òÒH'=4 H° ðp=X y 
K =K‘D, + K°M a= 
and the quantum gauge transformations 
BH = Fil, 2 L+H) öp= (Z-AN) 
with L, being arbitrary. 


6.2.2. Linearized superfield strengths and dynamical equations 

Our next goal is to analyse which supersymmetry representation the theory 
(6.2.5) describes on-shell. For this purpose, we must investigate relevant 
superfield strengths—that is, descendants of H”, g and @ which are invariants 
of the gauge transformations (6.2.6), We can take in the role of such objects 
linearlzed versions of the supertorsion tensors R, G, and W,,,. Indeed, since 
R, G, and W,,.. transform homogeneously with respect to the supergravity 
gauge group, their linearized counterparts, which will be denoted by R, G, 
and W,,., respectively, should be invariants of the linearized gauge group. 
Explicit expressions for linearized supertorsions follow from the relations 
(5.6.59, 60) by setting the covariant derivatives 2, to be flat. This leads to 
the superfields 


R=- 03+ DH, 
4 6 


Gasið 0) +5 DD?DpHa == [D,, D:][D”, D9] H p +0,.0°H, 


(6.2.11) 
Wapsi D23 DpH.. 
It is instructive to explicitly check their invariance under the transformations 
(6.2.6). The Bianchi identities (5.5.8) are reduced at the linearized level to 
D,R = DW ap, =0 D*G,; = D,R 


we (6.2.12) 
D°W g; =i0(g' Gy. 
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Remark. In the gauge (6.2.8), the expressions (6.2.11) are simplified 
drastically 


R=-—-D*s = G,, =i¢=,(@-c) —OH 
(6.2.13) 


Wap,=5 D*0,' DpH. 


The dynamical system (6.2.5) is characterized by the equations of motion 
G,=0 R=0 (6.2.14) 


which represent the linearized form of equations (6.1.8), We see that only 
the (anti)chiral superfield strengths Wg; and W,,, do not vanish on-shell, 
and they satisfy, due to identities (6.2.12), the equations 


DW.,;, = DW, j = 0. (6.2. l 5) 


In accordance with the results of Section 2.7, these equations define massless 
on-shell superfields, and the corresponding superhelicities are 


3 
KW = (Wag) = -2 (6.2,16) 


Therefore, the Einstein supergravity theory at the linearized level describes 
two massless super Poincaré states of superhelicities (—2) and 3. 

Similar on-shell analysis can be done in components. The component 
supergravity action (6.1.12) reduces at the linearized level to the sum of the 
linearized gravity action (1.8.47) and the Rarita—Schwinger action (1.8.41). 
modulo auxiliary fields). As we have seen, the former theory describes 
two massless states of helicities (+2) and the latter, two massless states of 
helicities (+4). 


6.2.3. Linearized conformal supergravity 
The action describing linearized conformal supergravity is given in terms of 
the linearized super Weyl tensor Wap, (6.2.11) as follows 


sg- | déz WPW yp. (6.2.16) 


It is evidently invariant under the gauge transformations 
OH, a D,L, = D-E, (6.2.1 7) 


with L, being arbitrary. The dynamical equations are of the form 
nG,+; é,(D?R — D*R)=0 (6.2.18) 


and represent the linearized form of the conformal supergravity equations 
(6.1.26). 
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Let us rewrite SY in terms of H*. Using equation (6.2.11), we obtain 


1 ni 
Sen | d°2(D7é",D*H™)D74,." eH. 


-5 | d°2(0*,D9H™)D74,!DpH,p 


1 y 
er: CE 
Then, after some calculation, one arrives at 


sa? = fatz f- HD DH,- (CHIDO + HDD? OH, 


+ 5 (6,H)D?D20,H? + z (D*H,.)0 DH, (6.2.19) 
In the gauge (6.2.8), SS reduces to 
SQi= - farz H*0 0H.. (6.2.20) 


We see that conformal supergravity leads to higher derivative dynamical 
equations. 


6.3. Supergravity-matter dynamical systems 


Einstein supergravity action Sgg is suitable only for describing empty 
supersymmetric universes. In the presence of matter, it must be substituted 
by an action superfunctional of the general structure 


S= Ssc + Syl; Z] (6.3.1) 


where Sy is a matter action and y denote matter superfields under 
consideration. Such a dynamica! system is characterized by equations of 
motion which naturally fall into two groups: supergravity equations and 
matter ones. The matter dynamical equations read simply as 


dSy,/67 =0. (6.3.2) 
Introducing the supercurrent 
Ta = 6Sy,/6H" T,=T, (6.3.3) 
and the supertrace 
T= ôSu/ĝp G,T=0 (6,3,4) 
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of the matter superfields (see Section 5.7), the supergravity equations of 
motion are given by 


2 G4T=0 RTO (6.3.5) 
K K 


where we have used the relations (6.1.7). These equations generalize the 
ordinary Einstein equations with matter. They show that the supercurrent 
and supertrace characterize the coupling of matter to supergravity. 

Since the supertorsions G, and R satisfy the Bianchi identity Z*G „4 = 2,R, 
the system (6.3.5) is consistent under the supercurrent conservation law 


FT,4= — : GT (6.3.6) 


which, at the same time, expresses the fact that Sy is gauge invariant, in 
accordance with the results of Section 5.7. 
Now, we consider some specific matter models in a curved superspace. 


6.3.1. Chiral scalar models 
We commence by discussing simple models of a covariantly chiral scalar 
superfield ©, 7,0 =0, and its conjugate ®, embraced by the common action 


=! 
S= fe: E-'60+ f fat E L(®, Rice} (6.3.7) 


where 


2.2(, R)=mO? + ERD + ; AD? =2L(0)+ ERD? 


with m, č and / being coupling constants. The system with this action can 
be considered as a curved-superspace extension of the standard Wess—Zumino 
model (3.2.11). 

Using the technique of Section 5.8, the above action can be easily reduced 
to components. We leave this as an exercise for the reader, Let us comment, 
however, about the coupling of the scalar component fields 


C(x)=9| C(x)= 9} 


to the vierbein. Setting the gravitino and supergravity auxiliary fields B and 
A, to zero and keeping only C and C among the component fields of ® and 
®, from equations (5.8.40, 50) we deduce 


[ars E-*0~ | ats ete(wv,.-74)c (6.3.8a) 


[ors E`’ ~ -z [as e'C*R. (6.3.85) 
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We see that the kinetic term in action (6.3.7) leads to Weyl invariant coupling 
of the scalar fields to gravity (see also subsection 1.7.7). This is not incidental, 
since the kinetic term is super Weyl invariant (see subsection 5,7,5), The mass 
term and the &-term in action (6.3.7) break this invariance. Decomposing C 
into real and imaginary parts, 


Se S. +i¥) 
/2 
Vv 
we observe from expressions (6.3.8) that 


farserfaosteor Leo 


~; [exenfa(vv -tierna |e +9(rv.+2¢-na)o| (6.3.9) 


where we have taken č to be real. It is seen that in the particular cases = +1 
one of the scalar fields does not couple to the scalar curvature (minimal 
coupling with gravity). 

Now, let us determine the supercurrent and the supertrace of the system 
with action (6.3.7). When €=0, their expressions are given by equations 
(5.7.40) and (5.7.41), respectively. Hence, it remains to vary the superfunctional 


i=; |e E-*{e@? + E@?} 


with respect to the supergravity prepotentials by the rule given in subsection 
5.7.1, Namely, we are to calculate the variation 


I=; [ate &- töh th- fez E. ië? aa ED) 
By, =0 Êy, =e H2 & 


to first order in the superfields H° and o, where &~' reads as in equation 
(5.6.57). After simple calculation, one obtains the supercurrent 


1 2 P — , 3 ET 
T= (2:020 + 5 i 2y D + i2 (cD —é®?) 


2 1 1— 
—=G,,| DD+- i0 +E 3. 
3 ( +36 +56 ) (6.3.10) 


and the supertrace 


T= -i-ar (00+: čo? +0) +310) (6.3.11) 
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Remark. Analysing the above expressions, we note an important property 
of the supercurrent and supertrace in flat global superspace. In the 
flat-superspace limit, the action (6.3.7) reduces to the standard Wess—Zumino 
model action (3.2.11), which is independent, but the corresponding 
supercurrent and supertrace reduce to 

2.5 Bas ny, — 
TY = ; (D,O)D,0+> iD ô ð+ x iĝ al é®? — ED?) (6.3.12) 
and i 


. | <b 
T= ~70'(40+5 70") +3416) (6.3.13) 
respectively, where some ¢-dependence is present. For every č, we can take 
T$ and T in the roles of supercurrent and supertrace of the Wess—Zumino 
model. Different choices correspond to different possible ways of extending 


them to curved superspace. On the other hand, all choices are physically 
equivalent due to the fact that if T$ and T'® satisfy the conservation law 


2 e 
D*T = E D,T*! (6.3.14) 
then so do the improved supercurrent and supertrace 


l 
TI=TZ +- ia- DNQ=0 
2% x 3 aul ) x (6.3.15) 
THT _! DG 
8 
for an arbitrary chiral scalar Q. This is a fundamental arbitrariness in the 


choice of supercurrent and supertrace in flat global superspace. 
The action (6.3.7) leads to the following dynamical equations 


1 1 
~~ (9? —4R)Ð+mO + ERO +- 707 =0 
4 mg (6.3.16) 


l t= 
—7 (27-4 RO + mb + ERO +— 20° =0 
where we have taken m real. If č=4=0, this system is easily separated; 


T (DARN? -AR)O=m?o (6.3.17a) 


T(R —4R)O=m’O, (6.3.17b) 


Owing to the chirality of ®, the fourth-order operation in the 1.h.s. of equation 
(6.3.17a) can be reduced, with the help of the commutator algebra (5.5.6), 
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to second-order. Then, the equation (6.3.17b) takes the form 


(1.—](@*R)+RR-n*)o=0 


(6.3, 18) 
O.=2°2, + RY? HIGA, + (FRIZ,. 
Similarly, the equation in ® takes the form 
(c n ~1(g?R)+ RR—n? }B=0 
4 (6.3.19) 


I= l F 
0-=2" 2 +7 RG? —iG'Z, + 4 (G,R)Z*. 


The operator O- (D -) transforms every covariantly chiral (antichiral) 
scalar superfield into a covariantly chiral (antichiral) one. For this reason 
O- (G_) may be called the ‘chiral (antichiral) d’Alembertian’. The operator 
O+ is unique in the sense that any second-order differential operator 
constructed from the covariant derivatives, with the leading term 2°, acting 
on the space of covariantly chiral scalar superfields turns out to have the form 


CO.~+¥ ZY =0 


where ¥ is a covariantly chiral scalar superfield. 


6.3.2. Vector multiplet models 

The massless vector multiplet model (3.4.9) is uniquely continued to a curved 
superspace when taking the superfield variable V(z) to be a real scalar 
superfield (with respect to the general coordinate transformation supergroup 
and the superlocal Lorentz group) and requiring the invariance of the 
curved-superspace action under the gauge transformations 


VoV= V+. (A—A) ,A=0 (6.3.20) 


with A(z) being an arbitrary covariantly chiral scalar. Namely, the gauge 
invariant action superfunctional is of the form 


call | 
s=; fasz E-'VQ"G?- 4R)2.V=5 fasz p W*W, (6.3.21) 
where 
W,= -1 (Z7—4R)Z,V G,W,=0. (6.3.22) 


As a result of the identity (5.5.12), the action is real. Its invariance under 


510 Ideas and Methods of Supersymmetry and Supergravity 


transformation (6.3.20) follows from the observation 
G,N\=0 = (Z?—4R)Z,A=0 (6.3.23) 


which is a direct consequence of the identity (5.5.92), Therefore, W, and its 
conjugate W, are invariant superfield strengths. 

The action superfunctional proves to be invariant under the super Weyl 
transformations (5.5.13) if we take V to be super Weyl inert. This can be 
easily checked using the transformation laws for R (5.5.14) and for E` t, 
(E~')'=e7*°E~*. Therefore, S does not depend on the chiral compensator, 
which means that the supertrace vanishes identically. 

To find the supercurrent, we must, following the prescription of Section 
5.7, calculate the variation 


EA 5 | Ett hs 
{ate i Wie Worn —5 d'2——-W W, 


where 


le ~, > -Ap y 
Woa e a (V? —4R)V, Viv) Viyy=e Peay 


to first order in H°. With the help of equations (5.6.40, 58-60), one can derive 
the identity 


(V—4R)/,,=(2? —4R)i r — APZ —4R)g + (Z> —4R)[ A, ig +2AF A] 
(6.3.24) 


which is convenient when performing variations. It is also necessary to recall 
relation (5.6.63), After some calculation, one arrives at the supercurrent 


Taz = 2 W, W: ag ; (Z°W MB. 2] ys (6.3.25) 


Making use of the dynamical equation 2*W,=0, we can change the above 
expression to 


Taa =2W, Wa (6.3.26) 


As can be seen, the supercurrent is not gauge invariant off-shell. The point 
is that the gauge parameters in expression (6.3.20) are covariantly chiral, 
hence they depend on supergravity prepotentials. 

For completeness, let us also consider the massive vector multiplet model 
in a curved superspace with the action 


2 


get 
Sane [ese WW, +m? fasz E-1p2 (6.3.27) 
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One can readily verify that this system is characterized by the supercurrent 


Tax = 2W, W + (ZEWA Za 2] V 


Em? g VOV — GaV? -: VIDy, Z] v} (6.3.28) 
and the supertrace 
T= -1 m*(Z? —4R)V?, (6.3.29) 
On-shell, the supercurrent takes the form 


Ta =2W,Wi +E mè (Z V2, V —GaV?+ V2. ZJV}. (6.3.30) 


6.3.3. Super Yang-Mills models 

Now we are going to obtain a curved-superspace extension of the super 
Yang-Mills dynamical systems (3.5.46). In a curved superspace, superfields 
®' and 6, forming the matter multiplet should be treated as covariantly chiral 
and antichiral scalars, respectively. Superfields V’ forming Yang-Mills 
superfield V=V!T'=V*, where T! are Hermitian generators of the gauge 
group, should be treated as real scalars, The most natural generalization of the 
super Yang-Mills gauge transformations (3.5.25, 26) reads 


=p A=A'T! G,A'=0 (6.3,31a) 
=e A=A'T G,R'=0 (6,3,31b) 
eV = eÑ e? gmi (6.3.31c) 


with the parameters A! being coyariantly chiral scalar superfields. Invariant 
under these transformations the action superfunctional, with the flat- 
superspace limit (3.5.46), is of the form 


ees’ | 
S= | d®z E~ tO?) O+ | | d®z Horec} 


LEF Kje —tr WW, (6.3.32) 
where 


i 
W, =—-(2*—4Rye2"9,e7") F,W,=0 
3 i si (6.3.33) 


Wy= (9? -AR\e* Zye?) FW, =0 
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are gauge covariant superfield strengths possessing the transformation laws 
Wi =^ W e^ Wi, =e We, (6.3.34) 


Note that the last term in equation (6.3.32) turns out to be real modulo total 
derivatives, see below. 
In order to describe the dynamical properties of the system with action 
(6.3.32), it is convenient to introduce two sets of gauge covariant derivatives: 
ONG, +r) ry =r+\2)T! 
ee. (6.3.35a)) 
Do '=e" 2" Fe" Dp =2,; D = {Ds pit" 
and 
Di =9 F AE pa Fa, PoP st 
Vs ieee ives * (6.3.35b) 
Dp'=2 D= DP'=5 (DE. OL} 


with the transformation laws 


DIYS SNDE DSe e (6.3.36) 
connected to each other in the manner 
Dii =e De. (6.3.37) 


The operators D7! and DẸ' are curved-superspace versions of the flat ones 
(3.6,40a) and (3.6.40b), respectively. They satisfy commutator algebras of the 
form 


[DE DY} = Ta DER atir 


where T4,° and Ry,=3R,4,°°M,., are the Einstein supergrayity supertorsion 
and supercurvature, F$} =FŅ5 T! is the Yang-Mills supercurvature. 
Explicitly, we have 


(DE) DE }=—4RMa {DY DF} =4RM iy 
O, D = iel RDE + Gi D) iD RM ag 
+ its DG p?Ms3—2W gM, a) + iea W (6.3.38) 
[DE Def] ie, RDE + G"gD'*")+iF RM, p 
—ie, DG? gM,g—2W p? M4) + 2ie,p WF 
where W‘*) and W*) are expressed in terms of the superfield strengths 
(6.3.33) as follows 
W=W, W =e We" 


Wo =e?" Wie 2” Wo = a (6.3.39) 
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Together with the Bianchi identities (5.5.8), we also have 


By we=0 DEWA 
DHW 612) py), (6.3.40) 


To derive equations (6.3.38—40), one simply repeats the steps performed in 
subsection 3.6.4 when obtaining (3.6.45—48), 

Now, let us consider the dynamical equations of the system. Varying the 
action (6.3.32) with respect to ®; gives the equations 


-ie -aryr oy + 294 (6.3.41) 
D, 


Next, varying the action with respèct to V leads to 
= l 
2(be*" T'O)T! =— DUWE) (6.3.42a) 
g 
or 


2(6T'e?"@)T! = DWY? (6.3.42b) 
g 


depending on which variation, A'*’V or A'~'V (3,6,57), was used, Clearly, 
the equations (6.3.42a) and (6.3.42) are equivalent. 


Remark. Reality of the last term in equation (6.3.32) follows from the fact 
that its arbitrary variation over V can be represented as 


-iar [ats EA Y(D*W,) = -tr fat EA y(D*— Wi) 
g g 
= -htr fatz EANO WY) 
g 


and this expression is real, owing to the Hermitian conjugation rules 
(AHV) =A (D Yw) + =DE. 
Let us set the chiral superpotential &(®) to zero. Then, equation (6.3.41) 
has the consequence 


T (PARE (9? —4Rye** = — D2 p+ m=, 


Since © is gauge covariantly chiral, D\~’®=0, making use of the algebra 


514 Ideas and Methods of Supersymmetry and Supergravity 


(6.3.38) reduces the above system to 


(DAADE RDA GDI+ (ARID WDE 


—5(D")W,) (FR) + RR}O=0. (6.3.43) 


These equations represent the Yang-Mills covariantized form of equation 
(6.3.18): 

To calculate the supercurrent and supertrace of the system with action 
(6.3.32), it is helpful to operate with the identify (6.3.24). Tedious calculations 
lead to the supercurrent 

l 


Taš = “4 EA Z, (ed) + ide?" 2,0 = i(F,;B)e?"® = Z G,3;e?"® 


idawo wg Ne, Z,Je” 
g 


+e7 +" Ze?" e7 way) (6.3,44) 


and the supertrace 
T= — (9 —4RNDe 0) + 3£(®). (6.3.45) 


As may be seen, the supercurrent is not gauge invariant off-shell. However, 
using the dynamical equations (6.3.42), one can easily rewrite T,, in the 
gauge invariant form: 


Taz = -1 [Pas G\(Be? Y) "i : Gape? rọ + ider) 5 'D 


ee tr( WW"). (6.3.46) 
g 


Further, due to the dynamical equations (6.3.41), the on-shell supertrace 
treads 


SRD) 


ao! 


T=- 


O' + 3.F(O), (6.3.47) 
Therefore, the supertrace vanishes if and only if 
Jii 
L(®) aT Ap DDOE. (6.3.48) 


In this case the action (6.3.32) turns out to be super Weyl invariant. 
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6.3.4. Chiral spinor model 

In conclusion, we would like to consider the model of a covariantly chiral 
spinor superfield z» Z,x,=0, and its conjugate žą with the action 
superfunctional 


s=- [ave Er" (6.3.49) 
where 
L= (h+ AE 


In the flat-superspace limit, the theory reduces to the massless chiral spinor 
model (3.7.10). 

Owing to the identity (5.5.12), thè above action is invariant under the 
gauge transformations 


öy =i(Z°—4R)2,K K=K (6.3.50) 


with K being an arbitrary real scalar superfield, hence L is a gauge invariant 
superfield strength. It is worth also pointing out that, by virtue of relation 
(5.5.11), L is characterized by 


(7*7—4R)L=(Z? —4R)L=0. (6.3.51) 


Each real scalar superfield under this constraint will be said to be covariantly 
linear. 
To obtain dynamical equations, one uses the variational rules 


éy{2) 1 


2 l = — — 64(F* —4R)E5*(z —2') 
Sue) a" (63.52) 
öZalz) lag r 
E = —— 6f(f* —4R)E6*(2—2'), 
Sale) 4 AC )Ed*( ) 
Then one obtains 
(P —4R)Z,L=(2°—4R)Z;L=0, (6.3.53) 


To calculate the supercurrent and supertrace of the theory, we must 
evaluate the variation 


i = = 
éS= | [ars E- V 9. + VakinyY —S 


where the derivatives V, are given by equation (5.6.40), to first order in the 
superfields H? and c. Note, žy} should be a covariantly chiral spinor 


superfield with respect to V4, ¥VzZy),=0. In the linear approximation in H’, 
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we have 


ÄV = X Asih 


va = ha As 7p —2iH’ 2,7; 


with A, being defined by equation (5.6.60). After some effort, one arrives at 
the supercurrent 


Ta ZZL 2 A] ~= Gail? + P is? —4R)2,L tea 
(6.3.54) 
and the supertrace 
T= iF - 4R)L? -$ 1 (2° —4R)Z,L. (6.3.55) 
On-shell, the supercurrent and the supertrace become gauge invariant: 


Ta = (ZZL UD, ZN Gal? 
3 3 3 (6.3.56) 


T=-}(7? 4R. 
4 


It is instructive to compare the expressions obtained here with the 
supercurrent and supertrace of the chiral scalar model with action 


= [ers E“(@+0? Go=0 (6.3.57) 


~- 


which is obtained from action (6.3.7) by setting €=1, 2(0)=0. Making this 
choice in equations (6.3.10) and (6.3.11) gives 


2 2 51M —2 
Tx -3 (G,M)7,M +3 M[Z,, ZM EE Gu M? 


(6.3.58) 
T= -2 —4R)M? 
where we have introduced the notation 
M= vA (® +6). (6.3.59) 


We observe that the expressions (6.3.56) and (6.3.58) have the same form. 
Remarkably, this is not a formal coincidence. We have seen that L was 
submitted to the kinematical constraints (6.3.51) and the dynamical equations 
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(6.3.53). As for M, from its definition we directly deduce 

(Z* —4R)Z,M =(4? —4R)Z,M (6.3.60) 
with the help of identities (5.5.9d,e). On the other hand, the dynamical 
equations of the theory (6.3.57) are 

(72 —4R)M =(Z@?—4R)M =0 (6.3.61) 
hence M is covariantly linear on-shell. As a result, L and M satisfy the same 
differentia] equations on-shell. Therefore, under a proper choice of initial 
conditions for the theories (6.3.49) and (6.3.57) (and gauge conditions for the 
former theory) their supercurrents (supertraces) coincide on-shell. This implies 
classical equivalence of the theories under consideration. 


The equivalence can be also seen with the help of the first-order model 
with action 


S[V, ®, OB] = -fatz E~ af vnosa) 
2 (6.3.62) 


- 


V=F 7,0=0 


which constitutes duality of the above theories. Indeed, varying S[V, ®, ©] 
over V gives the equation 
—V=0+90 


which can be used to eliminate V resulting in the action (6.3.57). On the 
other hand, varying S[V.®, ©] with respect to ® and © gives 


(F*—4R)V =(Z@?—4R)V =0 
which has the following solution: 
(k+) — Dsfy=0. 
Substituting this expression into S[V,®, ©] and using the identity 
(2?—4RV=0 G,@=0 = [ave E~'Vo=0 (6.3.63) 


one obtains the action (6.3.49). 


6.4. (Conformal) Killing supervectors. Superconformal models 


We now turn our attention to Jooking for superspace analogues of 
conformal Killing vector fields—the objects discussed in Section 1.7. We also 
consider superconformal dynamical systems and superconformal massless 
superfields. 
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6.4.1, (Conformal) Killing supervector fields 
To begin with. let us introduce the notion of conformal Killing supervector 
fields. 

Consider a curved superspace described by covariant derivatives 


1 
G,=E, +4 = E, G) +5 UEM 


Let €=é4(z)E, be a real c-type supervector field and K%%(z) be a real 
antisymmetric tensor superfield. £4 and K® generate an infinitesimal general 
coordinate and superlocal Lorentz transformation acting on the covariant 
derivatives and tensor superfields as follows: 


x2, =[X,2] Sy Y= HY (6.4.1) 
where 
H =D, + KM y+ RP Mag 


with y being a tensor superfield (with suppressed indices). Using the 
(antijcommutation relations (5.5.6.7), it is easy to calculate explicitly the 
variations 6yZ,. In particular, in the undotted spinor case one obtains 


ô2,= (x. 9,68 —~ spol?) ap a + ; cab) 


.( p_i RE NG 
+2i( 0," aos Z (6.4.2) 


- (2.Kr +46, PER 5 5, PENT R- > nao" ) Mp, 


-(2,Re + iat ) Mp 


Let us also recall how infinitesimal super Wey] transformations act on the 
covariant derivatives: 


8.2.-(50-3)9,-2%oMp, b-2:=(18-0)2 -30n 
(6.4.3) 
saz =; (óan Zs} +5 (2a 2} Da=0. 


Here o is a covariantly chiral scalar superfield. 
Now we proceed by finding a set of transformation parameters {¢4, K*, a} 
such that their combined action on the covariant derivatives is trivial, 


(by +a) 24 =0. 
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In accordance with the relations (6.4.2) and (6.4.3), this requirement means 
the parameters ¢,, Čz Kap, Kap o and @ should be expressed via ¢* in the 
manner: 


ofboth = Fal gge (6.4.4a) 
lie. 8 

Kl= Sabo Lab Gap (6.4.4b) 
o[é]=5 (2*8, + 284-186), (64.4o) 


In addition, the following consistency conditions 
D=- : EaR (6.4.5a) 
BKE = iga WA (6.4.5b) 
KEI = —5,P a of] 40, R+ : 5FENGR + : Ea DG (6.4.50) 


Z,o[¢]=0 (6.4.5d) 


should hold. 
From relation (6.4.4a) it is easy to read off the closed equation on the 
vector superfield ¢°; 


DE ppt DBSp=0 => Dapat Zyé p= 0. (6.4.6) 


Then, making use of the covariant derivatives algebra (5.5.6), one immediately 
obtains the important consequences 


(Z?+2R)E,=0 (F2+2R)E,=0 (6.4.7) 


and 


1 
Ber + Dou a 2 Na De. (6.4.8) 


Remarkably, the last relation coincides in form with equation (1.7.5) defining 
conformal Killing vector fields of a space-time. But the highly important 
fact for us is that the consistency conditions (6.4.5a—d) are satisfied identically 
under equation (6.4.6). For example, let us check the requirement (6.4.5d). 
We have 


3G,a[¢] = al Dap”? -iaa Pam) 
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=-[F,, 7, algi -Zi 5 Fle Gpp) 


oA 


| i 3 a 
= CZs, Ppp] +5 DARE») +5 ZAE Gp) 


where we have used equations (6.4.6, 7). Expanding the commutator in this 
expression by the rule (5.5.6), one obtains Z,o[&]=0. Slightly more work is 
necessary to check the conditions (6,4.5b,c), As a result, we come to the 
conclusion that the only way to achieve the goal formulated above is to 
choose a solution of the equations (6.4.6) in the role of č” and to take the 
other parameters as in (6.4.4). 

A real c-type supervector field 


c= CtE, v(e, -i ge, -i 9%.) (6.4.9) 


is said to be a ‘conformal Killing supervector (for the supergeometry 
determined by Z4) of & satisfies the master equation (6.4.6). The basic 
property of conformal Killing supervectors is that they act on the covariant 
derivatives like superlocal Lorentz and super Weyl transformations; 


Ò w (2%. = [X [E]; 21] = botia (6.4.10) 
where 
H LE =24D 4+ KLE Mp + KEE Map (6.4.11) 


with K(€],, and o[¢] being defined as in expressions (6.4,4). 
A conformal Killing supervector č is said to be a ‘Killing supervector’ if 
it satisfies the requirement: 


o[@]=a[Z]=0 = 2%, +i*G,=0. (6.4.12) 


The basic property of Killing supervectors is that they define symmetry 
transformations of the curved superspace: transformations generated by 
X [E] leave the covariant derivatives unchanged, 


byt Za=L¥TE] Zs] =0. (6.4.13) 


From the point of view of supersymmetric field theory in curved superspace, 
Killing supervectors are of great importance. Indeed, consider a theory of 
matter superfields y with an action superfunctional S[x; 2] invariant, as 
usual, under general coordinate and superlocal Lorentz transformations 
6.4.1). Then equation (6.4.13) shows that S[y;@] is unchanged under the 
transformations 


dy= 4 (Cx (6.4.14) 


for every Killing supervector č. So, Killing supervectors constitute symmetries 
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of any dynamical system. As for arbitrary conformal Killing supervectors, 
they generate symmetry transformations of super Weyl invariant models 
only. If Sly; 2] is a scalar with respect to super Weyl transformations of the 
form (5.7.33), then it does not change under the transformations 


dy=*# [E]x—4,.,018] 4-4-6 LE] x (6.4.15) 


for every conformal Killing supervector € This statement is a trivial 
consequence of transformation (6.4.10), 

For a given supergeometry, the set of all conformal Killing supervectors 
and the set of all Killing superyectors.form real super Lie algebras. The latter 
assertion is almost obvious. If č, and č, are two Killing supervectors, 


[X [či] 24]=0 
then 
X [E] X [E], 24]= [CAE], Za), X é] 
+X [E] [A E] 24) =0 


therefore 
[A [ë], X CE] =A 3] 
for some Killing supervector ¢;. One can readily see that 
é3 = [č n$ 2] 

which completes the proof. The fact that the set of conformal Killing 
supervectors forms a super Lie algebra follows from the theorem below. 
Before formulating the theorem, let us give one more definition. 

Two supergeometries determined by covariant derivatives 24 and 7, are 


said to be Weyl equivalent if 7, and Z, are connected by some super Weyl 
transformation 


=LZ,—29°LM ag a ,=LZ,-2F!LM sp 


0-8) G.w=0, 


Theorem. Weyl equivalent supergeometries have the same conformal Killing 
supervectors. 


(6.4.16) 
iĝ, 2) L= expl 5 


EA 


Proof, Let € be a conformal Killing supervector with respect to 24. č is 
given in the form (6.4.9), where &* obeys the equation (6.4.6). Decompose č 
with respect to the supervierbein E, (7,=E,+Q,): 


Em E4E, =F4E, ZA = (&4, 2 1 A 


i (6.4.17) 
G4 = (LI) tg eihera In L) 
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where we have used relations (6.4.16). It is not difficult to check that 74 can 
be represented as 


g4 -(ë =i erh, = a) (6.4.18) 


and 2 turns out to satisfy the equation 
Deny + Deep =0. 


Therefore, č is a conformal Killing supervector with respect to ,. One can 
also prove the important relations: 


HF SPF, + KMK Mig =4 TE] (6.4.19) 
o[ 2) =o[2]- 4940 (6.4.19b) 


where 


KEž]ag= Zaa FPG ap 
l 3 x = +3, 
alë] = 3 (Zé, + 29,5 —i&G,) 


and G, is the supertorsion component corresponding to Z,. The relation 
(6.4.19a) shows that the operator 4° [č] is super Weyl invariant. The relation 
(6.4.19b) tells us that the property of a conformal Killing supervector ¢ to 
be a Killing supervector is not super Weyl invariant. 


6.4.2. The gravitational superfield and conformal Killing supervectors 
Here we would like to look at conformal Killing supervectors from the point 
of view of their action on the supergravity prepotentials. 

In the gravitational superfield gauge (5.4.38), Einstein supergravity 
covariant derivatives 2, are experessed in terms of the superfields #”, » 
and @, with @ being the chiral compensator, Z,p=0. Residual gauge 
transformations, generated by parameters A"(x,@) and /“(x, 8), act on 4", 
@, and o in accordance with the laws (5.4.41), (5.4.49) and (5.5.5), respectively. 
Let us choose (if possible) a set of superfields {A7(x, 0), A“(x, )} such that 


bH"=0 (6.4.20) 


and only œ may change. Owing to (5.4.41), à” and 4* should satisfy the 
equations 


A(x +i 3 6)—7™(x —i af 8) = 215" (6.4.21) 
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Where 


Pir 


1 i 
=KMBy KK" == A(x +19 0) +— iE 

2 Man ý (6.4.22) 
KY=74!(x +i 8) K=} xi 8). 


Under these conditions, the covariant derivatives vary by the rule (6.4.3) with 
a=dlng. On the other hand, their change is given by equation (5.4.49). 
Therefore the supervector field(6.4.22) is a conformal Killing supervector! 
Remarkably, the reverse assertion is also true. Namely, it can be shown, 
using the formulae (5.4.43-47) and (5.5.4) expressing Z, via #”, o and @, 
that every conformal Killing supervector has the form (6.4.22). Therefore, 
the basic property of conformal Killing supervectors is that they leave x" 
unchanged. 

Given a Killing supervector č, it leaves Z, unchanged. In accordance with 
(5.5.5), this means that the parameters /”(x, 0) and 44(x, @) should satisfy the 
equation 


ElIno= -; enin â) (6.4.23a) 
in addition to equations (6.4.21), Since o(z)=o((x+i% 0) =e (x, 0), this 


equation can be rewritten, with the help of conditions (6.4.22), in the following 
useful form: 


("Ôm +40) In olx, 8) = -; (mA — ÂA"). (6.4.23b) 


6.4.3. (Conformal) Killing supervectors in flat global superspace 
We are going to find (conformal) Killing supervectors of flat global 
superspace. 

In flat global superspace, a conformal Killing supervector č has the form 


ESAD; Ele G -= ; DB, c7", =S Dip} (6.4.24) 


where €* satisfy the master equation 


D ča +Dgčap=0 = Dyépg+Dy—,=0. (6.4.25) 
The relations (6.4.7) and (6.4.8) take the form 
Dg =D, =0 (6.4.26) 


and 


a n l 
Ĉio +, Crea =a Nasl? E). (6.4.27) 
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From relations (6.4.26) we see that 2* is a linear vector superfield, and 
g” = —(i/8)D,6* is a chiral spinor superfield, 


D,e*=0 (6.4.28) 


Equation (6.4.27) has been investigated in Section 1.7. In particular, it was 
shown that every solution ¢ of this equation must be at most quadratic in 
space-time coordinates, 


E40 ,6€%x, 0, =O. (6.4.29) 


Owing to this observation, the general solution of the master equation (6.4.25) 
can be found quite easily. The result reads 


E%(x, A, =b + Ax* + K%,x° + fox? —2x%x, f) + 2i(A0% oth 


—2(80°G'n + jäta x, — 0o Q+ a(t Kiet 2h; x) 6c,0 


+ 2i( 700% — en- 6707 f° (6.4.30a) 
or, in spinor notation, 


E,4(x, 0, D= ba + Aas + Kyo x yg + VEEN, + Xapxpul”? 
— 40 (ië; + 9x ps) — 40,36, — Xap) + 20,50 
+ 210,FR sp —S jyex?p)) + 218,99 K ap +S ce? Xp) 
— 410,74, — 419,077, —VWPf,,. (6.4.30b) 
Here A, Q, b°, f" and K” = — K* are constant real c-number parameters, £4 
and n, are constant a-number parameters, It is instructive to compare 
expression (6.4.30a) with the expression (1.7.12) determining conformal 


Killing vectors of Minkowski space. 
Fom (6.4.30b) one immediately obtains 


isi Dity=e*i,(%0) = Bote, (6.4.31) 


with 4,(x,@) being defined by equation (2.9.16) (recall that the parameters 
(2.9.16) generate infinitesimal superconformal transformations (2.9,17)), 
Moreover, it is a simple exercise to check that 


€=f4D, = (ë + iča iba 2)0,, + F760, + F,0* 


(e' 45x, 0) Fem F(x, NE, +(e Ax, e+e Ag (x, ONE? 


1 
2 
(6.4.32) 


with 2°(x, 8) defined as in equation (2.9.16). Therefore, infinitesimal coordinate 
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transformations 
24+ 2/4 = 24+ 79D 24 (6.4,33) 


generated by conformal Killing supervectors are exactly the superconformal 
transformations (2.9.17). 

Now, let us find Killing supervectors of flat global superspace. In 
accordance with equation (6.4.12), Killing supervectors are conformal Killing 
supervectors that obey the constraint 


D*D*i,,=0 < D*D*é,,=0. (6.4.34) 
Those superfields (6.4.30b) which respect this constraint are given by 
Esl, 0, D= bas + KaP x py + Kix) —4il0,8, + Ea) + 218, Rp + G0" Kup). 
(6.4.35) 


Clearly, the transformations induced by Killing supervectors are exactly the 
super Poincaré transformations. 


6.4.4. Superconformal models 

As is well known, the conformal group is the space-time symmetry group 
of massless relativistic field theories (see Section 1.7). Similarly, there 
exist a variety of massless supersymmetric field theories possessing an 
invariance under the superconformal group. Such theories are called 
‘superconformal’, More precisely, a supersymmetric dynamical system with 
an action superfunctional S[y], where y are tensor superfield dynamical 
variables, is said to be superconformal if (1) the space of superfield histories 
V is endowed with an action of the superformal group 


T(g): xz) + (Tig =x (z) VexeV 
T(9:92)= T(g,)T(g2) 


for every elements g; and g, from the superconformal group; and (2) the 
action superfunctional is invariant with respect to arbitrary superconformal 
transformations, 


S{x,J=SLy] V xeV. 


In all known superconformal models, we haye linear superconformal 
representations, and they can be described as follows. Let g be a group 
element of the form 


: PES = Sd 
amex] i= a Sat 5 KM pt A+ aon + +18 +78) 


(6.4.36) 
and let €=€“D, be the conformal Killing supervectors having in the 
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expansion (6.4.30a) the same coefficient as in expression (6.4.36). Denote by 

Aer) 
a(y*, 0”) 

the restriction on R*!4(6o8) of the Berezinian of the superconformal 


transformation y*-+g-y", 6*+g-4* on C”? (constructed in Section 2.9), and 
introduce the operator 


H4e)=Ber( (6.4.37) 


pari 


AEE] =D, +K[E}!M ap+ REET M ap 


KEPP =DE (6.4.38) 


associated with ¢ (in accordance with the general prescription (6.4.4, 11)). 
Now, for arbitrary numbers d4, and d)_,, on the linear space of tensor 
superfields we define the following superconformal representation: 


Tg): x62) + gl =A 29H FZ) HM e- AT Ez), (6,4,39) 


In the infinitesimal case, the above transformation reads (compare with 
equation (6.4.15)) 


ôx= — H(z + {4.4088 + 4- (6.4,40) 
where 


of] =5(D%.+2D,8")= ~5(0.g°-D.e) 


= -50a y, 0) —6,A%(y, 0) (6.4.41) 


y=x+iĝağ 


with 4°(y, 0) and 2% y, 8) defined as in relation (2.9.16). To derive equation 
(6.4.41), one can use the relation (6.4.32). 

When choosing in representation (6.4.39) the dilatations g=exp(iAd) and 
the axial rotations g=exp(iAa), one obtains 


x(x, 8, By =e ltt dA yle~ 4x, e709, e~''/2)48) (6.4.42) 

and 
(x, 8, Q=e iKi ID, eiD, p- (6.4.43) 
respectively, Hence (d,,,+d,_,) is the dimension of y, and (d,.,—d,-_,) is 
proportional to the axial charge of y. d+} and d,_, will be called the 


‘superconformal weights’ of z. 
To find generators of the representation under consideration, we rewrite, 
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with the help of relations (6.4.32, 41), the expression (6.4.40) in the manner 
1 > i 
— dy az (illen O+ Tlx -p Dia + {Aip On H Fp DA 


+{D "Aep Mag- D-n 8} Map} 


4 fa (04y, 0)— 84y, O) 


VEX 


h 
=x) 


where x?,)=x*+i807G, 4° and 47 are given in expression (2.9.16). Then, one 
obtains the super Poincaré generators (2.4.37), the dilatation generator 


+d,- (8,45, 8) —E,7(§, D) 


D=- {(x?,,+x/_))0, + 076, + P6,} + id, .)+d,_)) (6.4.44a) 


i 
2 
the axial generator 


l 1 
pas (Fé, —F0,)—5 (dsd) (6,4.44b) 
the special conformal generators 
i 
Vea =(O"aaV a= —5 (4 ya X 4) E ya Xa) Opp 


+ 2i(8,X; 4°42 p+ FX — yx? Bp) — 2i(X 4°; Mag +%(— Map) 
MED + )X} + pate + 4 —)X(— yaa) (6.4.44c) 
and the S-supersymmetry generators 
S= — ix; 4 ye" h Agp + 21670, +.x;—yx? Tp— 410° Map Aid . 0, 
S= — ix), PO gp + x aip 2107S, — 410° Mp + Aid,- Da 


It is not difficult to check that the generators satisfy the (amti)commutation 
relations (2.9.21). 

Now, consider two examples of superconformal models. Our first example 
is the super Yang-Mills theory described by the action superfunctional 


S[®, ĝ, Vj = [ats Pler + 5 Åijk fasz Doin ie ce} 


(6.4.44d)) 


i 
+s | dz tr WW, (6.4.45) 


D'=0 W,= -5 Die?" De") 
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The action is invariant under the superconformal transformations 
60'=—HD,O'+o[Z]O' V=- ¿DV (6.4.46) 


with €=€4D,, being an arbitrary conformal Killing supervector. This follows 
from the fact that the curved-superspace analogue (6.3.32) (with the same 
chiral superpotential) of the above action turns out to be invariant under 
the super Wey] transformations (6.4.3) supplemented by 


60'=—a' ôV =0. 
The second example is the chiral spinor model with the action 
superfunctional 


StoM=-p [seem ÉAN 


G=1 (D'u +D) Daya=0 


k being a constant. Here 7, is a chiral spinor superfield. The action is invariant 
under the superconformal transformations 


s - 3 
ôla=— č“ Daxa- KLE] axe ts aL) xa (6.4.48) 


for an arbitrary conformal Killing supervector č. The statement follows from 
the fact that S[y, 7] can be continued to a curved superspace by the rule 


i 
St #91=- 75 [d'E Gma (6.4.49) 


G= (214+ Dit) Taya =0 


with y, being a covariantly chiral spinor superfield. The superfunctional 
obtained proves to be invariant under the super Wey] transformations (6.4.3) 
supplemented by 


yo = Thy: (6.4.50) 


6.4.5. On-shell massless conformal superfields 

In Section 2.7, we studied on-shell massless superfields. Recall that a tensor 
superfield of Lorentz type (A/2, B/2) (totally symmetric in its undotted indices 
and, independently, in its dotted indices) G,,_,4,...4,(2) is Said to be on-shell 
massless if it satisfies the system of supersymmetric massless equations 


D?G=D*G=0 (6.4.51a) 
é,,D’'G=8,,D'G =0 (6.4.51b) 
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Where superfield indices are suppressed, and the supplementary conditions 
BPG a, edi cdg BO (6.4.52a) 
ONG siding =O (6.4.525) 


of which the former (latter) must be imposed when A #0 (B#0). Now, we 
would like to obtain an answer to the following problem. Suppose, G 
transforms according to some representation of the superconformal group, 


ôG = — X [EG + {d oL] +d,- ELE} G (6.4.53) 


for any conformal Killing supervector č. The question is: in what cases is 
this transformation law consistent with the equations (6.4.51, 52)? In other 
words, under which conditions does ôG remain on-shell massless? Let us 
remind ourselves that the similar problem for on-shell massless fields in 
Minkowski space was solved in Section 1.8. 

To begin with, consider the case A#0. Under the special conformal 
transformations, G changes according to the rule 


i 
BBcode 5 S V Bp Gayot 


with V„, written as in expression (6.4.44c). We demand the requirement 
O73 Gay, teh) t = Os (6.4.54) 
With the help of condition (6.4.52a), it is not difficult to verify that 


; ; 1 
Gn aa aa datda A- 1) Gps 


B 
+ OAD Gpas asss È G fay anite ninl Oy, 
el 
-800D Oni atat (6.4.55) 
Let us point out that the second equation (6.4.51) and the supplementary 
condition (6.4.52a) lead to the consequence 


pa Gaias... t=O (6.4.56) 


(for more details see Section 2.7). Hence the last term in relation (6.4.55) 
vanishes. To cancel the other terms in relation (6.4.55), one must demand 
the system of conditions: 


1 
(1) As tdyms Atl 
(2) B=0 (6.4.57) 
(3) D,G,,,...,=0 
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So, our superfield must be chiral with undotted indices only. Finally, let us 
recall that o[¢] is chiral. Then the variation (6.4.53) proves to be chiral, 
DB,6G=0, when 


d,-,=0. (6.4.58) 


Asa result, the superconformal weights d,,,and d,- of G are fixed completely. 
Further examination of the compatibility of the superconformal law (6.4.53) 
with the massless equations (6.4.51, 52) can be shown to give no additional 
restrictions on G. 

The case B#0 is treated similarly. 

Finally, let us examine the case A=B=0. We begin by observing that 
equations (6.4.51) lead to the on-shell equation OG =0. Then, imposing the 
requirement 


n6,G=0 (6.4.59) 
proves to be equivalent to 
di.jtd,_\=1. (6.4.60) 
Next, imposing the conditions 
D*5,G=D76,G=0 (6.4.61) 
leads to the equations 
(1 —d,,)D,G=0 (6.4.62) 
(1—d,_,)D,G=0. 


The system of equations (6.4.60, 62) has the solutions: 


d.j=l dy=0 D,G=0 (6.4.64a) 
or 
d-;=0 d=] D,G=0. (6.4.63b) 


From the above considerations we see that only undotted (or scalar) chiral 
and dotted (or scalar) antichiral on-shell massless superfields constitute 
representations of the superconformal group. Such superfields are said to be 
‘on-shell massless conformal] superfields’. 

In conclusion, Jet us summarize all the conditions determining on-shell 
massless conformal superfields: 


The scalar vase (A= B=0) 
D,G=0 D?G=0 


(6,4.64a) 
d,.,=1 d,_,=0 
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or 
D,G=0 D?G=0 
(6.4.64) 
d,.;=0 d= L. 
The undotted case (A #0, B=0) 
D.G,,_,,=0 D” Gyia 2,=9 
SSSA Se (6.4.64c) 
d,4)=A/2+1=x(G)+1 d,_,=0. 
The dotted case (A=0, B#0) 
DG x =0 D*'G; ; à =0 
& dg EST 7 (6.4.64d)) 


d-=0  d-y=B/2+1= —x(G)+ 1/2: 


Here x(G) or x(G) denotes the superhelicity of the superfield under 
consideration, 


6.5. Conformally flat superspaces, anti-de Sitter superspace 


In Section 5.1, we introduced the notions of flat superspace and conformally 
flat superspace. Recall that a superspace is said to be flat if there exists a 
coordinate system in which the gravitational superfield and the chiral 
compensator have the flat form 


H"=6,"00°9 o=l (6.5.1) 


a superspace is said to be conformally flat if in some coordinate system the 
gravitational superfield has the flat form 


x" =5 "00° (6.5.2) 


with @ being unrestricted. Now, our goal is to reformulate these definitions 
in terms of the supertorsion tensors R, G, and W,,,, that is, in a covariant 
fashion. We also consider andi-de Sitter superspace—the simplest solution 
of the Einstein supergravity equations with cosmological term (6.1.22). 


6.5.1, Flat superspace 
To begin with, let us obtain necessary and sufficient conditions for a 
superspace to be flat. In spite of the simplicity of the problem, it deserves some 
discussion. 

In the case of a supergeometry determined (in the gravitational superfield 
gauge) by the prepotentials (6.5.1), the corresponding supertorsion tensors 
R, G, and W,,, are zero, 


R=G,=W,p,=0. (6.5.3) 
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So, every flat superspace should be characterized by the conditions (6.5.3), 
they are necessary conditions. Remarkably, they also turn out to be sufficient. 
Let us argue this statement, 

We choose the gravitational superfield gauge (5.4.38) supplemented by the 
Wess—Zumino gauge (5.8.1) and analyse the consequences of equations (6.5.3). 
First. from relations (5.8.17, 19) we see that the supergravity auxiliary fields 
vanish, 


B=A‘=0. (6.5.4) 
Secondly, from relations (5.8.21, 22) we deduce 
Ravi =O (6.5.5) 


where Zasa IS the curvature tensor associated with the space-time covariant 
derivatives V, defined by equations (5.8.16, 23-25). Finally, owing to relation 
(5.8.30), the gravitino field strengths (5.8.27) vanish, 

Psy = Ps =O. (6.5.6) 


The system (6.5.4)-(6.5.6) represents the total set of component requirements 
which equations (6.5.3) lead to. Recalling relations (5.8.20) and (5.8.27), we 
can rewrite expressions (6.5.5) and (6.5.6) as follows: 


[Va ViJl=T ay. F = —iP uY, (6.5,7) 

and 
Wah sy =F a Poy PAVA AE T a AA (6.5.8) 
As may be seen, space-time may possess non-trivial torsion even if all the 
superfield strengths characterizing the supergeometry are zero. However, 
the torsion turns out to be gauge dependent and, under the conditions 
(6.5.4-6), it can be switched off using the local supersymmetry invariance 


(recall that in the Wess—Zumino gauge, the transformations (5.8.43) are also 
at our disposal). Indeed, the relations (6.5.7) and (6.5.8) show that 


Yay = Vé, (6.5.9) 


for some undotted spinor field &,(x), On the other hand, under equation 
(6.5.4) the gravitino transformation law (5.1.45) takes the form 


OF ma = — 2V new: 
Therefore, the local supersymmetry invariance can be used to impose the 
gauge 
P= Yi =0 = I0, (6.5.10) 


Note that the system of relations (6.5.4)-(6.5.6) is locally supersymmetric 
invariant. 
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In the gauge (6.5.10), the only non-zero field in the expressions (5.8.1) is 
the vierbein, and the covariant derivatives V, satisfy the algebra 


[Va Vi] =0. 


Hence, the space-time general coordinate and local Lorentz invariances can 
be used to take the gauge 
e,"=3d,". (6.5.11) 
This completes the proof. 
In summary, 4 supergeometry (under the Einstein supergravity constraints) 


is flat if and only if the corresponding supertorsion tensors R, G, and Wyp, 
vanish, 


6.5.2. Conformally flat superspace 

Consider a supergeometry admitting the gauge fixing (6.5.2). Evidently, the 
corresponding covariant derivatives 2, are connected to flat global 
derivatives D, by means of some super Weyl transformation: 


G,=FD,—2UD?F)M,,  %,=FD,—2(D°F\M 
OMe! PET ah 
Typ = FF Oy + FID,F)D, + F(D,F)D, -iF(D,D*F\M,p—iF(D,D°F)M.g 


where 
=o"! — Dyo=0. 


Expressions for the supertorsion tensors can be read off from relations (5.5.14): 


1 
R=—-ọ "Dé 
r aiia (6.5.13) 
G.=(0ọ) "? fii. In g)D, in d+ié,, ino/e)} 
and 
Wap) =0. (6.5.14) 


We see that the super Weyl tensor of any conformally flat superspace is zero, 
Now, we are going to argue that the requirement (6.5.14) turns out to be the 
sufficient condition for conformal flatness, for a wide class of supergeometries, 

Let 24 be a set of covariant derivatives which satisfy equation (6.5.14). If 
the corresponding chiral scalar R#0, we change 2, by some super Weyl 
transformed derivatives Z’,, according to rule (5.5.13), such that R'=0. To 
achieve this, we must choose, due to relation (5.5.14), a covariantly chiral 
scalar superfield o satisfying the equation 


1 
~7 (2? —4Rye" =0 G.0=0. (6.5.15) 
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As a particular solution, one can take 
1 1 = 
w=14+ i0- iR +RR ZARR (6.5.16) 


where Q- is the chiral d'Alembertian (6.3.18). In order that the expression 
(6.5.16) is well defined, all supergeometry superfields should obey appropriate 
boundary conditions (for instance, be rapidly vanishing at infinity). Note that 
W'~,=0, due to relation (5.5.14). Suppose that G,=0 also. Then, the 
supergeometry determined by 7%’, is flat, and, as a result, the supergeometry 
determined by 2,4 is conformally flat. Thus, it remains to show that the 
relations 


R=W,,,=0 (6.5.17) 
imply 
G,=0. (6.5.18) 


Our proof will not pretend to strictness, we simply sketch the basic steps. 
Let Z, be a set of covariant derivatives characterized by conditions (6.5.17). 
We choose the Lorentz gauge (5.4.8) resulting in 


Dy=Ez+Qup,MP? GF, =E, +0 pM”. (6.5.19) 


Such a gauge fixing leaves the possibility of making some residual Lorentz 
transformations of the form 


J> 2 =i Ze 
l=lp, MP” +M” = Big, =0. 
Next, since | 2., Zg} =0, the superconnection Ng, is trivial and we can write 
Z= Ê e7! G, =e E,e- © 
U=U,,M" Ê, =Ê, My TÊ, E,}=0. 
There is some inherent arbitrariness in choosing U „g. Indeed, changing e” to 
e=" = hh=hg, M" Eyhg, =0 (6.5.22) 


leaves Z, unchanged. The gauge freedom (6.5.20, 22) can be used to impose 
the gauge 


(6.5.20) 


(6.5.21) 


E?U p =Ê U p, =0. (6.5.23) 


Further, due to relation (6.5.17), the commutator [Z Zs] does not contain 
M®?-terms (see expressions (5.5.6)). In the gauge (6.5.19), this requirement is 
equivalent to 


Z Npp, =0. (6.5.24) 


Under reasonable boundary conditions, the system of equations (6.5.23) and 
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(6.5.24) has only trivial solutions, so 
Q 5, =, 


As a result, the commutator [%;,Z,g] does not involve M*?-terms, which 
leads to 


GiG,=0 = G,=0. 


In summary, it is the super Weyl tensor that measures whether or not a 
superspace is conformally flat. Superspace is conformally flat if and only if 
the corresponding super Wey] tensor is identically zero. 


6.5.3, Physical sense of conformal flatness 

We have seen that every curved superspace admits the choice of the 
Wess—Zumino gauge (5.8.1). What are the peculiar features of conformally 
flat superspaces? 

In the Wess—Zumino gauge, the residual gauge freedom consists of the 
space-time general coordinate, local Lorentz and local supersymmetry 
transformations. When our superspace is conformally flat, the above gauge 
freedom can be used to impose the gauge 


Ppr = e(o h)a (6.5.25) 
Am™=g""6,Q+ 0Y, $) 

for fields #*(x) and Q(x). Equivalently, the fields e,”, Y”, and A™ propagate 
only those modes that are generated by the Wey] transformations (5.1,28), 
the local S-supersymmetry transformations (5.1.30) and the local chiral 
transformations (5.1.29), respectively. In this and only this case, we are in a 
position to move from the Wess—Zumino gauge (5.8.1) to the gauge (6.5.2), 
applying a proper Weyl+local S-supersymmetry+local chiral trans- 
formation. As a result of equations (5.1.39, 40), the chiral compensator, 
transformed from the gauge (5.8.1) to the gauge (6.5.2), is of the form 


p(x, B)=e7 2/4 {e!) + 99, (x) + 07e !/*(x)B(x)}. (6.5.26) 


Here 2=4 and Ĥa are fields uniquely connected to the similar ones in gauge 
(6.5.25), 
Given a conformally flat superspace admitting the gauge choice 


erage” y= A"=0 (6.5.27) 
the corresponding supergeometry can be described by the superfields 


H"=5,"00 wlz)= (x +i008,6) 
_, (6.5.28) 


(x, 8)=e7 ufi +506 “oa. =| ec- ; e043 | 
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6.5.4. Anti-de Sitter superspace 
We are going to construct a supergeometry determined by 


W, =G, =0 


(6.5.29) 
R=p=const #0 
or, equivalently. possessing the covariant derivatives algebra 
{2., Za) = —21F 4 
(Zu Py = 4M, G,, Da =4uM 
fae Sp B { & At ap (6.5.30) 


LZ, Dap l= — ipezh Zg [2z Zp] = ie pZp 
[Zai Zpp] = —2plespM apt EagM af): 


It will be called the ‘anti-de Sitter supergeometry’. Clearly, anti-de Sitter 
supergeometry is conformally flat. 

One can verify that the supergeometry under consideration admits the 
gauge fixing (6.5.27). Therefore, it is within our power to take the prepotentials 
in the form (6.5.28), In accordance with the relations (6.5.13) and (6.5.29), flat 
(anti)chiral superfields @(z) and ọ(z), D,~=0, should satisfy the equations 


l 
-1 Dosu? -i D?p=jig? (6.5.31a) 


1D, In ø)D; In 6 + ié,, In(G/o)=0. (6.5.31b) 


Note that the equations (6.5.3la) coincide in form with the dynamical 
equations (3.2.9) of the Wess-Zumino model with chiral superpotentials 
L() = —(/3)*. A particular solution of the above problem is 


-1 
(x, 0) = | I— i Hux’ — re | (6.5.32) 


where x? = Hm X"x". 
From solution (6.5.32) we may read off the space-time vierbein 


er=(1 -i usa" (6.5.33) 


and the space-time metric 


ds*= ERLEEN Mma dx” dx". (6.5.34) 


1 
1 —— fix? 
( qi 


This is the metric of the well-known space from general relativity, the anti-de 
Sitter space. As a manifold, anti-de Sitter space represents locally the domain 
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of R* contained inside the hyperboloid 
x? =4/jiy. (6.5.35) 


The Lorentz covariant derivatives associated with the vierbein (6.5.33) read 


i 
Vi= e; +500" Mi 


: (6.5.36) 
oo," =- Āulô,” e— 5x’) 
2 
Where x“=ô85x", and satisfy the algebra 
V..Vil=—-huM, => 
Bie Yale Bee (6.5.37) 


Raed = — AUM aed — Nade) = A= —12fp. 


Before going further, we would like to make one comment. In general 
relativity, there are known to be two (maximally symmetric) space—times of 
constant non-zero curvature, that is, of the form 


1 
Capea =O Ras =z 92 R=const £0. (6.5.38) 


The choice #>0 corresponds to de Sitter space, and the choice 2 <0 
corresponds to anti-de Sitter space. Clearly, the set of requirements (6.5.29) 
represents the supersymmetric analogue of that in (6.5.38). So, every 
supergeometry of the type (6.5.30) can be called a ‘supergeometry of constant 
supertorsion’ (recall that supertorsion determines supercurvature). Our 
consideration shows that, for any complex y, the supergeometry described 
leads to a space-time geometry of constant negative curvature. Therefore, 
it is anti-de Sitter geometry which admits supersymmetrization. The de Sitter 
geometry cannot be extended to a supergeometry of constant supertorsion. 

Now, we formulate what will be understood by ‘anti-de Sitter superspace’. 
As a supermanifold, it is locally identified with the domain of R*!* such that 
the bodies of c-number yariables x” lie inside the hyperboloid (6.5.35). The 
relevant supergeometry is determined by the prepotentials (6.5.28), with 
(x, 0) defined as in expression (6.5.32). 


6.5.5. Killing supervectors of anti-de Sitter superspace 
To develop supersymmetric field theory in anti-de Sitter superspace, it is 
necessary to determine all possible Killing supervectors. Recall that for every 
curved superspace, the corresponding Killing supervectors (if they exist) 
generate symmetry transformations, that is, ones leaving the covariant 
derivative unchanged. 

The simplest way to find the Killing supervectors of anti-de Sitter 
superspace is to use the observation that Weyl equivalent supergeometries 
possess the same set of conformal Killing supervectors (see subsection 6.4.1). 
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Evidently, anti-de Sitter and flat supergeometries are Wey] equivalent. Above 
we have found all the conformal Killing supervectors of flat global superspace, 
hence, of anti-de Sitter superspace too. They are given by the expression 
(6.4.32), with A°(x,@) and A(x, 0) written as in expression (2.9.16). Killing 
supervectors of anti-de Sitter superspace are those conformal Killing 
supervectors which satisfy the equation (6.4.23), with g(x, 6) being the relevant 
chiral compensator (6,5.32). Solving equation (6.4.23) restricts the parameters 
in expression (2.9.16) as follows: 


1 ‘ PE 
aub” facae a= — SHE (6.5.39) 


Notice that no restrictions on the Lorentz parameters K „g appear, since the 
chiral compensator (6.5.32) is Lorentz invariant. Inserting the above 
expressions into relations (2.9.16) gives 


A(x, 0)= K", x? + »( 1 + pux’ ) - ; ipx"(b, x) + 2i80°% + 0o", ex? 
(6.5.40) 


3x, 0)= — K* 0P + ub" x’(00°č, "+1 — 202) + MEARS 


The Killing supervector associated with these superparameters can be read 
off from expression (6.4.27). 

Given a Killing supervector č=č4D, of anti-de Sitter superspace, it 
generates the operator X [č], defined by expression(6.4.38), which commutes 
with the anti-de Sitter covariant derivatives (6.5.12, 32) X [č] can be 
represented in the form 


NE= É bP y+ KPIa tR Ipe, na) 


i; 
Pa=PatzUVa Jag= ag (6.5.41) 


1 t 
a.=Q:—5 iS, Q.=Q.-5 HS: 


where Paa Jas, Jag, Qa and Q; are the super Poincaré generators (2.4.37), 
and V,a S, and 5, are the same as in expressions (6.4.37) but with 
d,.,;=d,-,=0. The operators just introduced satisfy, due to relation (2.9.21), 
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the following (antijcommutation relations 
(Qa Qs} =2P.x 
(Q,,Q,}=—4ijilse [Ox Pf] =—expuOg 
[Pras Ppp] = —2ipulessdap + &xp0,g) (6.5.42) 
[Jap QJ=ieyeQe ag Pyy] =ieyaP ay 
[ap Jya] = te (aS ays + Esad ay. 


The remaining (anti)commutators vanish or can be found by Hermitian 
conjugation, The relations (6.5.42) define the superalgebra known as ‘super 
de Sitter algebra’. 


6.6. Non-minimal supergravity 


6.6.]. Preliminary discussion 

This section is devoted to consideration of a family of supergravity-matter 
dynamical systems classically equivalent to the pure supergravity theory with 
the action (6.1.3). The existence of such systems implies that there are several 
off-shell supergravity formulations realized in terms of different sets of 
superfields, but possessing the same dynamics on-shell. 

One naturally comes to the results given below, when trying to solve the 
following dynamical problem. Suppose, we have a super Weyl invariant 
theory of supergravity coupled to a (constrained) scalar superfield ¥, As usual, 
by super Weyl invariance we understand that the total supergravity—matter 
action superfunctional S[Y¥, Z,] is unchanged under transformations of the 
form 


oo’ =e Pa PY ae 4-1-4 yp G30=0 (6,6,1) 
where is the supergravity chiral compensator, d,,, and d,_, are fixed 
numbers and øg is an arbitrary covariantly chiral scalar superfield. Suppose 
also that our system is dynamically equivalent to the pure supergravity 


theory. By equivalence we understand that one can choose a super Weyl 
gauge in which the dynamical equations of the system under consideration 


ô 
S, 2,]=0>T=0 = 6. 
xp [t2 ]=0T=0 T,=0 (6.6.2) 


imply the Einstein supergravity equations 
R=G,=0 (6.6.3) 


and vice yersa (in equation (6.6.2) T and T, are the supertrace and 
supercurrent, respectively). As a result, S[¥, 24] can be taken to describe 
the supergravity dynamics, instead of the original supergravity action. 
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Off-mass-shell, the super Weyl invariance (6.6.1) can be used to choose the 
gauge 
=i. (6.6.4) 


Then, due to relation (5.5.5), every K- and z-transformation should be 
supplemented by a special super Weyl one to preserve the gauge, and the 
transformation law of ¥ takes the form 


x Š l Se Cee am + 
bP = K” yY +3 dis KC —¢, AV? +; d,- e” (ên 2" — Y 
(6.6.5) 
instead of the original law 
oY = K“ ĉu Y. (6.6.6) 


Therefore, the superfield ¥ loses its scalar nature and turns into a density. 
In the case of non-chiral ¥, we then obtain a supergravity formulation with 
non-chiral compensator. 

The above dynamical problem is trivially solyed when setting to be 
covariantly chiral. One introduces the action 


S[®, Z,J= -5 fers E'6$0 G,o=0 (6.6.7) 
K 
obtained from the supergravity action (6.1.3) by the replacement 
o> yÒ. (6.6.8) 
Evidently, S[®, 2,] possesses the super Weyl invariance 
goog O40 Zo=0. (6.6.9) 
The corresponding matter and supergravity dynamical equations are 
F* —4R)O=0 
(6.6.10) 


(Z020 + 217, —2G,,40=0 
where we have used equation (6.3.10). Now, imposing the super Weyl gauge 
=! (6.6.11) 


reduces the action (6.6.7) to the supergravity one (6.1.3), and the dynamical 
equations (6.6.10) to the supergravity ones (6.6.3). 


Remark. The theory considered represents the supersymmetric analogue 
of the Weyl invariant version of the Einstein gravity described by the action 


S{e.”,C] -5 n GS d- i {vecv,c+ : ac?) (6.6.12) 
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where C is a scalar field. This action is obtained from the gravity action 
(6.6.1) by the replacement 


e," — e, "Ct (6.6.13) 
so it is explicitly Weyl invariant. 


In the remainder of the section we shall analyse another, non-chiral, choice 
with being a ‘complex covariantly linear scalar superfield’ defined by 


(Z?7—-4R)\¥=0 YP ((Z?-—4R)¥ 40). (6.6.14) 


Wishing to work with unconstrained superfields only, one must represent, 
due to relations (5.5.10), the superfields ¥ and ¥ in the manner 


PaF,7 P=9%, (6.6.15) 


with y, being a spinor superfield. Then, any theory of the superfields ¥ and 
Ẹ¥ can be equivalently treated as a gauge theory of the superfields y, and J4 
possessing the gauge invariance 


Ox, = Dg Aag = Age (6.6. 1 6) 


In such an approach, ¥ and ¥ appear as gauge invariant superfield strengths. 
One more useful representation for ¥ follows from the relations (5.4.2) and 
(5.4.23), The requirement (6.6.14) means that 


W=F-?y y=e™ 
By == ; 


It is seen that every complex covariantly linear superfield ¥ is determined 
by a flat complex linear superfield ĵ. 


(6.6.17) 


‘6.6.2. Complex linear compensator 

We begin by examining the question: what are admissible superconformal 
weights d|,, and d,_, for which the transformation law (6.6.1) is consistent 
with the constraint (7? —4R)¥ =0? Under the super Weyl transformations 
(5.5.13), the operator (@*—4R) changes as 


(2? —4R)+e- (Z? —4R)e* + M,g-dependent terms. (6.6.18) 
Therefore, the most general transformation law for is 
YP’ =exp[—d.,—a]¥ (6.6.19) 


with d+) being arbitrary. The same result also follows from relation (6.6.17). 
Indeed, the relation (6.6.17) shows that P depends explicitly on 6 as Y œ g@~* 
(recall, F oc @'/?~p~ *) and can be taken to depend on o as ¥ œ o7 *-' by means 
of the redefinition y+ o~ 4+, 


Remark. It is not difficult to check that the spinor superfield ž¿, which 
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arose in expression (6.6.15), should transform according to the rule 
3 ay ¢_ 3s |e 
u=z=o (1 -d jo-32 |j (6.6.20) 


to produce the law (6.6.19). 

Further, we restrict ourselves to the consideration of cases with real d}; #1, 
The choice d;,,=1 seems to be very special, since here the representation 
defined by the law (6.6.19) becomes reducible, and the constraint Y = can 
be imposed. The case d,,,=1 will be studied in the next section. By tradition, 
we will write d,,, in the form 


1—3n 


d\_\= 
3n+1 


n# —1/3, 0. (6.6.21) 
The action superfunctional invariant under the super Wey! transformations 


3n— 
p> =e pawsa oa | G=0 (6.6.22) 


reads 


1 ” 
S= | dir ETHPp EN, (6.6.23a) 


Note that the superfield ¥*, 41, is not linear and so the choice of the super 
Lagrangian in the form (¥)* seems to be natural, With the help of the 
relations (5.4.19) and (5.5.4), the action can be rewritten in terms of the 
supergravity prepotentials and the superfield y (6.6.17): 


Sw =< [ars Priloge Gyt, (6.6.23) 


The constant (1/n) has been introduced into the action to normalize Ê" 
(E"x(1+@8Y)"=1+4+n070°L). The action (6.6.23) was studied by W. 
Siegel and S. J. Gates. Below we shall show that it describes supergravity. 
This supergravity formulation is known as ‘non-minimal supergravity’. 


Remark, Let us set n= — 1/3 in equation (6.6.23b). Then, the superfields y 
and ¥ drop out of the action and we recover the supergravity action (6.1.4). 
So, the choice n= — 1/3 is said to correspond to the minimal supergravity 
described in detail above. 

Owing to the super Weyl invariance of Sw, we are in a position to impose 
the super Weyl gauge (6.6.4). After doing this, the supergravity gauge group 
acts on according to the law (6.6.5), where d,_,=1 and d,,, is given in 
equation (6.6.21). Now, let us determine the transformation law of the 
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superfield } (6.6.17). F changes according to the rule 
6F? =K“ ôy F — (e0 JF? +e MGA" — 0,44) F2— ; (ea nD" — 8,44) F* 


where we have used equation (5.4.14) and the fact that in the gauge (6.6.4) 
every 4-transformation should be supplemented by the super Weyl 
transformation with ¢=—4e"(é,,4"—6,A"). Next, the operator e” changes 
as in relation (5.4.14). As a result, one arrives at 


= (Aan + AF8) — P29) EET (oul yi (6.6.24) 


It is worth recalling that here the parameters 4" and A“ are §-independent 
while 2, are arbitrary. On these grounds, the variation 6} turns out to be 
linear, 
o7=0 = Fdp=0. 

A complex linear superfield }, 6?) =0, transforming by the law (6.6.24) under 
the supergravity gauge group, is said to be a ‘non-minimal supergravity 
compensator’ or, simply a ‘complex linear compensator’. 

The arbitrariness in the choice of 4, can be used to eliminate the 
compensator, that is to impose the gauge 

JER (6.6.25) 

Then, the parameters of residual gauge transformations should obey the 
constraint 


(3n+ LA, =(n Aini" — Âp"). (6.6.26) 


6.6.3, Non-minimal supergeometry 

Up to a factor, the action (6.6.23) is obtained from the minimal supergravity 
action (6.1.3) by changing the chiral compensator œ to the super Weyl 
invariant combination 


oppor- auld 3n- (6.6.27) 


This observation can be used for constructing super Weyl invariant and 
generally covariant derivatives. Namely, let us introduce the set of operators 
D,=(D,, D,, D*) as 


D = U2, — A2 UMa = U= [Pt Pr] “Bn 10780 
(6.6.28) 


D,=U2,—-A°P*0)M,, D,= -iDa D,}. 


Owing to the scalar nature of ‘P, the operators D , change covariantly under 
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the supergravity gauge group; 
A | 
D,-D,=e" De“ X =K 2u ts K? M a (6.6.29) 


Since D,in(U*0?)40, Dy are obtained from the minimal covariant 
derivatives 2, (possessing the algebra (5.5.6)) by applying a special 
generalized super Weyl transformation (compare with equation (5.5,13)). It 
is a simple exercise to verify that the derivative D, are invariant under the 
minimal super Weyl transformations (6.6.22). That is why one can impose 
the gauge ø = l and this does not spoil the transformation properties (6.6.29). 
Covariant derivatives D, obey (antijcommutation relations of the form 
(5.3.53), and the corresponding supertorsion tensors will be denoted as T,. 
R, Ga and Wap. With the help of straightforward but tedious calculations, 
one can check that they are expressed in terms of the supertorsions R., G, 
and W,,., associated with the minimal covariant derivatives Z,, as follows: 


T,=D,T T=In(U*O?) 


R= — (2? —4R)0? Wag, = D U Waf; (6.6.30) 
G4.= OUGa+=(D, In U)D, In U + D:D, In(U?0- »-i D,D;1n(0?U~'), 


Finally, the linearity condition (6.6.14) proves to be equivalent to the following 
relation 


2 
Mier eo o,t*+( = ) tT (6.6.31) 
3n+] 3n+] 


which is known as the ‘non-minimal supergravity constraint’. The covariant 
derivatives algebra (5.3.53) under the constraint (6.6.31) defines the 
‘non-minimal supergeometry’, 
Remark. Representing D, in the form 
l 
D,= Eso +5 Va" Mye (6.6.32) 


and defining the Berezinian of the non-minimal supervierbein 


E=Ber(E,™) 
one readily obtains 
E=E£(UU)* = (PY) r+, (6.6.33) 
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Therefore, the action (6.6.23) can be rewritten as 
Sim = ae [ave Eq, (6.6.34) 
ne 


In such a form, S looks completely similar to the minimal supergravity 
action (6.1.3). 


6.6.4. Dynamics in non-minimal supergravity 
We are going to show that the supergravity-matter theory with the action 
(6,6.23) is dynamically equivalent to the Einstein supergravity. 

Dynamical equations corresponding to the action S) are 


T,=1,=0 (6.6.35) 
and 
G,=0. (6.6.36) 
Note that the equations (6.6.35) lead to 
R=R=0 (6.6.37) 


owing to the non-minimal constraint (6.6.31), Let us comment on the 
derivation of equations (6.6.35, 36), First, it is necessary to vary S with 
respect to Y and ¥. Any variation 6¥ satisfies the constraint (2? —4R)d¥ =0, 
but it can be represented, due to (6.6.15), in the form Y = 2,874, with d7* 
being arbitrary. Then, simple calculations give equation (6.6.35). Secondly, 
it is necessary to find the supercurrent and to set it to zero. To determine 
the supercurrent, one must calculate the variation 


öns = [ars p= TAa AA a G 1yj2 Sin 


=e ais. IHD 5 


Ye Ax is =e Xá 


where @~', 9, and VA are defined by equations (5.6.40, 57-59) with c=a=0. 
Then, one obtains (6.6.36). 

Consider the consequences of the dynamical equations. From relations 
(6.6.30) and (6.6.35) we deduce 


1 3n—! ~ 
u=esp| pio Gp=0 = v=exp| o- | 


for some covariantly chiral scalar superfield p. Hence, due to the super Weyl 
invariance (6.6.22), the super Weyl gauge 


Y=1 (6.6.38) 


is admissible on-shell, Under this gauge fixing, the equations (6.6.36) and 
(6.6.37) reduce to the Einstein supergravity equations (6.6.3), as is seen from 
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relations (6.6.30). Thus, the action S describes the Einstein supergravity, 
for any n# —4,0. The §,,, is known as the ‘non-minimal supergravity action’. 

The equivalence of the two theories with classical actions Sṣg (6.1.3) and 
Sin tespectively, can also be seen as follows. Consider the auxiliary 
supergravity—matter model with the action 


S[V, ®, A = fe E- 1 fione 1jy/2_ l Vpenisnt 1) 
AK 


5 ant 1 yosin- aj (6.6,39) 


where V is an unconstrained complex scalar superfield and © is a covariantly 
chiral scalar superfield, ,0=0, The action is invariant under the super 
Weyl transformations 


(6.6.40) 


Varying S[V, ®, Z,] with respect to ® and © gives 
(Z*-4R)V=(Z?—-4R)V=0 = V=¥ 


with ¥ a complex covariantly linear scalar superfield. Then we have 
[ats Ent ypoatsett) i [ave E`! gsnan+ yg? —4R)V =0 
4 R 


and the above superfunctional reduces to the non-minimal supergravity 
action. On the other hand, imposing the dynamical equations for V and F 
makes it possible to eliminate these superfields. As a result S[V,®,2,] 
reduces to the action (6.6.7), which represents the super Weyl invariant 
version of the minimal supergravity action, Therefore, the minimal and 
non-minimal supergravities are dually equivalent. 


6.6.5, Prepotentials and field content in non-minimal supergravity 

Now it is time to discuss the results obtained. We commence by recalling 
that imposing the conforma] supergravity constraints (5.3.15) leads to the 
covariant derivatives algebra (5.3.53) and expresses all the supergeometry 
objects in terms of the unconstrained superfields N,", W™ and F (with N,", 
W* and W, purely gauge degrees of freedom). The minimal supergeometry 
formulation is characterized by one more constraint (5.5.1) manifesting the 
fact that F becomes a function of W™, W™, @ and @, where @ is a 
-independent superfield, ¢,=0. The superfields N,“, W™ and @ are the 
prepotentials of minimal supergravity. The non-minimal supergeometry 
formulation is characterized by the set of constraints (5.3.15) and (6.6.31), 
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where n# —4, 0. The last constraints leads to the fact that F becomes a 
function of W™, W™.4 andj, where 7 is a superfield under the restriction 
é?4 =0. The superfields N,“, W™ and 9 are the prepotentials of non-minimal 
supergravity, Clearly, the requirement 7,@=0 is stronger than 5,0") =0. 
As a consequence, 7 describes more field degrees of freedom than @, and the 
non-minimal algebra (5.3.53) looks much more complicated than the minimal 
algebra (5.5.6). That is why we use the term ‘non-minimal’. 

With respect to the supergravity gauge group, the prepotentials W™, @ 
and ĵ are characterized by the transformation laws (5.4.14), (5.5.5) and (6.6.24), 
respectively. In both minimal and non-minimal supergravities, one can gauge 
away the compensators resulting in @=1 and j}=1. Then we end up with 
residual gauge transformations constrained by equation (5.1.32) in the 
minimal case and by equation (6.6.26) in the non-minimal case. Such a gauge 
fixing does not seem to be the most useful, The point is that equation (6.6.26) 
restricts the parameters À and this makes it impossible to gauge away all 
W* and W, The most useful gauge choice is the following. In both minimal 
and non-minimal supergravities, it is in our power to choose the gravitational 
superfield gauge (5.4.38) supplemented by the Wess—Zumino gauge (5.1.17). 
Residual gauge invariance is described by the superparameters (5.4.42), 
(5.1.18). Then, the local scale+y.-transformations and the local S- 
supersymmetry transformations can be used to bring the minimal and 
non-minimal compensators into the form: 


Olx, 0)=1+ 6? B(x) (6.6.41a) 
and 


(x, 0, D= 1+ 0% p,(x) + 8? B(x) + B0°Bv,(x) +078, 0%(x). (6.6.41) 


Here B and v* are complex scalar and vector fields, respectively, p, and ¥* 
are spinor fields. The real vector field A” from(5.1.17)and the fields presented 
in expressions (6.6.41a) and (6.6.41b) do not propagate on-shell. So, the 
minimal and non-minimal supergravity formulations have the same 
dynamical fields, the graviton and the gravitino, but different sets of auxiliary 
fields. 


6.6.6. Geometrical approach to non-minimal supergravity 
Non-minimal supergravity has been introduced above in the dynamical 
approach as the supergravity—matter system classically equivalent to Einstein 
supergravity. Remarkably, it possesses a purely geometric realization 
analogous to that developed for minimal supergravity in Section 5.1. Here 
we describe the approach suggested by E. Sokatchev. 

Consider complex superspace C*!* parametrized by four complex c-number 
coordinates y” and four complex a-number coordinates: undotted 6% and 
dotted Djs B,#&,:(6")* =£. Coordinates will be unified in 


CM = (y, gH Pa) and EM =( y™, 0H) (6.6.42) 
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looking on é™ as the coordinates of some complex superspace C*'?. We take 
the point of view that C4! is the trivial fibre bundle over base C*!? with fibre 
C2, Then. natural coordinate transformations on C‘*!* are ‘triangular’ 
transformations of the general structure: 


ym=f"y.8) P=) — py=Silys OB) (6.6.43) 


oN N 
Be( E) #0 => Ber( Š) #0. 
ĉ 


with 


4 ogM 
The infinitesimal form for such transformations is 
y" =y" — Ay, 0) 
0 = 64 — Ay, 0) (6.6.44) 
Pi=Pp—A4Ay, 9, p) 
with 4", 4“ and 4, being arbitrary superfunctions of the proper arguments. 


The supergroup of coordinate transformations (6.6.43) has a natural family 
of subgroups, each of which is singled out by a restriction of the form 


el | eal 
B =| Ber| — 6.6.45 
| e(a er a ( ) 


for some real number n. In the infinitesimal case, this restriction coincides 
with equation (6.6.26). 

Further, let us define an embedding of real superspace R*!*, parametrized 
by coordinates x”, 6“ and 6, into our superspace C*'* in the manner: 


ye+pr=2x™ y" f™=2i 9K "x, 0, 9) 
pi —H=H4(x,0,0) > p,—F, =H Ax, 0,9). 


Here W" and #* are superfields on R*!4 which determine the embedding. 
Obviously, every coordinate transformation (6.6.44) induces, first, the 
coordinate transformation on R*!*: 


(6.6.47) 


Payer -5 AX +16 0-5 2™(x —i% 0) 
G4 = G4 — J4( x +1546 8) (6.6.47) 
and secondly, the change of superfields #” and #%;; 
(x! 0, 8) = 26" (x, 8, 8) + A(x +196 6) = Ixia (6,6484) 


Fx 0,8) = Æx 0, + xi dti (6.6.48b) 
Here (x +is#) and (J+ Æ) mean (x" +i") and (8, + #;), respectively. 
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Based on the above consideration, one can make the following proposal. 
For a given real n#0, the supergravity gauge group is the supergroup of 
coordinate transformations (6.6.43) constrained by (6.6.45). A curved real 
superspace is described by a ‘generalized gravitational superfield’ 


H (2) = (2) =(H6"(z), H(z), H jz). (6.6.49) 


The supergravity gauge group acts on #™(z) according to the law (6.6.48). 

Let us argue the given proposal. To start with, consider the case n= — 4. 
Then, the left-hand side in restriction (6.6.45) is identically unity, and the 
superparameters A, in expressions (6.6.44) and (6.6.48b) are completely 
arbitrary. On these grounds, we are able to impose the gauge 


H“ =(39" 0, 0) 


After this, we arrive at the Einstein supergravity formulation described in 
subsection 5.1.3. 

Next, consider the case n+ —4, 0. We intend to show that there is a special 
gauge in non-minimal supergravity under which the situation described above 
is realized explicitly. In non-minimal supergravity, the prepotentials are N#, 
W™ and ĵ. The invariance under the superlocal Lorentz group can be used 
to set N,4=6,". The invariance under the general coordinate transformation 
supergroup can be used to gauge away Re W™ (leaving some part of Re W™, 
if we wish) and W”. As a result, the following gauge 


Panopio HM HH 

egr = 64 eg, = 8, + F lx, 8, 8) 

is admissible. Evidently, this gauge fixing is weaker than the gravitational 
superfield gauge (5.4.38). So, the choice (6.6.50) will be called the ‘generalized 
gravitational superfield gauge’. Under equation (6.6.50), every A-transformation 


should be supplemented by some K-transformation to preserve the gauge. 
Similarly to the derivation of equations (5.4.40-42), one now finds 


de= Koye — eTM y 


(6.6.50) 


where 
AM = (A(x, 0), AM(x, 8), 24x, 0. @) 


Ka Mati a); Pixi 8) (6.6.51) 


K*=M(x+i9h 0) Ky, =7,{x—-ixf 0) 
and the transformation laws 
5" = KG" + : Ax +i 8) == x-i 8) 


(6.6.52) 
H, =K” yH, + Tx iE D— idx +i 8. G+). 
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It is seen that the relations (6.6.52) coincide with those in (6.6.48). Finally, 
imposing the gauge }=1 restricts superparameters 4“ in accordance with 
equation (6.6.26). 


6.6.7. Linearized non-minimal supergravity 

In conclusion, let us describe a linearized version of non-minimal 
supergravity. Recall that the same construction for minimal supergravity was 
described in Section 6.2. Similarly to the minimal case, it is now convenient 
to use the prepotential parametrization described in subsection 5.6,! and the 
chiral representation defined by equations (5.6.15, 16). Upon imposing the 
A-supergroup gauge (5.6.18) and the super Weyl gauge ọ = |, the non-minimal 
supergravity action (6.6.23b) turns out to be a superfunctional of the 
prepotentials H* =H’, 7 and 3, with y being a fiat linear complex superfield, 
D*»=0 (D*y #0). The action reads 


| 4 AX pein 
Syms | ae W2 fre ie Ni 1)/2 Bn (6.6.53) 


Here the objects H and Ê are exactly the same as in equation (6.2.2). The 
action is invariant under the gauge transformations 


de 7H = Ae? ne HA 
(6.6.54) 


1 
5y =(A%0,+A*D,)y + DAA) +2 (6, A1 — DA"). 
3n+1 
The explicit form of the gauge parameters A=A“D, was given in equation 
(6.2.3). 

The set of superfields { H" =0, y = 1) constitutes a stationary point of (6.6.53) 
corresponding to flat global superspace. To linearize at this stationary point, 
we must expand the action up to third order in the superfields H“, T and [, 
being defined by 


y=14T D*7r=0 (Dr #0). (6.6.55) 


Since the relevant computational work has been done in subsection 6.2.1, 
here we reproduce only the final result: 


1 n+1 
SMdn-min.sc = [ers i TE H “*DID?DsH aa t Bn (One **)? 


n+1 we i Hata (T-T) 


t E (Dx B,JH™)? — 


3n+1 


H**(D,D,l —D,D,T) 


(3n+1)? a 9n? 


+ ry! r+} (6.6.56) 
4n 8n 
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Note that we have made the rescaling H° > KH", I — KT. The action obtained 
is invariant under the gauge transformations 


6H,,=D;L, —D, Es 
(6.6.57) 


ôl = —-——_ D’*D“L, He | DDL, 
n+1 
L, being arbitrary. The equation (6.6.57) presents the linearized version of 
equation (6.6.54). 
One can readily see that the theories (6.2.5) and (6.6.56) are equivalent. It 


is sufficient to construct an auxiliary model realizing the dual transform for 
these theories. In the role of such a model, one can choose 


S[H, 0, V]= fasz f- — H*DÉD’ DH p io (at a=? 


+ (Ds D,JH*? venones i H™3,4(V —P) 


-n+l yD, Div -D;D, yyy Sart Ww 
9n*-1 5 
a + V*)-—3(Vo+ ra} (6.6.58) 
n 


V being an arbitrary complex scalar superfield. As a result, the theories (6.2.5) 
and (6.6.56) describe two on-shell massless super Poincaré states of 
superhelicities (— 2) and 3. 


6.7. New minimal supergravity 


In the previous section, we have carefully ayoided dealing with the value 
n=0. This case, similar to n= —4, turns out to be very special, for at least 
three reasons. First, the ¥-transformation law (6.6.22) is consistent with the 
constraint ¥ =P if and only if n=0. Secondly, the action superfunctional 
(6.6.23) becomes ill-defined for n=0. Thirdly, the prescription for the 
construction of super Weyl invariant and generally covariant derivatives, 
given in subsection 6.6.3, does not work here, Now, we get down to n=0, 


6.7.1. Real linear compensator 
The chief hero of our subsequent considerations will be a real covariantly 
linear scalar superfield L: 


(2° —4R)L=(2* —4R)L=0 t=L (6.7.1) 
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There exists a covariantly chiral spinor superfield 7, such that 


l 
L =5 (P+ BH") Fn, =. (6.7.2) 


Clearly, n, 1s defined modulo redefinitions of the form: 
Ny = Na + (FG? —4R)Z,K K=K (6.7.3) 


with K being an arbitrary real scalar superfield. So, every dynamical theory 
of L can be equivalently treated as a gauge theory of the superfields n, and 
Ña with the gauge invariance (6.7.3), 

Owing to the identities (5.4.23) and (5.4.2), the conditions (6.7.1) lead to 
ai 6,0") =0 


ws 


z 6.7.4 
=e y arð =O, ( ) 


Therefore, L is determined by some superfield } satisfying two equations: 
Oj=0  p=(j*=e"" (FF 5], (6.7.5) 

Note that in the case of a complex covariantly linear scalar superfield ¥, the 

superfield 4 defined by (6.6.17) and its conjugate } are independent. In 


accordance with equation (5.5.4), the reality condition (6.7.5) can be rewritten 
as 


E (ie) 4 
igi se| eMo’ | (6.7.6) 


where p=e7ġ and =e", Then, making use of the identities (1.1.13, 14) 
leads to the very elegant formula: 


$$ =G e e), (6.7.7) 


Suppose, the supergravity chiral compensator acquires some displace- 
ment. To preserve the linearity condition (6.7.1), L should also acquire some 
change. Remarkably, the transformation law of L is uniquely fixed. Due to 
relation (6.6.18), one finds 


ery =ep Llal'=e "= Go=0. (6.7.8) 


Remark. To produce the relations (6.7.84), the chiral superfield n, (6.7.2) 
should be transformed according to the law 
Ayn. =e” 37/7 ny. (6.7.8) 

An action superfunctional possessing invariance under the super Weyl 
transformations (6.7.8) can be obtained from the non-minimal supergravity 
action (6.6.23), if one suitably defines the limit n-+0. Namely, let us set 
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Y=P=L in S and take the limit n +0: 
1 8 =} 3 8 =—1 
Sin = d°z E LF d°z E-*LInL. 
nk? K 
The first term here vanishes identically, since 
8 -t l 8 E- ‘ 2 
d§z E~'l=—- | d*z —_(4*—4R)1L=0 (6.7.9) 
4 R 
Thus we obtain the action 


3 ; 

s=3 fats E“ vin 1. (6.7.10) 

K 

It is invariant under the super Weyl transformations (6.7.8), since 
(E-'L)'=E£7*L 


and, therefore, 


S= EA fez E`'L{o+ē} 
K 


g a 8 afz 52 La if 
ra 2E~') 7 (@?—4R)L +5 (2°—AR)L (=0. 


The superfunctional (6.7,10), known as ‘the action of new minimal 
supergravity’, was invented by P.S. Howe, K.S. Stelle and P. Townsend and 
independently by S. J. Gates, M. Roček and W, Siegel. 

Owing to the super Weyl invariance (6.7.8), one can impose the gauge 
o= 1. Then, the transformation laws of L and } under the supergravity gauge 
group take the form 


6L=K™Gyb + (eani — 8AP) + (e (ên A" -87L (6.7.11) 
and 
59 = 94 =6,(2"9) ADEA) (6.7.12) 


respectively. The derivation of equation (6.7.12) is the same as of equation 
(6.6.24) (formally, equation (6.7.12) is obtained from equation (6.6.24) by 
setting n=O). The superfield } constrained by equations (6.7.5) and 
transforming by the law (6.7.12) is said to be ‘real linear compensator’, 

Due to arbitrariness of the superparameters A, in equation (6.7.12), it is 
possible to choose the gauge 


j=l. (6.7.13) 


In this gauge, the residual gauge transformations are generated by 
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superparameters 4™ constrained as 
(1*4)=0. (6.7,14) 
Next, from equation (6.7.6) we deduce 


(1-e¥)=(1-e"), (6.7.15) 


Therefore, imposing the gauge (6.7.13) restricts the prepotentials W™ 
according to rule (6.7.15), 


6.7.2, Dynamics in new minimal supergravity 
Our next goal is to show that the supergravity—matter system with action 
(6.7.10) is dynamically equivalent to Einstein supergravity. 

Using relations (6.7.2), we represent S in terms of the (anti)chiral superfields 
fix and Nas 


3 
re [ars E- (D+ 2n”) T, + Fy). 


This model, considered as the dynamical system of the supergravity 
prepotentials and the superfields n, and ña, is characterized by the dynamical 
equations 


Sansa | T4s0 (6.7.16) 
dn, Ôa 


with T and T,, being the supertrace and supercurrent, respectively. In 
accordance with the variational rules for (anti)chiral spinor superfields 
(6.3.52), the equations of motion for n, and 7, are 


(Z* —4R)@, In L =(2? —4R)F, ln L=0. (6.7.17) 


Here we have used equation (6.7.9) and the fact that variations dy, and 
oj, must be covariantly chiral and antichiral, respectively, hence 
61 =9*5n,+D,67*) is covariantly linear. The supercurrent of the theory 
under consideration can be found in the same way as was done in subsection 
6.3.3. for the theory (6.3.49). The result reads 


K? Ty4=L{2G,,+(F, ln LF, in L- [2n 2] In L} 
+5 nel? —4R)%, ìn tS nF? —4R)2, ln L (6.7.18) 
or, after taking into account equations (6.7.17), as 
Kk? Ty, = L{2G,44+ (21n L)Z; In L— [2y 2] In L}. (6.7.19) 


The general solution of equations (6.7.17) is 
L=ẹ7°-? Bp=0 (6.7.20) 
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for some covariantly chiral scalar superfield p. Then, the super Weyl 
invariance (6.7,8) can be used to gauge away p. In other words, the gauge 
choice 


L=] (6.7.21) 


is admissible on-shell. After this, the linearity condition (6.7.1) means R =0, 
and the dynamical equation T,,=0 implies G,,=0, As a result, we obtain 
the Einstein supergravity equations, 

In summary, we have shown that the action (6.7.10) leads to the same 
dynamics as the supergravity action (6.1.3), So, the action (6.7.10) can be 
taken in the role of the Einstein supergravity action. This supergravity 
formulation is known as new minimal supergravity. The term ‘new minimal’ 
is used due to the fact that the chiral superfield (the compensator of the 
minimal formulation is chiral) and the real linear superfield (the compensator 
of new minimal formulation is real linear) carry equal numbers of bosonic 
and fermionic field degrees of freedom, 4 real bosonic ones +4 real fermionic 
ones. 

There is one more way to establish the equivalence of the supergravity 
theories (6.1.3) and (6.7.10). Consider the auxiliary model with the action 
superfunctional 


SCF, L, aJ=4 ferz E~(Vi—e") (6.7.22) 


where V is an arbitrary real scalar superfield and L is a real covariantly 
linear scalar superfield. The action turns out to be invariant under the super 
Wey] transformations 


y'=e"o V=V-o-G Use "lL Gyo=0. (6.7.23) 


It may be seen that V can be interpreted as a gauge superfield or the super 
Weyl group. Varying the action with respect to V gives the equation V =1n L, 
which can be used to eliminate V. Then one obtains the new minimal 
supergravity action. On the other hand, by varying S[V, L; 24] with respect 
to the (anti)chiral superfields 7, and n, from which L is composed, we 
obtain the equations 


(Z?—4R)P,V =(2° —4R)G,V =0, 
which have solutions 
V=InO+ind6 G,o=0 
for some covariantly chiral scalar superfield. After doing this, our action 
reduces to the action (6.6.7) representing the super Weyl invariant form of 


the Einstein supergravity action (6,1,3). As a result, the minimal and new 
minimal supergravity formulations turn out dually equivalent. 


556 Ideas and Methods of Supersymmetry and Supergravity 


6.7.3. Gauge fixing and field content in new minimal supergravity 

Upon fixing the superlocal Lorentz invariance (by setting N,“=6,“) and the 
super Weyl invariance (by setting o=1), new minimal supergravity is 
described by the prepotentials W™ and 3, with W™ being arbitrary and 7 
subject to constraint (6.7.5), These superfields possess the transformation laws 
(5.4.14) and (6.7.12), respectively, under the K- and /-supergroups, Above 
we have pointed out that the 4-invariance can be partly fixed by imposing 
the condition (6.7.13), which requires the prepotentials W™ to be constrained 
as in (6.7.15). Then, one ends up with residual /4-transformations under 
equation (6.7.14) and with arbitrary K-transformations, The latter can be 
used to take the generalized gravitational superfield gauge (6.6.50). In this 
gauge, we have 


fi) dti") 
det(d",+ ÊP) 


where Ê, and Ê‘ are defined by equation (5.4.43). So, the requirement (6.7.15) 
takes the form 


(l'e (6.7.24) 


det(d,,"+i6,,90") detl HÊ) _ 


— _™ =], 6.7.25 
det(5,,"—i2,,#") det(o", + E“#,) 


Remark, To derive equation (6.7.24), one can consider the change of 
variables 


XM =X i" [otin 0 Oy 
2M =M= OH = OH = Hel ig A 0 
Dun = t+ # i iia A HR, 
(6.7.26) 


and use the relations (1.11.17) and (1.10.64). 

In subsection 6.6.6, we saw that minimal (n= —4) and non-minimal 
(n+ —4, 0) supergravities can be treated as gauge theories of an (unconstrained) 
generalized gravitational superfield 4°“ =.™ with the gauge group being 
the supergroup of coordinate transformations (6.6.44, 45), It follows from the 
above consideration that in the case n=0 such a treatment leads to a theory 
differing from new minimal supergravity. New minimal supergravity is to be 
understood as follows. It is the gauge theory of a generalized gravitational 
superfield X~“ =#%™ satisfying the constraint (6.7.25). The gauge group is 
the supergroup of coordinate transformations (6.6.44) under the unimodulanty 


condition 
avin 
Ber( = )= (6.7.27) 


which coincides with constraint (6.6.45) for n=0, The gauge group acts on 
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X~ according to law (6.6.48). Note that requirement (6.7.14) gives the 
infinitesimal form of requirement (6.7.27), 

Instead of imposing the gauge }=1, let us take another, more convenient, 
course. The K- and /-transformations can be used to choose the gravitational 
superfield gauge (5.4.38). In this approach, the gravitational superfield 
X~ =H" is unconstrained, but the compensator ĵ is governed by the 
equations 


5=0 j= e w (6.7.28) 


where W= W™3„ is some functional of #™ (see equations (5.4.38)). 

In the gravitational superfield gauge, the residual gauge invariance is 
described by the superparameters (5.4.42). It is in our power to choose the 
Wess—Zumino (5,1.17) for our exploration. Since now #°=0, we have 


WM mise +; 6,9" 


and the requirements for ĵ take the form 
5=0 f= $4+2i(5H)—29H HX) (6.7.29) 
where W= "fn It follows from here that } has the structure: 
Hix, 0, A= C(x) + %0,(x) + F,0%(x) + 00°Ov,(x) + 078,2%(x) (6.7.30) 


with C(x) being real. Further, the transformations surviving in the 
Wess-—Zumino gauge are described by the superparameters (5.1.18). In 
accordance with the law (6.7.12), the Weyl and local S-supersymmetry 
transformations (corresponding to the parameters o and n” in (5.1.18)) can 
be used to gauge away the components C and Ø, to give 


Wx, 6, =e7(x)1+00°Av,(x) + 670,£ (x). (6.7.31) 


Here the factor e~' is introduced to make the fields v, and [* scalars with 
respect to the space-time general coordinate transformations (setting 
A™=b"(x) and A“=A;,=0 in equation (6.7.12) gives 6)=2@,,(b"))). Now, the 
reality condition (6.7.29) means 


D, =v, + 2ieé,(e~ 'e,”) 
eal e(a" syete) |=0 


C?=—2ed,(e~ *¥""), (6.7.32b) 
The system (6.7.32a) has the solution 


(6.7.32a) 


and 


vb, =W, + 2A,—ied,(e~ 'e,™) (6.7.33) 
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where 


1 a 
w= ew’ Bia emni By (g9! 23 e) 


= (6.7.34) 
Byr= — B= Bpr 
We see that the only independent component of ĵ is an antisymmetric tensor 
field B,, possessing the gauge invariance 


By =Cmfi— Gh k (6.7.35) 


There is no mystery in the appearance of B,, and corresponding gauge 
invariance. One can easily recognize B,, as a component field of the (anti)chiral 
superfields 4, and n, from which L (and }) is composed. Next, the invariance 
(6.7.35) represents a fragment of invariance (6.7.3). 

The most important feature of new minimal supergravity is that its 
component gauge group includes not only the space-time general coordinate, 
local Lorentz and local supersymmetry transformations (as in the minimal 
and non-minimal versions), but the local chiral ones also. It is worth 
reminding ourselves that the Weyl and local S-supersymmetry transformations 
have been used to achieve the gauge (6.7.31), If one chooses in the law (6.7.12) 


i 
"=0 j?* =- 26" 
4 } 5 


gees Vea -5 28, —B,96"2,0 
which corresponds to some }/,-transformation, then the result will be 
ôv =e df *=—i6,(Q¥™) 


hence 
5A,=10,2 phi gy™, 
2 2 


These are exactly the ),-transformation laws (5.1.29), 

Owing to the equivalence of minimal and new minimal supergravities, 
the fields A,, and B,,, do not propagate on-shell. They are the auxiliary fields 
of new minimal supergravity. At the same time, A,, and B,,, are gauge fields 
for the local chiral invariance and the invariance (6.7.35), respectively. One 
can check that Am and Bmp enters the action (6.7.10) as 


[ateer{ciwting + Cow" (6.7.36) 


C, and C, being non-zero constants. Here w” is defined in equation (6.7.34), 
The non-dynamical nature of A,, and B,,, is now explicit. 
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6.7.4. Linearized new minimal supergravity 
A linearized version of the new minimal supergravity can be obtained by 
means of direct examination of its action superfunctional (6.7.10) or by finding 
a dual transform for the linearized minimal supergravity action (6.2.5). We 
choose the second course. 

Let us consider a globally supersymmetric theory which is described by 
unconstrained real vector and scalar superfields H° and U as well as by a 


chiral scalar superfield o, Dyo=0, and its conjugate ¢. The action 
superfunctional is given by 


S[H, U, o]= ferz -i H™DPD*D 5H, O a + = ((D,, D,JH**)? 


+ u(; [D,, D,JH**—30— 3) -i v} (6.7.37) 


and turns out to be invariant under the gauge transformations 
ôH ak = D;L, = D.L; 


5U =, 0D'L+ D,D?L*) (6.7.38) 
éo=—- D’*D*L, 
12 


L, being arbitrary. Note that the variation 6U is linear, D*6U =0. 

The equation of motion for U makes it possible to express U via the other 
superfields. Then, the action (6.7.37) is reduced to the linearized supergravity 
action (6.2,5), On the other hand, the equation of motion for ø means nothing 
more than the linearity of U, 


U=U=0 B?U=0. (6.7.39) 


Then, ø and & drop out of the action and it takes the form: 


Sw MIN.SG 7 farz i -5 H™ DPD? DpH a -; (fz HH) 


; 1 3 , 
+ = ((D,, D,JH**)? + = UD D,)H™ = U7 L (6.7.40) 
This superfunctional represents the linearized version of the new minimal 
supergravity action. It is obviously invariant under the transformations 


ÔH z= D;L, a5 D,L; 
(6.7.41) 


5U =1 (DDL, + D,D*L4 


where L, is an arbitrary spinor superfield. 
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Using the invariance (6.7.41), one can set the gauge 
U=0. (6.7.42) 
Parameters of the residual gauge transformations are constrained by 
D*D*L,+D,D?L*=0 
which has the solution 
L,=iD,K +iD%f,, K=K. 
As a result, in the gauge (6.7.42) we end up with an invariance of the form 
6H,=¢,K +i(A, —A,) 
K=K D,jA,=0. 


Remarkably, one can look upon this law as a simultaneous generalization 
of ordinary Yang-Mills and super Yang-Mills linearized transformations. 


(6.7,43) 


6.8. Matter coupling in non-minimal and new minimal supergravities 


Owing to the existence of several supergravity formulations discussed in 
detail in Sections 6.6 and 6.7, it seems reasonable to investigate peculiarities 
of matter coupling in the non-minimal and new minimal supergravities. 
Strictly speaking, this problem is not a fundamental one. By their very origin, 
each of the n#—4, 0 and n=O versions represents a theory of (minimal) 
supergravity coupled to some special matter. On these grounds, every 
dynamical system describing an interaction, for example, of non-minimal 
supergravity with some matter superfields {V’} can be equivalently 
reformulated as a theory of minimal supergravity coupled to the extended 
matter {V", ¥, P}, where ¥ is a complex covariantly linear scalar superfield. 
In this sense, minimal supergravity is unique. Nevertheless, sometimes use 
of the new minimal formulation (or, less often, the non-minimal one) may 
turn out to be preferable. 


6.8.1. Non-minimal chiral compensator 
We are going to introduce a chiral superfield, constructed from the 
non-minimal prepotentials W™ and y, playing the same role in non-minimal 
supergravity as the chiral compensator œ in minimal supergravity. Our 
consideration will be based on the non-minimal covariant derivatives (6.6.28) 
and the corresponding supertorsion tensors (6.6.30, 31). 
Let us introduce the following complex scalar superfield: 
5 n+1 3n+1 


= 4R)'T,T*= 
anti te n+1 


£= -0TA T, T? = n=—1. 


+R) DT?  n#-i 


(6.8.1) 
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Its basic properties are: 


£2=0 (6.8.2a) 
D,5=T, (6.8,2b) 
ae a 
7 —4R)e“F = R n#—1. (6.8.2) 


In deriving equations (6.8.2), we have used the identities 
(D, Da =4RM,, O,R=0 Ty =D,T 
and the fact that for n=—1 we have R=0 and 0,7? is chiral. In what 


follows, we choose n# —1. The case n= — 1 can be treated similarly, with 
evident modifications. 


Remark. = contains the chiral superfield R in the denominator. It is 
not difficult to see that the leading term in the power series expansion in 6 
for R is proportional to the auxiliary field B (see equation (6.6.41b) modulo 
bi-linear fermionic combinations. So, È turns out to be well-defined only for 
some special non-minimal supergeometries. In particular, £ becomes singular 
in the flat superspace limit. 

Since T, =D, T, from equation (6.8.2b) we deduce that 


E-T=inA? 0,A=Z,A=0 (6.8.3) 


for some covariantly chiral scalar superfield A. One can check that the 
transformation (6.6.22) changes A according to the rule 


A—A'=e""A (6.8.4) 


coinciding with the transformation of ® in equation (6.6.9). Further, the 
non-minimal derivatives (6.6.28) admit the form 


D,=e'(F,—AD"p)M.p] p= - E+E 


s (6.8.5) 
DB, =e, -AZ Map]. 


Here Z,=(,, Z,, Z*) are the minimal covariant derivatives obtained from 
2, by replacing the compensator ø by the super Weyl invariant combination 
QA. (In other words, if one indicates the explicit dependence of 2, on the 
prepotentials as 7,=2,[W™,o], then 2,=9,[W™, oA]. Similarly, the 
non-minimal supergravity action (6.6.34) can be rewritten as 


Smm- [ate E=$ exp] +5) | E-'=E-'AA. (6.8.6) 
nK 3 


It follows from equations (6.8.5) and (6.8.6) that the minimal compensator g 
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enters into all non-minimal quantities only in the super Weyl invariant 
combination oA. 

The chiral superfield A transforms as a scalar under the supergravity gauge 
group as long as ¢ is not eliminated. However, in the super Weyl gauge 
y=1 every A-transformation must be supplemented by the super Weyl one 
with o= —4e"(é,,4"—2,,4“), and the transformation law for A takes the form 


= fe xen E- 7 
dA=K™é,,A +5 (Ema —@,AA Az=eWA. (6.8.7) 


So, non-minimal supergravity possesses its own chiral compensator. But it 
is necessary to remember that A, similarly to from which A is constructed, 
turns out to be well defined only for some special non-minimal super- 
geometries, A is known as the ‘non-minimal chiral compensator’. 

With the help of A, we are in a position to introduce chiral superpotentials 
into non-minimal supergravity. Given a covariantly chiral scalar superfield 
L=} 2, 6,£. =0, we define the integral of £ over superspace in the three 
equivalent forms: 


I= | d®z(pAPpZ (6.6,8a) 
gf s 
— | 48, = 
fa ar oF (6.8.86) 
-1 
Sate [ars E g (6.8.8) 
2n R 


Let us comment on the derivation of expressions (6.8,8b) and (6.8.8c). Using 
the chiral integration rule (5.5.21), we can write 


E-} 1 E-'u 
= bii =- 8 ———————— 
sol hay aa aL “1(e—4BU] 


Choosing here U=exp($£—42) and noting that 
1 1 1 
R=—-(ĝ—4Ř (s-iz) 6.8.9 
a4 )exp 63 (6.8.9) 
one obtains equation (6.8.8). Next, the relation (6.8.2c) can be used to write 
Ets E 
=—— |d!z we e*(B —4R)(e~*). 
Then making use of the rule for integration by parts 
[are Ev(D-4R)U = [ars E-‘ue(D—4R\(e-FV) (6.8.10) 


leads to equation (6.8.8). 
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6.8.2. Matter dynamical systems in a non-minimal supergravity background 
Now it is easy to to generalize the results of subsection 5.5.7, where we have 
discussed general properties of matter systems coupled to a minimal 
supergravity background, to the non-minimal case. Generalization consists 
merely in choosing the structure 


z 
S[z; D4] = | d®zE-? e D+ Fix D+ Fy; Da} DZ =0 


(6.8.11) 


in the role of action superfunctional describing the dynamics of matter 
superfields y in some non-minimal supergravity background, instead of 
(5.5.24). In addition, it seems reasonable to admit a non-polynomial 
dependence on the supertorsions T, and T; for ¥ and Z. 

All models of matter superfields coupled to non-minimal supergravity can 
be naturally divided onto two classes: ‘effectively minimal’ and ‘essentially 
non-minimal’. A matter model is said to be effectively minimal (essentially 
non-minimal) if after expressing the non-minimal covariant derivatives D4 
via the induced minimal ones 9 4 (6.8.5) the action S[y; D4] turns out to be 
independent (explicitly dependent) on the superfields £ and £. Examples of 
effectively minimal models are the chiral scalar superfield model with the 
action 

-1 


Sly z D4l= | dz Eigenes ga [ae = Fain+ee} B.x=0 


(6.8.12) 
and the vector multiplet model with the action 
= 

S[V; Bites [ate ne WW, 

2 R (6.8.13) 


W,= ~7(0-4R\e*D, V) v=. 


Making use of the representation (6.8.5) reduces the former to the model 
(5.7.37), and the latter to the model (6.3.21). As an example of essentially 
non-minimal systems, one can consider the chiral scalar superfield model 
with the action 

~] 


45+ E 
StH Dal= fatz E tzeta [ate x 


E L(y) + ce} 


(6.8.14) 


where & #4. 
Many essentially non-minimal theories are potentially pathalogical due to 
non-analyticity in the supergravity auxiliary fields. 
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6.8.3. New minimal supergravity and supersymmetric a-models 

In conclusion, we would like to elucidate one of the most important 
applications of the new minimal formulation—describing locally super- 
symmetric nonlinear c-models, 

Supersymmetric ¢-models have been studied in Section 3.3. The underlying 
a-model symmetry principle is invariance under the Kahler transformations 
(3.3.11). The g-model action superfunctional (3.3.10) possesses this invariance, 
since the operation of integration over flat global superspace is characterized 
by the property 


D,A=0 = [ats A=0. 
When trying to extend the g-model to a curved superspace, we must treat 
the g-model variables ®' as covariantly chiral scalar superfields, 7,0’ =0, 


as well as covariantize the integration measure. However, the naive 
covariantization 


fe: E`' K(®', ©) (6.8.15) 


proves to be inconsistent with the Kähler invariance (3.3.11), since 


D,A=0 => fave E='A= | as oe *(RA) #0 


as long as R#0. On the other hand, the relations (6.7.1) imply 
D,A=0 = [ars EAs [a's E~'LA=0. 

As a result, the action 

[ats EL K(@', 4) (6.8.16) 
is explicitly invariant under the Kähler transformations (3.3.11). Remarkably, 
it is also invariant under the super Wey] transformations (6.7.8). We see that 
the Kahler invariance appears to be consistent with the new minimal 
supergravity formulation. 


By adding the pure supergravity term (6.7.10) to expression (6.8.16), one 
obtains the action 


S[@!, 1, 24] = faz E- nf In L+K, | (6.8.17) 
K 


defining the new minimal supergravity—o-model dynamical system. 
It is interesting to notice that the action (6.8.17) can be obtained from the 
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auxiliary action 
-2 
SED, L, V #4) att {ars E~ J vi-en(v—— K(®', wy) (6.8.18) 
m 


which generalizes action (6.7.22), by eliminating the Lagrange multiplet V, 
The action introduced proves to be invariant under the super Weyl 
transformations (6.7.23) and the Kahler transformations 


K(®, 6) K(®, 6) + A(O) +A(@ 
(D, D) > K(®, ©) + A(®) + A(®) (6.8.19) 


2 
V> v+ (A(®) + A(®)), 


If one now varies action (6.8.18) with respect to L (obtaining (7 —4R)ZV =0) 
and then imposes the super Weyl gauge V =0, the action reduces to 


«2 ‘ 
S[o', Z,]= -5 | d8z E~! exp( => K(o", 6) ) 


= -3 [es EO} + [ate E~'K(®',&)+O(x?). (6.8.20) 
K 


Here the first term represents the Einstein supergravity action and the second 
term describes the coupling of the o-model superfields to minimal 
supergravity. In the flat superspace limit and x-+0, S[@'‘, Z,] takes the flat 
form (3.3.10). 

In the super Weyl gauge V=0 we have adopted, every Kahler 
transformation (6.8.19) must be accompanied by a special super Weyl 
transformation with o=(x?/3)A(®)+A(®)). On these grounds, the o-model 
action possesses the following super Weyl—Kahler invariance: 


k? 
o ~el E no |o 
(6.8.21) 
K(®, ©) —> K(®, D) + A() + A(®), 


Clearly, supergravity—-matter models (6.8.17) and (6.8.20) are equivalent. 


6.9. Free massless higher superspin theories 


As has been shown, linearized Einstein supergravity describes free massless 
particles of spin ł and 2. So, Einstein supergravity can be treated as a 
supersymmetric field theory of interacting massless spin-3 and spin-2 particles. 
It is quite natural to ask: Do supersymmetric field theories exist which 
consistently describe an interaction of massless particles having higher spins 
s > 2?. A consistent system of equations for interacting massless fields of all 
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spins, including the gravitational field, was constructed by M. Vasiliev'. It 
is not clear, however, whether there exists an action functional leading to 
such equations of motion. Description of Vasiliev’s construction is out of the 
scope of this book. The chief goal of the present section is to describe free 
supersymmetric field theories of massless higher spin particles. These models 
may happen to be linearized versions of some fundamental higher spin theories 
extending, in a nontrivial way, Einstein supergravity. 

We begin with two definitions. A free relativistic field theory is said to 
describe a massless particle of spin s if the Poincaré representation which 
acts in the physical dynamical subspace ®{P"*), is given as a direct sum of 
two irreducible massless representations carrying the helicies (— s) and s. By 
DPI we mean the dynamical subspace ®, factorized over al] the purely 
gauge histories (massless theories turn out to be gauge when s> 1). It is clear 
that P may be parametrized by (functionally independent) gauge 
invariant field strengths which remain non-vanishing on-shell. 

A free supersymmetric (super)field theory is said to describe a massless 
multiplet (superparticle) of superspin Y if the super Poincaré representation 
acting on the physical dynamical subspace is equivalent to a direct sum of 
two irreducible massless representations carrying the superhelicities (— Y —4) 
and FY. A massless multiplet of superspin Y describes four massless particle 
states of the helicities +Y and +(Y +4) or, equivalently, two massless 
particles having spins Y and (Y+4). This is why the massless superspin-Y 
multiplet is often denoted as (Y, Y +4). 

Previously, we have discussed a lot of supersymmetric models realizing 
multiplets with lower superspins Y =0, 4, and 3. In particular, the cases Y=0 
and Y=+4 were realized by the models (3.2.5) and (3.4.9), respectively. Three 
equivalent formulations were found, given by equations (6.2.5), (6.6.56) and 
(6.7.40), for a superspin-$ multiplet. Below we shall present the superfield 
realizations for massless multiplets of higher superspins Y=2, $, 3, ..., as 
well as for the so-called gravitino multiplet (Y=1). 


6.9.1, Free massless theories of higher integer spins 
In this subsection we discuss free field theories describing massless particles 
of higher integer spins s=3. 4, 5, .... These theories were constructed 
by C. Fronsdal *, 

Let us fix some integer s >2 and introduce into consideration a set of two 
real bosonic tensor fields over Minkowski space of the form 


= Phi a pki 3 a ee eC (6.9.1) 
These fields are assumed fo be totally symmetric in their undotted indices 
and, independently, in their dotted indices. 


Remark. Throughout the section, excepting one specially mentioned case, 


! M. A, Vasiliev Phys, Lett. 243B 378, 1990; Class. Quantum. Grav. 8 1387, 1991. 
2 C., Fronsdal Phys. Rev. 18D 3624, 1978. 
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all (super)fields which appear will be totally symmetric in their undotted 
indices and, independently, in the dotted ones. To simplify expressions 
involving numerous indices, we will often use compact notation of the type 


F gg Ay 8) =F ony ste site ia =F G.k 


indicating in brackets the number of indices. We will also use the following 
summation convention 


FARBIG 4B) = PAO A ds 
Remark, Spinor indices of the fields (6.9.1) can be converted into vector 
ones according to the rule 


ha,...a,=( a 1/2){6,,)*"*" E F nania 


and similarly for h,,;—2s-2). The resultant real tensor fields h,,,, and 
hg,...a,-; are Obviously symmetric and traceless. They can be unified in the 
symmetric tensor field 


®,,. Ae = Nii te 7 Naya;Ma;...0,) 
which has vanishing second trace, 
D NO =0, 


The fields (6.9.1) play the role of dynamical variables in the theory with 
action 


l l 4 al s S — |)pa(s— y 
sa=;(-3) fes fr agii hatsa 5 Ogah" vba ET h as- atst) 


— s(s —1)h%5— 2s —2) PIY h pas- -a 


—s(2s— hs —2)4s—2) has —2)4s—2) 
1 pa 
3 s(s <= 2)? agah —3)Pats—3) g” has —3ypdts— of ' (6.9.2) 


The action remains invariant under the following gauge transformations 


dha, vs Bi fs = Grant fy $a. x,)B3...B,) 


s-1 
Bh, 2,1 cba a A. REY E 


(6.9.3) 


where the real tensor parameters C.;_1)s—i1) are completely arbitrary 
functions over space-time. Note that the operations of symmetrization over 
undotted and dotted indices are always done independently. 

We are going to show that the theory (6.9.2) describes a massless particle 
of spin s. It is worth beginning with the following simple table. 
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Table 6.9.1. Number of fields and gauge parameters. 


Fields Gauge parameters 


. 2 
haisatsy (Ss + 1) Loe = 2 


3 <2 
k z sais aissy S 
Bis- iiai (s—1) J 


Next, let us prove an important theorem. 


Theorem 1. On-shell, among the components of hasas) and has— 2yx(s—2) 
there are only two independent components modulo gauge transformations. 


Proof. Suppose that hatsz) and has 2)5—2 Satisfy the dynamical equations 
determined by the action (6.9.2), Using the gauge freedom, one is in a position 
to impose the gauge condition 


hys- 24s -2)=9 (6.9.4) 


which constrains, due to transformations (6.9.3), the residual gauge invariance 
via 


BPP? axis —2)pa4s—2)=0- (6.9.5) 
Note also that the dynamical equation for h,;—);s—2) implies 
OPPA A pyas -apja -= 0. (6.9.6) 


If equation (6,9.5) is satisfied, the divergence CPP ps Dacs- 1) transforms in 
the manner 


ôl P hias- ipbxts—1)) © Oastei) 
and, owing to relation (6.9.6), can be gauged away 


P hos —\yhais—1)= 0 (6.9.7) 
Under the gauge conditions (6.9.4) and (6.9.7), hysys) satisfies the equation 
hss) =0 (6.9.8) 

and the residual gauge invariance is constrained by 
Ogas- is-10 (6.9.9) 


in addition to equation (6.9.5). 
For further analysis, it is convenient to transform to momentum space 
both the fields and residual gauge parameters. In accordance with equation 
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(6.9.8), we have 
dp . 
hay sys lx) = [3 eP* hay syns) P) +C.c. 


p=(p°. p) p° =| 
and similarly for the residual gauge parameters. It is also useful to choose 
a standard reference system in which 


p“=(E, 0,0, E) = 


[pmi 0 a [00 ) 
pa=(? 5) p (5 p? 


where pii=p?=2E. Now, the relation (6.9.7) means 
ħazis— 1)24(9—1)(P) =0. (6.9.11) 
Analogously, equation (6.9.5) leads to 


(6.9.10) 


C2ats—2)34(s — 2)(P) =9. 
Making the gauge transformation generated by such a parameter, one has 


Shy ys —iyqs—1)(P)* Pri Easits- DCP). 
Therefore, we can impose the gauge condition 


hys—i)tas—1)(P)=0 (6.9.12) 


which turns out to completely fix the gauge freedom. The relations (6.9.11) 
and (6.9,12) tell us that the only non-zero components of hy5)4.(p) are the 
following: 


h (p), h (p). (6.9.13) 


This completes the proof. 
The next important observation is the fact that the theory under 
consideration possesses the following gauge invariant field strengths: 


Cai. = Oa qan BaP hapim, -fı 


(6.9.14) 
Ci ia =P ae a, hpi piein) 


On-shell, these field strengths do not vanish and satisfy the equations 
BPC paz- =0 8PC gya5—1 = 0. (6.9.15) 


The last statement can be immediately proved by choosing the gauge (6.9.4, 7). 
It follows from equation (6.9.15) that Cy. and C42 are on-shell 
massless fields (see Section 1.8) and their helicities are s and (— s), respectively. 
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Now, let us recall that each on-shell massless field has only one independent 
component. If one fixes the reference system in the manner (6.9.10), then the 
relevant components Cys) and Caas are the following: 


Cı (p) Či (p). 


In the guage (6.9.4, 7, 12), these components are uniquely connected with 
the fields (6.9.13) according to the rule: 


Ci. (p)~(E)Ay...19..(P) 
Cy. s(p)~(E)*Ap,,.21... 1p). 


Therefore, Caz and Caas are the only (functionally independent) field 
strengths surviving on-shell. As a result, the theory (6.9.2) describes a tnassless 
particle of spin s. 


6.9.2. Free massless theories of higher half-integer spins 
In this subsection we discuss free field theories of massless particles having 
half-integer spins (s+4), where s=2, 3, 4, .... These theories were 
constructed by J. Fang and C. Fronsdal?. 

Let us fix some integer s>2 and introduce into consideration a set of 
fermionic tensor fields over Minkowski space with the structure 


g= {Pais+ 148), Pus 1)is\(X)s YP a(s—1)a(s—2)(%) 
Pasas+ n(x) Pisas- 1X), P ais—2yas—1))}- (6.9.16) 


Remark, The fields can be unified in a four-component Majorana 
spin-tensor field as follows. First, let us combine Py. 4 iyus) and Yas- iao in 
the field 


A Bar ninia NOES E = YF 85. pny Bhia; Eoad 


which is not completely symmetric in its undotted indices. Secondly, introduce 
the two-component spin-tensors 


Aa)...a,p =(— 1/2)(Ga,)*"*' see CA aed ET ae 
Be oea ANS AG ay Saintes 


and then construct the four-component Majorana spin-tensors 


— (imap Pail 
Aaya, = (a) se a n 


Both spin-tensors are symmetric and traceless, with respect to the vector 
indices, and Y,a, , satisfies the relation 


YP pay...0, 7 =. 


?J. Fang and C. Fronsdal, Phys. Rev.D 18 3630, 1978. 
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Finally, we construct the spin-tensor 
©, . 0, n + Niaas® ay.:.2,) 
which is symmetric with respect to the vector indices and satisfies the equation 
„bac, zi 
i 1Y O pedaja, ss 0. 


The fields (6.9.16) play the role of dynamical variables in the theory with 
action 


iy a á 

Sisa 1 »=i( -3 ) [ate pu äis) OF AP IAEE 
+ cla 4 OPED aspas — y+ app Pr- A Pg nas) 
+ (2s + 1P- DBMS 0) AB P pasais- 1) 


(s+ 1p- 26- NAPAY 51s 2)pals— 1) 
+ appt- Iypais—2np a 1)a(s—2)) 
— Pots—2)hils— 268 WY gasa- (6.9.17) 


The action turns out to be invariant under the gauge transformations 


OW os, ety tint = aita Ean 81 Wards) 


e 1 
OPP ay nh =T BF gE ys te gence) (6.9.18) 


s—l = 
OV, a, by = OPE pe (Bay ke | 


with arbitrary tensor parameters €,/.)5s—1)- 

The theory (6.9.17) describes a massless particle of spin (s+ 1/2). To verify 
this statement, we take the same course as in the previous subsection. It is 
worth beginning with the following table. 


Table 6.9.2. Number of fields and gauge parameters. 


Fields Gauge parameters 


Yassas  (S+2X8+1) 
Prs—iyasy ($+ 1) 3s(s+1)4+2 Zaia S(S+1) 
Pas- as- S(S— 1) 


Now we prove an important assertion useful for our analysis. 


Theorem 2. On-shell, among the components of Pays + iai ‘Pays—1)as) and 
P is—1)4s—2) there is only one independent component modulo gauge 
transformations. 
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Proof, Let Pis+tyysp Pors—iyysy and Pys—1yacs—2) be solutions of the 
dynamical equations determined by the action (6.9.17). Using the gauge 
freedom, we can annihilate P ,._ 1); 2). that is, impose the gauge condition 


Pxs—1)xis—2)=0. (6.9.19) 
Then, the residual gauge freedom is constrained, due to transformations 
(6.9,18), by 
BPP E gas- pas -23 =0. (6.9.20) 
Next, owing to the Py. 2s—1) dynamical equation, the field Pas- iais) 
satisfies the equation 
POW paisas- =O. (6.9.21) 


The relations (6.9.20, 21) and the Yys— ijas) transformation law (6.9.18) show 
that Yais— iás) Can be completely gauged away 


as tis = 0. (6.9.22) 
This leads to additional restrictions on the gauge parameters of the form 
GE pass- = 0 (6.9.23) 


hence DE pats\js—1)=0. In the gauge (6.9.19,22), Pays. iis) Satisfies the 
equation 
CPD paisja =0- (6.9.24) 


Similarly to the bosonic case, we can now make the transform to 
momentum space. Choosing our reference system in the manner (6.9.10), one 
immediately finds that equation (6.9.24) means 


Paisai p) =0. (6.9.25) 


Further, the residual gauge invariance described by equations (6.9.20, 23) can 
be used to impose the condition 


P saisvicds—1)(P) =9 (6.9.26) 


which completely fixes the gauge freedom. Now, the expressions (6.9.25) and 
(6.9.26) imply that the only non-vanishing component of Yas+ 1)s)(p) is 


y (p). (6.9.27) 


stl s 


Thus, the theorem has been proved, 


Another crucial observation is the fact that the theory under consideration 
has the following gauge invariant field strengths; 


Carine Beate a Ces Me serene Whar (6.9.28) 


Ci dene) = OPM AEE h AA N EOT, 
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On-shell, they turn out to satisfy the equations 
BPC ou2y=0 BPC pyr =0. (6.9.29) 


Therefore, Caas+1) and Cyo.41) carry the helicities (s+4) and —(s+4), 
respectively, It is easy to see that, in the gauge (6.9.19, 22, 26), the only 
non-zero component of C,,2,, 1) is expressed via the field component (6.9.27) 
and vice versa. As a result, Cy2.+1) and Cy2,41) prove to be the only 
independent field strengths surviving on-shell, We see that the theory (6.9.17) 
describes a massless particle of spin (s+4). 


6.9.3. Free massless theories of higher half-integer superspins 

In this subsection we are going to discuss free theories describing massless 

multiplets of half-integer superspins Y=(s+4), where s=2, 3, 4,.... These 

theories were constructed by S. Kuzenko, V. Postnikov and A. Sibiryakov. 
Let us fix some integer s>2 and consider two sets of bosonic superfields 

over flat global superspace: 


EM, rebels Taaa E Taenia) (6.9.30) 
and 


yo ={Hy, .céy...8,(2) Ga... hn, de Ci es i ee (65a 


which will play the role of dynamical variables in two different, but equivalent, 
supersymmetric theories. In both cases, H ys\axs) is an unconstrained real scalar 
superfield which transforms in the representation (s/2,s/2) of the Lorentz 
group. The complex superfields I ys—iys-1) and Gas- ijas- 1) transform in 
the same representation ((s—1)/2, (s—1)/2)) of the Lorentz group. However, 
they are subject to the following, essentially different, constraints: 


id a.a finta m (6.9.32) 
Da,Gp,..p,-14a,.4, = (6.9.33) 


Obviously, the equations (6.9.32) and (6.9.33) imply that T and G are linear 
superfields, 

DT as- nais- 1)=0 (6.9,34) 

D?’ Gas- as -1)=0. (6.9.35) 

It seems reasonable to call Tas- is-1) a ‘transversally linear superfield’. 
Analogously, Gx; —1)ijs—1) is said to be a ‘longitudinally linear superfield’, 
It is worth pointing out that the general solution of equation (6,9.32) reads 

ET EEA A ra E, T) (6.9.36) 


where §a(s—1)a(s) is an unconstrained fermionic superfield of the Lorentz type 
((s—1)/2, s/2). Such a superfield is defined modulo transformations of the form 


(| ene Fe Td PO Aae eee (6.9.37) 
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with arbitrary bosonic tensor parameters Ays- ia4s+1} Further, the general 
solution of equation (6.9.33) is 


CA ee a) 2 Oo ee (6.9.38) 


Here (.¢s—1(s—2) is unconstrained fermionic tensor superfield defined 
modulo shifts of the form 


oe (di A = Dann. E TE ES (6.9.39) 


with arbitrary bosonic tensor parameters Kys—ijys-3} We see that the 
superfield Tas- 1)xs—1) Constrained by equation (6.9.32) can be treated as a 
gauge invariant superfield strength of the superpotentials €4.— sys) with 
respect to the gauge invariance (6.9.37) (of infinite range of reducibility). 
Similarly, the superfield Gy, 1);—1,) subject to equation (6.9.33) can be 
treated as a gauge invariant superfield strength of the superpotentials 
Sa(s—1)4s—2» With respect to the gauge invariance (6.9.39) (of finite range of 
reducibility). 

Let us define gauge transformations of the superfields H stsjstsp Pajs—1)ats—1) 
and Gys- 1)x5—1) according to the law: 


ôH, adn 4 = Dia, La, sadat Dia Lon t ae (6.9.40) 


BE apse TERN. S -F DID?L, s N.E TRE T (6.9.41) 


l 
aS Brith (=g D D" hips, ae i.k 


s--1 


His ó Dy Lipa, acts» (6942) 


Here Lasas- 1) is an arbitrary fermionic tensor superfield of the Lorentz type 
(s/2,(s—1)/2). 

There exists a quadratic superfunctional of the superfields Hy. 
Pjs—1ds—1) and Ty, nas-1) Which is invariant under the transformations 
(6.9.40) and (6.9.41): 


l 5 
Sizs »=( -5) fes ti HADID? DpH aisiais) 


+ HPA WAS WD Dy Paes —1yx¢s— 1 — Dp D pl as-is) 
HAIM -DT sici 


+1 
= Pat MOT go ante), (6.9.43) 
It turns out that this action superfunctional describes a massless multiplet 
of superspin (s +4). Explicitly, the gauge freedom (6.9.40, 41) makes it possible 
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to choose the following Wess—~Zumino gauge: 
By dps = DPOF Hy on... 2K Bi ky POPP pe. ah, ES n lia PEN ON 


HPP An. ah (6.9.44) 


i N T a i T 1 by 1 


Fia Psy... Vy Hy ay Te eT O i) 
+ BB O ETE O + OPP U ga... 2, KB ody.) 
+ DP Fy t,t) + AA an n] 


all the component fields being totally symmetric in their undotted indices 
and independently in the dotted indices. Here the bosonic fields yj. + tyxs-+ 1} 
hats- Dats- 1) and Aasja(s) are real, the fields Bus—1)x(s—1) and U aisiais) are 
complex. One can readily see that the bosonic fields Ax(.)j5), Bajs—1)xs—t1)s 
U ssa) and Fy, 2x3) aS well as the fermionic fields A, ,— 1)45)» Pats—1)u{s) ATE 
auxiliary. Performing the integration over 6, J in equation (6.9.43) and 
eliminating all the auxiliary fields, we obtain a special theory of bosonic 
fields 


To E to A 


has+1iis+1) hais—1)ats—1) 
and fermionic fields 


Pusciydsy Yasim - ‘Pats—1)(s—2) FOC 


Then upon trivial rescalings, the bosonic part of the action proves to coincide 
with the massless action S1) (see equation (6.9.2)), while the fermionic part 
coincides with the action S,,~ 1/2) (6.9.17), Therefore, the dynamical system 
describes a massless multiplet of superspin (s +4). 

Now, we define an action superfunctional of the superfields (6.9.31) which 
is invariant under the gauge transformations (6.9.40) and (6.9.42): 


| 1\s 1 
Stisvassv=(-5) fef HS DPD?D gH asjas) 
S 


pt! 
82s+1 


[Dp Dg) -96-0 0D, DI] Hyais—ipats—1) 


S g sites 
+5 Opp I)pals YEH siyas 


z ae App HPS- VPA- D G s jas — Gags —198—1)) 
1 
rent (G-I NG ais tyats—1) 
s+] 


Fae i GASIRI G is- sys —1) FOC. i} (6.9.45) 
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This model also describes a massless multiplet of superspin (s+4). Indeed, 
the theories (6.9.43) and (6.9.45) are connected by duality transformation via 
the auxiliary model with the action 


S[H, G, VJ= ( a : ) | es i H*™S'DED*D pH aous 


+ Ca D gD pVais—\yts—1) 


2 
—1)a(s—1 —1)as—1 
ig A Gs ame Vass Hals- n+ pa jts Vis —)als— 1) 


1 
1 pae aaite )} (6.9.46) 


Vas— is-1) being an unconstrained complex tensor superfield of the Lorentz 
type ((s — 1)/2,(s— 1)/2). Thus, the theories (6.9.43) and (6.9.45) are equivalent. 

The two superfield formulations for the massless superspin-(s + 4) multiplet, 
which are determined by the actions (6.9.43) and (6.9.45), can be called 
transversal and longitudinal, respectively. 

There is a purely superfield way to prove that both the theories (6.9.43) 
and (6.9.45) describe a massless multiplet of superspin (s+4). Namely, they 
possess the following gauge invariant superfield strengths: 


We thse i= D in” tee Oe OD Hes cieecithivchs 
W,, vite) D764, 6",Dy Hp, Bettes2-Gi2ey 1) 


Wazs+ 1) and Ws, 1) being chiral and antichiral, respectively. On-shell, they 
satisfy the equations 


(6.9.47) 


DPWpe=9 DP Woy29=0 (6.9.48) 
which can be readily checked, for example, by applying the gauge conditions 
DFH pas — at) =T as- a= 


which the theory (6.9.43) admits on-shell. Therefore, Was+1) and Wazs+1) 
carry the superhelicities (s +4) and —(s+1), respectively. It is easy to see that 
Wazs+1) and Wapsi) are the only independent superfield strengths surviving 
on-shell. 

In conclusion, let us turn our attention to the case s = 1, which was excluded 
above and, in fact, should correspond to linearized supergravity. This choice 
is seen to be exceptional for both formulations developed. Concerning the 
transversal formulation, the point is that the constraint (6.9.32) cannot be 
applied when s=1. However, one can still impose constraint (6.9.34), a 
consequence of equation (6.9.32). Clearly, this is the most natural reduction 
of the transversal formulation to the case s=1. If one now sets s=1 and 
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takes T to be a complex linear superfield, D°T =0 and IT, then the action 
(6.9.43) proves to coincide (after the redefinition T + —F) with the linearized 
action of non-minimal n= — 1 supergravity (6.6.56). As for the longitudinal 
formulation, upon the choice s=1, and only in this case, the equation (6.9.33) 
implies chirality, D,G=0; the right-hand side in the transformation law 
(6.9.42) also becomes chiral, The corresponding action (6.9.45) coincides (up 
toa trivial rescaling) with the linearized action of minimal supergravity (6.2.5). 
It is quite possible that the new minimal formulation is a specific feature of 
supergravity (superspin 3) and cannot surve as a basis for extensions to higher 
superspins, 


6.9.4. Free massless theories of higher integer superspins 
We now present free superfield theories describing massless multiplets of 
higher integer superspins Y=s, where s=2, 3, 4, .... These theories were 
constructed by S. Kuzenko and A. Sibiryakov. 

Let us fix some integer s>2 and consider two sets of bosonic superfields 
over flat global superspace: 


USA a ithe AP Tenet ctdOs anaal (69.49) 
and 


(et A, c. p&p. ky (z), Gone hi 4,(2), Gap arak (6.9.50) 


In both cases, the tensor superfield H.,,— j);—) is real and unconstrained, 
The complex tensor superfields Tasas) and Gays)is) are transversally linear 
and longitudinally linear, respectively, 


DÍT a, afe,...&,.,=0 (6.9.51) 
D4, C E E E 0 (6.9.52) 


We define gauge transformations of the superfields Hais- is-1) Tasai 
and G..)x3) according to the law: 


OFS, io AE MT. A ,=DPL,,.,, Pa ht ee ae ee (6.9.53) 
2 1 
a E E E N PE D Diz Ln.. aiit 


+i(s+ 1)D Day(s Darai (6.9.54) 


z 1 
OG, adui T =a DeD Eana- (6.9.55) 
Here Lyss- 1) is an arbitrary bosonic tensor superfield of the Lorentz type 


(s/2, (s — 1)/2). 
An action superfunctional for the superfields (6.9.49), which is invariant 
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with respect to the transformations (6.9.53) and (6.9.54), reads 


roa 1 i 
Sissi a=-(-5) farz f- 5 p-e- D pHa- 


l 

Har , DJH” BAER '[Dys. DlH a.. My — itise 
b a 
tee en (He dee rT): ae wail 

2is xs—1)xis—1) app 
+H é (T pas- i pals — i- F gas- ))pa(s — n) 


I 


sig = RY ( PAAS T isas 


= i paos) I asjas) + cc.) }. (6.9.56) 


We are going to show that the dynamical system determined by Sġs+1/2 
describes a massless multiplet of superspin s. It turns out that the gauge 
freedom (6.9.53, 54) makes it possible to choose the following Wess—~Zumino 
gauge: 


Ha MER A = bia Dinhas., NT TAE- PEEN | 
+O Da Pa, I PET. SS a 9) Ple Pa aa 
+ OPP AS ie, itk (6.9.57) 


“80, 
Dinin gd $ [asa + PFa amat ie os AAE A 


+ Dha Bley ote) +O Baai t BPRPU (pn, ahi. sa 
att PPO, Faz. aa. at ODP pa, abiit). 


Here the bosonic fields hyss» and Ays—ijis—i) are real and the fields Basjats) 
and U 454 1)xs+1) are complex. It follows from considerations of dimension 
that the bosonic fields Axis Ids — 1)s Baisyxis): U ais + txs + 1) Fas ijl +1) and 
the fermionic fields Agisyair4t)s Pa(sa(s+l)are auxiliary, Integrating over 6, 
in equation (9.6.56) and eliminating all the auxiliary fields, one arrives at a 
special theory of bosonic fields 


hx(syats) has —2)xis—2) 
and fermionic fields 


Passpo  “Pags—ryisy “Pas —1)js—2) FOC 


It proves that, up to a simple rescaling of fields, the bosonic part of the 
action coincides with the action (6.9.2), while the fermionic part coincides 
with (6.9.17). As a result, our dynamical system describes a massless multiplet 
of superspin s. 
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An action superfunctional for the superfields (6.9.50), which is invariant 
under arbitrary transformations (6.9.53) and (6.9.55), reads 


| Iy l als — {s — 
Sharah =3) fazdan ya DDED? Dg Hays —1)ss—1) 


S , 
t= H7 s- I DPD AG pas- typats— 1) DID G pass — iypets—1)) 


3 5 
+ ( GO Gass) + +1 GARG disias t ee.)}. (6.9.58) 
This model also describės a massless multiplet of superspin s. The point is 


that the theories (6.9.56) and (6.9.58) are equivalent, since they are connected 
by duality transformation via the auxiliary action 


z l 
SUH, T, r1-(-) [avs {i H*s- Ds- DDED? Ds Hy, Wkis— 1) 


| 
4 PT (sH *6- 0s- 0 DADA Vins —1yfats~1) +2 Vaiss) 
sS 


+ (s sP l jp Vi s)5(s) + sys) Viet s)ais) + co} (6.9.59) 


Visais) being an unconstrained complex tensor superfield of the Lorentz type 
(s/2, s/2). 

Let us present one more proof of the fact that the theory (6.9.58) describes 
a massless multiplet of superspin s. The chiral tensor superfield 


is A F 
Wa. aa 2 BaP ~~ o,, a fie ‘DPD, Ga. b aaoh, T Ba, bk ad mY fe 3 
(6.9,60) 


and its conjugate are gauge invariant superfield strengths (in fact, the only 
independent ones on-shell). When restricted to the dynamical subspace, they 
satisfy the equations 


DP Wy2s—1)=0 DIW pas- y=. 


Therefore, Wy2s, and Wagsycarry the superhelicities s and — (s +4), respectively. 


Remark. If one expresses Guss) Via an unconstrained fermionic tensor 
superfield according to the rule 


Gass.. 2, = Dia, Catoia.. tn) 
then the expression (6.9.60) can be rewritten in the manner 


i » 
Wanoa =g (8+ 1) Dlia P urr Ôp PA Daliai abbr Ai 
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6.9.5. Massless gravitino multiplet 

In the case s= [, it turns out that both the formulations (6.9.56) and (6.9.58) 
describe a massless multiplet of superspin Y=1 (gravitino multiplet). To 
argue this assertion, it is sufficient to consider the transversal model in which 
the dynamical variables are 


(H, S aa) 


where H is a real scalar superfield, while T., is subject to the constraint 
D‘T,,=0. (6.9.62) 
The corresponding action (6.9.56) is invariant under the gauge transformations 


ôH =D*L,+D,L* 
(6.9.63) 


pE -i DD, Lat 2iD inL 


L, being arbitrary. This gauge freedom makes it possible to choose the 
following Wess-Zumino gauge (compare with (6.9.57)) 


H=0?PA (6.9.64) 


P= oH ha + OY po t+ 0a Pat Phap +O’ Bas 


+ GFOPU pandi + oP6., Figa -f> Prats | 


hay being real. All component fields, except hyu Yaga Pasg, Ya and ¥,, are 
auxiliary. If one inserts the above expansions into equation (6.9.56), integrates 
Sõ.32 over 0, 9 and eliminates the auxiliary fields, then the resultant action 
will coincide with a sum of two action functionals describing massless particles 
of spin 1 and 3. 

Let us consider the s=! longitudinal formulation (6.9.58) developed 
originally by a number of authors’. It can be described by a set of 
unconstrained superfields of the form 


(H, Ya P} H=H. (6.9.65) 


Here Y, is connected to the longitudinally linear superfield G,, which arose 
in equation (6.9.58) in the manner 


Ga =D, Y, (6.9.66) 


ES. Fradkin and M.A, Vasiliev, Nuovo Cimento Lett. 25 79, 1979; B. de Wit and 
J.W. van Holten, Nucl, Phys. B 155 530, 1979; S.J. Gates and W. Siegel, Nucl. Phys. 
B 164 484, 1980. 
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Using the yector multiplet strength 
W= -i D?D,H (6.9.67) 
one can rewrite S|; 3/2) as follows: 
Sh aa= Sa. vay [at Ww? W, SCA: w,P*) (6.9.68) 
where 
Sc | d®2 (Den, DPD, Y, -3 D'D,¥, | (6.9.69) 
As a result of conditions (6.9.53, 55) and (6.9.66), the action (6.9.68) is invariant 


under the transformations 


ôH = DOL, + D,L* 
(6.9.70) 


e 1 
oP, =A, +5 D,D’Lz; D,A,=0 


L, being arbitrary. As may be seen, it is in our power to impose the gauge 
fixing 


H=0. (6.9.71) 


In this gauge, the action (6.9.68) coincides with $, 3/2) while the invariance 
(6.9.70) is reduced to 


ÖY, =A, +ô DDK 
DAt Kek 


We conclude that the massless gravitino multiplet admits the formulation 
in terms of unconstrained spinor superfields ¥, and P, whose dynamics is 
determined by the action §,, 5,2), invariant with respect to the transformations 
(6.9.72). 

There exists another formulation for the gravitino multiplet, in terms of 
unconstrained spinor superfields Y, and F, suggested by V. Ogievetsky and 
E. Sokatchev*. It can be obtained using the following scheme. The 
longitudinal formulation for the grayitino multiplet proves to be equivalent 
to that described by the action 


(6.9.72) 


SEY, H, ©]=S}\,.5,2 -5 f d®°z(60+4+0D*P,+0D,¥*) (6.9.73) 


+VII Ogievetsky and E, Sokatchev, J. Phys, A: Math. Gen. 10 2021, 1977. 
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where ® is a chiral scalar superfield. This action is derived from S}, 3/2; by 
the replacement 


2 
y 9,4 po 
16 go 
The action S['P, H, ®] is invariant under the gauge transformations 


sH=U+0 so=-!pU 
2 (6.9.74) 


BY. =Aet5 D,U D,A,=90. 
Here U is a complex scalar superfield. The above invariance can easily be 
deduced from expressions (6.9.70) by making the replacement L, + Ly + DT 


and identifying U =D*L, + D°T, Next, setting the gauge (6.9.71) reduces the 
action (6.9.73) to 


SCY, ®] = Sram -5 fe: (60+0D"*P, +0D,¥*) (6.9.75) 


and the invariance (6.9.74) to the following: 
6¥,=A,+iD,K 6®=iD*K 


(6.9.76) 
K = K DA, = 0. 


The model (6.9.75) turns out to be equivalent to the dynamical system with 
action superfunctional 


SCY, ©, V] Siaa | dz (DF, +D, #4)? 


+ [at (V7+V(6+0+D*¥,+D,%%)} (6.9.77) 


V being a real scalar superfield. The final action remains invariant under the 
transformations (6.9.76) supplemented by 


Byes : (D*A, + D, A’, (6.9.78) 
On using the equations of motion for ® and ©, the action (6.9.77) is reduced to 
SEY, F] =Sasat3 fesz (D*¥,+D,¥*)? + fasz {F> +F7(D*¥,+D,¥%} 


(6.9.79) 
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where # is a real scalar superfield subject to the linear constraint, that is, 
F=F D*F =0. (6.9.80) 


Obviously, S[¥, 7] possesses an invariance of the form 
o¥,7A,+iD,K F = -: (D*A,+D,A*) (6.9.81) 


with A, and K defined as in relations (6.9.76). This gauge freedom admits 
the gauge choice F =0, which reduces S[Y¥, F] to the superfunctional 


1 
sane naati [atzo + DP (6.9.82) 


which is invariant under the transformations 

6¥,=iD?D,K,+iD,K, Ki=K; (6.9.83) 
Our considerations show that the dynamical system with action (6.9.82) 
describes the massless gravitino multiplet. This is the model proposed by 
V. Ogievetsky and E. Sokatchey. 


7 Effective Action in Curved 
Superspace 


Time present and time past 
Are both perhaps present in time future 
And time future contained in time past 
If all time is eternally present 
All time is unredeemable 
T.S. Eliot: 
‘Four Quartets’ Burnt Norton 


7.1, The Schwinger—De Witt technique 


The Schwinger-De Witt technique (or the proper-time technique) is a 
powerful method for studying the effective action in theories with external 
fields. This technique was first introduced by J. Schwinger and later 
formulated in a general-covariant manner by B.S. De Witt. The Schwinger- 
De Witt technique is known to be well adapted to calculations of divergences 
and anomalies in the framework of the background field method. 

In the present chapter we describe a superspace extension of the 
Schwinger—De Witt technique and explore it for investigating the structure 
of effective action superfunctional, including the analysis of divergences, 
anomalies and so on, in simple locally supersymmetric theories in a curved 
superspace. To make the account complete and independent, we find it 
pertinent to give here a brief review of the standard Schwinger-De Witt 
technique. 


7.1.1. When the proper-time technique can be applied á 
Let us consider a non-gauge theory of bosonic and fermionic fields g'= @'(x) 
which live on a curved background space-time to be described by a vierbein 


584 


DOL: 10.1201/97803078025 30-7 
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e,"(x). Let S[ọ] be the classical action of the theory. The one-loop correction 
to the effective action was shown in Chapter 4 to be formally given by 


Peg] x5 sTrinG SL) (7.1.1) 


where the operator S" =; S [@] determines the quadratic part of S[g] with 
respect to the mean field @, 

The standard Schwinger-De Witt technique allows one to obtain 
information about the explicit structure of I")[O] only when sDet(S”) can 
be represented as a product of functional determinants from second-order 
differential operators of the general form 


H=V°V,—m71+29%(x)V,+2Ax) (7.1.2) 


where V denote torsion-free covariant derivatives. Each operator H is 
assumed to act on a space of purely bosonic fields or purely fermionic fields, 
2" and 2 being matrix-valued functions over the space-time. The chief 
advantage of the Schwinger-De Witt technique is that it supplies us with a 
universal prescription to determine the short-distance behaviour of the 
Feynman propagator associated with any operator (7.1.2). 

It is worth recalling two simple theories meeting the above requirement, 
We first consider the model of a scalar field with the action 


Slo]= -; fes e {VV ,0 +m +R? +2 y$} (7.1.3) 


where m, č and / are coupling constants and 2 is the scalar curvature of 
the background space-time. Here the one-loop quantum correction is 


roto] =5Tr In(V°V,.—m? —ER—15?). (7.1.4) 


Another model describes a charged massive field Yp, a four-component Dirac 
spinor, and its conjugate Pp coupled to external gravitational and 
electromagnetic fields: 


S[¥p] =—- [ass eB, fiy(V,—igA,) +m} Pp. (7.1.5) 
The quantum correction to the classical action is now given as 


=—i Trin h™= -5Tt In H (7.1.6) 


where 9 
h'™ =iy(V,—igA,) +m) =iy°V, + ml 
Å s : (7, 1.7) 


HO) = HO = 9G, — (r + a) t3 qF ly", 7*] 
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Ÿ being the gauge-covariant derivatives, In equations (7.1.4) and (7.1.6) we 
have taken into account that sTr coincides with (differs in sign from) ordinary 
functional trace denoted by Tr in the purely bosonic (purely fermionic) case, 

The second example considered illustrates the observation that any 
operator (7.1.2) can be brought to the form 


H=9°9,—m71+ Ax) (7.1.8) 


by redefining V, in the manner V,7V,=V,+.%, In what follows, the 
generalized covariant derivatives will be assumed, for the sake of simplicity, 
to have no torsion, that is, to satisfy the commutation relations 


V., v] = Bar (7.1.9a) 
with some generalized curvature #,,, given by 
Rayo! = Roy! joo (7.1.96) 


In contrast to the definitions of Section 4.1, in curved space-time it is useful 
to define formal operations, like variational derivatives and sTr, with the 
help of the covariant delta-function 


d4(x, y)=e(x)d*(x— y)=d4(y, x) 


which is bi-scalar under general coordinate transformations. Thus we have 


> hy) =5/84x, y) 
Belay ees 


STe F= [atxe 1(— 1)" Fi(x, sys | atx e`! str F(x, x). 
Here F denotes some operator, and its kernel F‘(x, y) is determined by 
Fola)= | aye (WF (x, y) oy) 


for any ọ' with compact support. 


7.1.2. Schwinger's kernel 
We introduce a Green’s function G'{x, y) of the operator (7.1.2) as a solution 
to the equation 


H{x)G4(x, y= —5,54(x, y) (7.1.10) 


To pick out a single solution of this equation, one must take into account 
suitable boundary conditions. We choose those boundary conditions which 
specify the Feynman propagator by giving to the operator H an infinitesimal 
imaginary part (H +ie),¢—+ +0. Then in the limit of turning off all the external 
fields, in particular when the background metric g,,,(x) takes its flat value 
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Nma tne Green's function G reduces to the Feynman propagator in flat 
space-time. 

To solve equations (7.1.10) under the boundary conditions chosen, we use 
the integral representation 


G(x, =i f ds U(x, yls) (7-14.11) 
0 
where U(x, y|s) satisfies the Schrddinger-type equation 
i a = = H(xU(x, yis). (7.1.12) 
S 


This representation is known as the Fock-Schwingerrepresentation,with 
parameter s the proper time and operator U(x, y|s) the Schwinger’s kernel. 
It is worth noting that the e-prescription guarantees convergence of the 
integral in (7.1.11) at the upper limit. 

Substituting (7.1.11) into equation (7.1.10) and making use of equation 
(7.1.12), we obtain 


H(x)G(x, y)= — U(x, yl0)= — 16(x, y). 
Hence the Schwinger’s kernel must be subjected to the initial condition 
lim U(x, y\s)= 1d(x, y). (7.1.13) 


s—++0 


Therefore, finding G is equivalent to solving equation (7.1.12) under 
the initial condition (7.1.13), but the latter problem turns out to be simpler 
in practice than a direct examination of the Green's function. 

Before discussing the general structure of the Schwinger’s kernel, we first 
compute this object in the case of Minkowski space and for vanishing 
background fields, i.e. when the operator (7.1.8) takes the simplest form 

Ho = (nfm, —m?)]. (7.1.14) 


Here, use of the Fourier transform 


U(x s= Ek Uo(pisje'”"*~” 
aii (2n)* 
reduces the evolution problem 


(i Ž + Ho Ud y|s)=0 U(x, y|0)= 1d4(x—y) 


to the following one 


i ôU (pls) 


As =(p?+m)U (pis)  Uo(pl0)= 1. 
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Then we obtain 
dtp . aiis 
U 3 = ——— eipix—y)—ip’s—im’s 7 7.1.15 
ol y\s) (= ( ) 


Using the integral identity 


-a 1-i E exp( =) 
J2 N lal \4lal 
where a and b are real numbers. a0, it is easy to calculate the integral 
(7.1.15) resulting in 


i 
(4ris} 
We note that U, involves the Poincarė-invariant two-point function 


U(x, yis)= clea rilde- mig, (7.1.16) 


1 
G(x, j=; NmnlX — y)"(x— y) (7.1.17) 
which is the half squared interval between two points x and y in Minkowski 
space and satisfies the identity 
OO oO mF = 265. (7.1.18) 


Returning to a curved space-time, we will search, following De Witt’, 
U(x, y|s) in the form 


i 
(4s)? 


Here o(x, y) and Q(x, y) are bi-scalar functions to be specified below, F‘ ‘Ax, yis) 
is supposed to be analytic in s in a neighbourhood of s=0, 


U'{x, yls)= Q(x, p)eints9)/25—Im's Fix, ylis). (7,1,19) 


X 


Fi (x, yls)= $ a,')(x, yis)". (7.1.20) 
n=0 
Comparison with equation (7.1.16) shows that each two-point function 
a,(x, y), for n=1, 2, ..., is created by the background fields and disappears 
in the limit of turning off all these fields. By virtue of equation (7.1.20), one 
can see the ansatz (7.1.19) is consistent with equation (7.1.12) only if a(x, y) 
is subjected to the requirement 


V'0V,0=20. (7.1.21) 


'B.S. De Witt, Dynamical Theory of Groups and Fields (Gordon and Breach, New York, 1965), 
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This is the very equation which identically satisfies an important geometric 
object known as the ‘geodesic distance’, which is half of the squared distance 
along the geodesic line between two space-time points x and y. Next, the 
function g should possess the boundary behaviour 


alx, X)=V,a(x, x)=» =0 (7.1.22a) 
and 
det(é,,0’,0(x, x'))|--..= —e~ 7(x) (7.1.22b) 


in order to satisfy the initial condition (7.1.13) and to have the correct limit 
in flat space. Such boundary conditions prove to pick out a unique solution 
of equation (7.1.21). We note also that for near points the geodesic interval is 


: Dan MX — Y)"(X— y)" + 0l- y)?) (7.1.23) 


and, hence is consistent with equation (7.1.22). Therefore, we identify o with 
the geodesic interval. 

The introduction of Q(x, y) in expression (7.1.19) is a matter of convenience; 
the role of this object is to make maximally simple the equation for F(x, ys). 
It is useful to choose Q in the form of the Van Vleck—Morette determinant 


(x, x)= — det(— V, Vialx, x’)) (7.1.24) 
obeying the equation 
VNV, o) =42 (7.1.25) 
and the boundary relation 
Q(x, x)=1. (7.1.26) 
Then equation (7.1.12) tells us that 
a + 009, F =Q 069 (08? F) +i3F. (7.1.27) 


Using the decomposition (7.1.20), we obtain the system of equations 
V°cV,a,=0 (7,1.28a) 
(V2aV, ++ l)a,.4=Q7 17999, (Qa, + Jap (7.1.28b) 


The zeroth coefficient must be subjected to the boundary condition 
ay <x, x)=d', (7.1.29) 


which guarantees, together with equations (7.1.22, 23) and (7.1.26), fulfilment 
of the initial condition (7.1.13). The two-point functions a,, n=0, 1, 2, ..., 
under equations (7.1.28) and (7.1.29) are known in the literature as the 
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De Witt coefficients. Equations (7.1.28) are recurrence relations allowing one 
to calculate the De Witt coefficients step by step. 

In accordance with equations (7.1.21) and (7.1.25), the bi-scalars o and Q 
entering the Schwinger’s kernel are completely determined by the 
pseudo-Riemannian manifold under consideration and do not depend on 
the background fields except the gravitational field. In other words, these 
objects are universal ones for field theories in a fixed curved space-time, A 
different situation will be shown to take place in curved superspace. 


Remark, In equations (7.1.21) and (7.1.25) we have taken into account the 
fact that the derivatives V, and V, differ only in an internal connection which 
does not act on Lorentzian indices. 


7.1.3. One-loop divergences of effective action 
We turn to the analysis of the first quantum correction to S[g] in a bosonic 
field theory 


M[)=5 Trin H=—~TrinG, (7.1,30) 


This definition of ["'[] is rather formal. Rewritten with the aid of the 
proper-time representations for G, I)[@] turns out to acquire a more 
transparent form, 

Let us consider an arbitrary variation 6H of the operator H. Then [9] 
has the displacement 


srg] =; Tr(H7'6H) 
in which we replace H~' = —G by its explicit expression (7.1.11), 
ar™tg]=; f ds Tr(U(s)ðH). 
0 


Equation (7.1.12) tells us that Tr(U(s)6H)) =(is)~* Tr(6U(s)), hence 
arorai=a i [7 ds tr vo) 
2Jo Ss 


Therefore, up to some additive constant, I)[@] has the form 
g=- f a f d*x e~'(x) tr U(x, xls) (7.1.31) 
PRE 


where tr denotes the trace over matrix indices. As a result, the one-loop 
effective action is determined by the Schwinger'’s kernel at coincident points. 
We come to the conclusion that the Schwinger’s kernel should be a central 
object in one-loop quantum field theory. 
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Use of the explicit form (7.1.19) for U(x, y|s) in equation (7.1.31) leads to 


rergy—t [ets gmi i AGS) -imè -ie tp F(x, x|s). (7.1.32) 
2 o is(4mis)? 

Now, equation (7.1.20) shows that the first three terms of the series (7.1.20) 
cause the above integral to be divergent at the lower limit. Hence, one must 
regularize the integral over proper time in practical calculations. Below we 
list several popular regularizations. 

In the framework of the dimensional regularization scheme, the Schwinger’s 
kernel, corresponding to the four-dimensional theory, should be replaced by 
its analogue for a d-dimensional theory 


U,(x, yls)= aaa tN peleutx—im’s F (x, ys). (7.1.33) 


Here w =(4—d)/2, and the objects o „ Q, and F „ correspond to d-dimensional 
space-time. The mass parameter u has been introduced into (7.1.33) to keep 
fixed dimension of U,,. At w=0 the kernel U,, turns into the original one 
(7.1.19). The dimensionally continued effective action is then given by 


2 = dls) _, 3 
Tie m% 4 I im?s 
To le j= ar aa © Pr x Cn (x) f (is)? =e e Fax, x\s). (7.1.34) 


Treating w as a complex variable, the integral will be convergent for Re w>2 
and can be readily computed in this region. Making use of the decomposition 


Fax, ys)= È ax, yis)" (7.1.35) 


n=0 


a) being the De Witt coefficients in d dimensions, and introducing the 
notation 


A= fatx es! trate, x) A,= A! (7.1.36) 


one finds in the massive case 
pe 
ae yo o 


where T(z) is the gamma-function. We separate the part of T?)[@] leading 
to divergences when w—0: 


J riw) /m E m* \ 
(1) = h aa gw A a) 
Fo Ulen Tl) Daelim Woo ; 


MY [o]= È Am?) -27T (n+ cw — 2) (7.1.37) 
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In the limit @—0 this expression reduces to 


a 

pad Fe aes | 4s—m, +m Aol +finite terms. (7.1.38) 
327709 2 

Therefore, we must calculate the coefficients a,(z, z) and a;(z, z) to determine 

the one-loop divergences of the theory. 

The relation (7.1.37) constitutes an asymptotic expansion of the effective 
action in inyerse powers ol m*. It is obvious that such an expansion is 
inadmissible in the massless case, where one must apply some other technique 
to sum an infinite number of terms coming from the Schwinger's 
kernel. In practice, one usually introduces an auxiliary mass M at 
intermediate stages of the calculation to improve the behaviour of the integral 
over proper time at the upper limit. This mass parameter should be eliminated 
only after completing all manipulations with ultravioletly regularlized 
expressions. Any polynomial-in-M term in the effective action can be freely 
removed, In particular, the one-loop divergence of I!)[@] in the massless 
theory is determined by the first term in the figure brackets of equation 
(7.1.38). The corresponding counterterm in the minimal substractions scheme 
reads 


sy = = [os e~* tra(x, x). (7.1.39) 
Ta) 


To find the counterterms, one can use a scheme which is technically 
analogous to dimensional regularization but less sophisticated. Such a 
regularization consists in simple insertion of an additional factor (is)? into 
the integral over proper time in equation (7.1.32), without any continuation 
of the Schwinger’s kernel in d-dimensional space. Then we obtain 


ds 
a fs s* 


This prescription will be called the w-regularization. 
One more way to regularize the integral over proper time is as follows 


roo] =z” fas e~ t(x) tr U(x, xls} (7.1.40) 


rite- -i | ds teuis) 


=w 5 


L [° dis) ine 4 
-s5| te faxe '(x) tr F(x, x|s) (7.1.41) 


L being a real regularization parameter of inverse mass dimension, L— +0 
at the end of calculations, Here the integration over s is performed along 
the positive part of the real axis, except a small region near s=0 where the 
integration contour goes to the domain Ims<0Q to end at s=—iL?. The 
point is that everyone computes, starting from Schwinger, proper-time 
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integrals by rotating the integration contour into the negative imaginary axis 
or, which is the same, by making the replacement s=—it with real 
non-negative t. Hence, the above prescription is equivalent to cutting off 
time-rotated integrals at the lower limit. 
For s=0 the decomposition (7.1.20) is applicable, and one can readily 
calculate the divergent part of (7.1.41), One finds 
1 


< l 5 - 
Mln 45 tAo+L (AmA) 


4 
-mie 4, -mA + Aa) (7.1.42) 


where 4 is a parameter of mass dimension. Dropping here all m-dependent 
terms, we obtain the one-loop divergences for the massless theory, Then 
counterterms can be chosen in the manner 


si) = -> . fiL +L™A, -n(tžê)Aa}, (7.1.43) 
T 


7.1.4. Conformal anomaly 
The Schwinger-De Witt technique is an ideal tool for the study of breaking 
local symmetries by quantum corrections. In this subsection we demonstrate 
its power by giving explicit calculations of the so-called conformal (or Weyl) 
anomaly. 

As has been discussed in Section 1.7, certain field theories in curved 
space-time possess a local] scale (or Weyl) invariance of the form 


2, "(x)=e™e™(x) p(x) =e g(x) (7.1.44) 


Pubeing fixedconstants determined by the field types under consideration. 
Such a symmetry is inconsistent with the presence of massive parameters in 
the classical action, hence it can originate only in massless theories. The 
Weyl invariance appears to be potentially anomalous at the quantum level. 
The problem is that one inevitably introduces some massive parameter in 
the process of regularization. As a result, there is room for anomalies in any 
classically Weyl invariant theory. 

We will consider two models describing bosonic fields w(x) and fermionic 
fields ¥‘(x), respectively, on a curved gravitational background. Their action 
functionals read as follows: 


1 = ‘ 
Sa=5 d*xe *nyo'(Hoy 


(7.1.45) 
H=V°V,—é21 
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= being a constant, and 


Se= -fatx e` `nyP'(hYy 


h= 17°V,. 


(7.1.46) 


Here ny and n; are constant Lorentz-invariant matrices. It is easy to see 
that Sa may be invariant under transformations of the form (7.1.44) only if 
Pa = l, for each index i, and the operator H changes according to the rule 


H’=e™ He?" 

qa=3 Pa= 1. 
Owing to the first and fourth relations (1.6.33), such a transformation law 
proves to be admissible only under the conditions that ¢=4 and the field 
family {p°} is a set of scalars. Analogously, Sp turns out to be Weyl invariant 
only under the conditions: (1) p; =# for each J; (2) the field family {¥"} is a 


set of Majorana spinors. Then, the operator h is characterized by the 
transformation law 


(7.1.47) 


h' =e" he Pre a i 48 
qr=$ Pp=3- 


The squared operator Hy =hh, which is used to define the fermionic effective 
action, transforms in more complicate way than the bosonic operator H 


Hi, =e%? hele 272 he- Pre, (7.1.49) 


Now, we are going to investigate the behaviour of renormalized effective 
action for a massless conformal scalar field under the Weyl transformations 
(the case of a massless spinor can be handled similarly). Naive effective action 


=51r nH H=VV, +A (7.1.50) 


is formally invariant with respect to the redefinitions (7.1.47) provided Det 
is defined such that Det(o(x)d(x, y))=1 for any g. However, here we operate 
with infinite expressions. To make our manipulations sensible, we introduce 
some regularization. Let us first consider the effective action in the 
(o-regularization scheme: 


t o . ds 
T,==7? TrU 71,51 
5H f is r U(s) ( ) 


where the kerne] U(s) corresponds to the conformally covariant operator H 
given in equation (7.1.50), In accordance with equation (7.1.47), an 


Effective Action in Curved Superspace 595 


infinitesimal Wey] transformation changes H according to the rule 
ôH =q,0H —p,Ho 


hence 
é 
ô Tr U(s)=is(gg — pa) Tr(a H U(s))=(4s—Pp)s 35 Tr(gU(s)). (7.1.52) 
This leads to 


or, =>-—w u| n Trío U(s)). (7. 1 53) 
6 (is)! 2) 


Since ôl „ is proportional to w, only the divergent part of the proper-time 
integral, appearing in equation (7.1.53), contributes to oI, in the limit w — 0. 
This part can be found in complete analogy with the derivation of equation 
(7.1.38), that is, by introducing the factor exp(—iM7s), M being an infrared 
regulator, into the proper-time integral. Then, after separating the divergent 
part, M should be removed. As a result, one obtains 


= [ats e~ ‘ca,(x, x) + O(w). (7.1,54) 


(42)? 
Let us define the renormalized effective action 


Ten = lim (Fa + Scount) 
w—0 


with Sount given as in equation (7.1.39), Equation (7.1.54) shows that T pen is 
not invariant under the Weyl transformations: 


osm 1 
Tea a-ga os 
G g=0 


This phenomenon is known as the Weyl anomaly. 
Equation (7.1.54) allows one to observe an interesting property of 


counterterms in a classically Weyl invariant theory. The point is that ôr, 
has no divergent part. Since T „is of the form 


1 a=“ Scount + j Siem +O(a) 


we conclude that the functional S,,,,, is Weyl invariant. Therefore, the 
combination e~'(x)a,(x,x) varies in total derivative under the Weyl 
transformations. 

It is instructive also to re-obtain the Weyl anomaly in the framework of 
the L-regularization scheme. Starting with the regularized effective action 


i -if dS Trus) (7.1.56) 
2 ir? S 
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we consider its variation with respect to an infinitesimal Weyl transformation. 
Making use of equation (7.1.52) gives 


D> 


ô, = = (4s — Pa) | ds = Tr(a U(s)) = (Qa—Pp) Tr(a U(s))|;= -i> 
2 > 6S 2 


-iL 
Here and below we do not at this stage set explicit values for gg and pp. For 


sxQ the decomposition (7.1.20) is powerful, and the above expression can 
be rewritten as follows: 


3 l 
aT = aala pa) (atxe Fold“ * +L FCs, x) Hals) +O 
Jet 


(7.1.57) 


where we have used condition (7.1.29). Then, the finite functional (T; + S.ount)s 
for S.oun given as in equation (7.1.43), is 


= SS tac AT PVE DALAS 

d(T. +S count) = 327? axdi Pa)a € t5¢¢ 
+L~*[(qa—pp)oe™ ‘a(x, x) + d(e~ ‘a, (x, x))] 
—In(L??)d(e~ 'a,(x, x)) + (qe — ppoe” ‘a(x, J +O(L?). 


Since the variation must be finite as L—0, there appear the consistency 
conditions: 


dp—Pp=2 (7.1.58a) 
d(e~ a, (x, x))= —2ee™ 'a,(x,x)+total deriv, (7.1.58) 
d(e~ ‘a(x, x))=total deriv. (7.1.58c) 


In addition, the renormalized effective action T’,,,,=(I', + Sron) =o satisfies 
the same relation (7.1.55) which arose in the qw-regularization scheme. 
Therefore, the Weyl anomaly is a physical effect independent of the 
regularization chosen (in contrast with counterterms). 

Let us discuss the relations (7.1.58), Equation (7.1.58a) arose as a 
requirement necessary for Weyl invariance of the classical action. We note 
further that equation (7.1.58) is satisfied identically if a,(x,x)~@ (see 
equation (1.6.33)). As will be shown below, a,(x,x)=0 for a massless 
conformal scalar field, but this is not the case for a massless spinor field 
where a,(x. x) coincides with the scalar curvature. Finally, equation (7.1.58c) 
we met when describing the Weyl anomaly in the framework of 
w-regularization. The correctness of equation (7.1.58c) can be easily checked 
on the basis of explicit results concerning the general structure of a,(x, x) 
and given in the next subsection. 


Effective Action in Curved Superspace 597 


In conclusion, let us return to the relation (7.1.55). We recall that any Weyl 
invariant field theory is characterized by the condition that its energy— 
momentum tensor is traceless (see subsection 1.6.8). The breakdown of Weyl 
invariance by quantum corrections appears to be equivalent to the fact that 
the averaged energy-momentum tensor ¢T"">~6I,.,/OGm, acquires a 
non-zero trace (T™, the latter coinciding with the expression in the left-hand 
side of equation (7.1.55). Therefore equation (7.1.55) shows that the trace of 
the averaged energy-momentum tensor is given by the a,-coefficient. 


7.1.5. The coefficients a,(x, x) and a(x, x) 

We have already seen that one-loop counterterms and anomalies are 
determined by De Witt coefficients a, and a, at coincident points, thus it is 
necessary to be able to calculate these objects. In principle, the calculation 
of De Witt coefficients at coincident points is a simple, but tedious task. It 
consists of numerous differentiations of the master equations (7.1.21), (7.1.25) 
and (7.1.28) together with the use of the covariant derivatives algebra (7.1.9) 
and the boundary conditions (7.1.22), (7.1.26) and (7.1.29). 

To find a,(x,x) and a,(x,x), it is necessary first of all to calculate 
purely geometric quantities of the form V,,...V,,0(x,x’)|,-, and 
Vae Va Q X, x')|,=x to finite orders k and I. Direct calculations lead to 
the relations: 


V,V,0(x, a | =Nab (7.1.59a) 
VaV, Volx, x) yn g°=0 (7.1.59b) 
V.V,V.V20(X, X')i pox -: alcdjb (7.1.59¢) 
= PAANS E R (7.1.59d) 


8 
OOCa(x, x’)|,<.= “Fe AFB E 5 PO Fas OR (7.1.59) 


and 
VH, x’) p=. =0 (7.1.60a) 
VaV, xaar = 7 Fe (7.1.60b) 
VOR (x, xr =v, R (7.1.60c) 


oon' (x, Xay = P Aaa Rata A+ oF 


(7.1.60d) 


598 Ideas and Methods of Supersymmetry and Supergravity 


where (]=V°V,. For example, let us derive the important relation (7.1.59a). 
Acting with V,V, on both sides of equation (7.1.21), we then put x=x’ in the 
resulting identity: 

V,V70V.V,0+V%0V,V.V,0=V,V.0 


and use equation (7.1.22a). This leads to 
F ball F de= Fy 


where F,.=V,V_a(x, x’)|,-,. Since Fa is a non-singular matrix as a result 
of equation (7.1.22b), the final relation is equivalent to relation (7.1.59a). 

Other information which is necessary for computing a(x, x) and a2(x, x), 
involves multiple derivatives of ag at coincident points: 


V(X, x’) |e =0 (7.1.61) 
CV ao(x. x) eee =: Rap (7.1.61b) 
5 Das laer =; AOR (7.1.610) 


where © =V°V,. Let us describe the derivation of equation (7.1.61b). Acting 
with V,9. on the left-hand side of equation (7.1.284) gives 


VVV o,ao + {VV 0V F a, + lbe) + VaV T V a=. 
We put x=x and make use of equations (7.1.22a). (7.1.59a) and (7.1.59b) 
resulting in 
(Vao +0 Vao) =0 
which can be rewritten as follows: 
29,9. o| x =x’ z [Ps VJay |x ES By Ag(x, x). 

Then, the boundary condition (7.1.29) leads to equation (7.1.615). 

Remark. In the above expressions, #,,=2,, denotes the Riccci tensor, 
while #,,= —#,, denotes the generalized curvature tensor taking its values 
in some matrix algebra (see equation (7.1.9b)). 


Now, we are ready to calculate a,(x,x) and a,({x, x). In accordance with 
equation (7.1.28b), the equation determining a,(x, x’) reads 


V2aV,a, +a, =Q VÑ (QU ao) + Zao. (7.1.62) 
We set here x=x' and make use of equations (7.1.22a), (7.1.26), (7.1.29), 
(7.1.60a,b) and (7.1,61b). This immediately gives 


a, (x, x)=S+2 al. (7,1.63) 
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Next, the equation determining a, reads 
VaV,a; +2a; =Q H29a9 (QY?a,)+ Ja, 
and reduces, for x=x’, to 


. 1 l i 1 
a(x, o=3(2+2a1)(2+La0) he A(x, x')a, (x, x’) <x! 


The quantity (a,(x, x’)|,-,. can be easily computed with the help of equation 
(7.1.62) and the relations (7.1.59-61). One obtains as a result: 


1 
a(x, =r Pcs Fay + o2) +5 RF. 


1 1 1 1 1 
+- | 3+-21 )+-| 3+-@ (2 ia), 7.1.64 
6 a( 6 ) A 6 ) a ( ) 
The relations (7.1.63, 64) solve the problem of finding the De Witt coefficients 
a, and a, at coincident points. 


For applications it is sometimes useful to re-express (2,4)? in equation 
(7.1.64) via the squared Weyl tensor. Making use of the identity 


OMCs = ROP ica _— 22” Bas + R? (7. 1.65) 
which follows from equation (1.6.17), we obtain 


1 
(X, amig (CM Caut Hg 5 A+ a) 


1 b 1 > 1 1 1 7 1 
+5 % fatz oO (2+; a) (2+; ai)(3+2a1), 
(7.1.66) 


As examples, let us determine the coefficients a, and a, associated with 
the conformally covariant operators 


1 1 
i= 8 Hy=hh=2-7 al 
for h given as in expression (7.1.46). The H.. and H,, are assumed to act on 
spaces of scalar and four-component spinor fields, respectively. In the former 
case we have J= —3@ and #,,=0, hence 


a(x, x)=0 (7.1,67a) 


1 
a$, x) -5 Gaz” + PR Ray Re + a). (7.1.67b) 
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In the latter case we have J=-4#1 and #,,=42,,.4M“4, where 
M“= —3[;", 7], hence 


! 
tr aP’ (x, x)= — = R (7.1.68a) 


l 1 1 
tr a$P(x, x)= 4a¥"(x, x) ET (Gag = (ataa æ) ae o2. 


(7.1,68b) 


The results of subsection 1.6.6 imply that the functionals 
Age! =| ats e 'a$")(x, x) 
and 
Ag?) = [ers e~t tra$?)(x, x) 


are invariant under arbitrary Weyl transformations, 

In summary, we have described the standard Schwinger—De Witt technique 
established in its final form in the 1960s, and still remaining the most efficient 
method for studying functional determinants of operators of the form (7.1.2). 
For more complicated differential operators there exists a generalized 
Schwinger-De Witt technique developed later by A. Barvinsky and 
G. Vilkovisky?. The interested reader can find the necessary details in the 
original paper. 


7.2. Proper-time representation for covariantly chiral scalar superpropagator 


We proceed to investigating the one-loop effective action in theories of matter 
superfields on a curved superspace. Among the specific features of quantum 
theory in curved superspace (or space-time) is the fact that the matter effective 
action begins to depend here not only on the matter mean (super)fields, but 
also on the supergravity prepotentials (or gravitational field). Analysis of the 
latter dependence will be our primary goal. Throughout this chapter, only 
the minimal formulation for Einstein supergravity will be used to describe 
the background supergeometry. In the present section, we often make use 
of the prepotentials parametrization adopted in Sections 5.4 and 5.5. 

As mentioned above, the standard Schwinger-De Witt technique is most 
suitable for studying functional determinants of second-order differential 


24.0, Barvinsky and G.A. Vilkovisky, Phys. Rep. 119 1, 1985. 
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operators with the universal second-order term V°V,. Most differential 
operators which arise in superfield theories involve spinor partial derivatives 
along with ordinary ones. It turns out that the Schwinger—De Witt technique 
preserves its power for superspace second-order operators of the general form 


BF, + fPD Fs) +f (ge +fagZ? +... (7.2.1) 


where the dots mean all terms are at most linear in covariant derivatives. A 
mixed term with spinor and vector derivatives can, in principle, be included 
into expression (7.2.1), but such structures do not appear in practice. When 
considering the one-loop quantum correction in a superfield theory, we will 
try to re-express it via determinants of operators having the form (7.2.1). 


7,2.1, Basic chiral model 
Let us begin with the curved-superspace action 


=! 
Seni | as Edod: [ost voee} (7.2.2) 


describing the interaction between dynamical (®) and external (¥) covariantly 
chiral scalar superfields, 7,0 = Z,¥ =0. A set of chiral models, which will 
be discussed below, can be read from Sy, For ¥ =m we obtain the massive 
chiral action 


oad” 
Siml®] = f dêz eigos fa far E ortec], (7.2.3) 


Setting W =0 gives the massless super Weyl invariant model with the 


action 
S[®] = fav: E~'o. (7.2.4) 


For ‘¥=R we obtain another interesting massless action 
1 
Sia [O] = [avs E- (+6) (7.2.5) 
In curved superspace, the variational derivative for a covariantly chiral 


scalar superfield is given by equation (5.5.28). Hence the Hessian of S,y,[®] 
reads 


57S yyy 5S wy) 

5D(z)5O{z’) SOH(z)SH(z’ zz 
GD) O{z)5H(z’) mnen(*) 0 ) (7.26) 
Ò? Sw) 57S iy) 0 d_(z, 2’) 


S5D(z)5O{(z') S5B(z)d5H(z') 
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where 
P(z) a a] 
Y 2: 
BA aai eja Kii 
For ¥=0 this operator reduces to 
k» 0 a 0 a | 
al ARS 0 Ay a (7:28) 


Let us note that H” turns into the operator (4.4.5) in the flat superspace 
limit. We denote both fiat and curved operators by the same symbol, but 
only the latter will appear in the present chapter and hence no confusion 
should arise. 

The quantum correction Ty) to Sj, is defined by the superfunctional 
integral 


elms {2 DS eisio] (7.2.9) 

and can be represented in the form 
Tw)=5TF In H”, (7.2,10) 
Remark, Throughout this chapter, the operations sTr and sDet are denoted 


by Tr(—Tr) and Det(Det~*), respectively, in the purely bosonic (fermionic) 
case. 


Remark, We define the superkernel of an operator 
pafas tic) 
A_, A__ 
which acts on a space of covariantly chiral-antichiral scalar columns 
(Beha A 
Hz) \e¥ Hx, 8) 
with the help of the covariant chiral delta-function 
1 
6. (z,2')= —4(P -4R)ES*(2—2)= 0° e” e 64x —x')52(8— 8") 


and its conjugate 6_(z, z') in accordance with the rule 


A+ +(2,2') tf) (rene 0 
Geta Aaa oY Oe) wey | ED 
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This definition is convenient in practice since the components of the 
superkernel are bi-scalar and covariantly chiral or antichiral according to 
which label, + or —, is attached to the corresponding argument (for example, 
GA. (z, z')= Z,A, .(z,2')=0), Then Tr A reads as follows: 


Tr A= fass e oA j+ fasz e7" (p>A__(zz)) 


3T 


=% 
= fas E Aste e)+ far a. tez) 


STriA s + Ir-ÅL (7.2.12) 


The action (7.2.2) is the minimal extension of the flat action (4.4.6) in a 
curved superspace. As we have seen, the flat action was used to define the 
one-loop quantum correction in the Wess-Zumino model (see equation 
{4.8.27)). Analogously, the one-loop correction I[@] in the generalized 
Wess-Zumino model (6.3.7) is connected with the superfunctional (7.2.10) 
by the rule 


PTD) = ltn (7.2.13) 


This is why Ty, deserves consideration for arbitrary Y. 

When const the operator H* has such a structure that the 
Schwinger-De Witt technique proves to be inappropriate to handle directly 
the Feynman superpropagator of H”. There are two approaches, however, 
to reduce the problem of computing Det H” to similar problems, but for 
operators which meet the chief requirement of the proper-time technique. 
One of these approaches can be applied in the case when the body of ‘P(z) 
is non-zero at each point z of superspace. Under this assumption, we have 


the relation 3 
-2¢0 g 
OT 


e=P/m  m=const#0 (7.2.15) 


where 


and m is a real parameter and H'™ is just the operator H” constructed on 
the base of the super Weyl transformed covariant derivatives (5.5.13) with o 
given by conditions (7.2.15). Equation (7.2.14) leads to the formal relation 


Det H” = Det H'™ 


which shows that Ty) can be read from Im. If we explicitly indicate the 
dependence of I, on the supergravity prepotentials W™” and 4, 
Dim) =LI im LW. 9], then Toy; is given by 


y 
Fin=T o] W = o|; (7.2.16) 
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Another approach to computing T p, which needs no assumption about 'P, 
will be described in the following section. 


7.2.2. Covariantly chiral Feynman superpropagator 
Let us consider the Feynman superpropagator 


„n (GM. GIP 
G: = (rs ol) 


associated with the operator H, By definition, G™ satisfies the equation 


( m ia Go ee ac °) 
—1(g9? —4R) m Gc, Gm) \o êf 

(7.2.17) 
From this equation we obtain 


(mì 
G™=H' a cal (7.2.18) 
where f 


Gm=-lem, Gim=—tem., 
m 5 m 


The bi-scalar Green's function G‘"(z,z’) is covariantly chiral in both 
arguments and because of equation (7.2.17) satisfies the equation 


(3, —m?)G""(z, z') = —54(z, 2’) (7.2.19) 
where 
1 
H= 7 Z —4RVG?— AR). (7.2.20) 
Similarly, the antichiral superpropagator G™(z, z’) obeys the equation 
(3, —m7)G0""(z, 2’) = — 5 _(z, 2’) (7.2.21) 
where 
X= K (2? —4R\XD?—4R). (7.2.22) 


As pointed out in subsection 6.3.2, the fourth-order differential operator J, 
(X4) turns into a second-order operator when acting on the full space of 
covariantly chiral (antichiral) scalar superfields; that is 


l 2 
lia D -37 R)+RR 
scalarspace 


1 2 
alamichini ~ O- -732 R)+RR. 
scalar space 
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Here D- and Q- are the chiral and anticharal d’Alembertians, respectively, 
defined in equations (6.3.18) and (6.3.19). Both operators O, and O- have 
the form (7.2.1). 

The effective action Iim can be readily expressed in terms of the 
superpropagators G’” and G!"’. With the aid of the formal relation 


Det H™ = Det!/?(H'H! fa m) 


one obtains 


Fa -z Tr, In Gy ——Tr- In Go” (7.2.23) 


for Tr, defined as in equation (7.2.12). In accordance with equations (7.2.18) 
and (7.2.23), the Green’s functions G™ and G‘” are central objects in the 
quantum theory. 

Both terms in the right-hand side of equation (7.2.23) produce in fact the 
same contribution modulo boundary terms at infinity, because of the formal 
equality 

éTr_ In G™ =6Tr_ In G” (7.2.24) 


which holds for an arbitrary variation of the supergravity prepotentials. 
Equation (7.2.24) is a simple consequence of the operator relations 


H. G™=G™H_, (7.2.25) 
GMH, =H, Go" 
for H,_ and H_, given in identity (7.2.8), together with the identity 
Tr.(A,_B_.)=Tr_(B_,A, _). (7.2.26) 


To prove relation (7.2.25), it is sufficient to take account of the composite 
nature of # and ©, 


H#,=H,_H_. H,=H_.H.- (7.2.27) 
which implies 
H- =H; HH, =H, _%, (7.2.28) 
As a result, we can rewrite Im in the form 


Tim = = Tr, in Gi”. (7.2.29) 


In perfect analogy to the massive case, the quantum correction T in the 
massless theory (7.2.4) can be represented as 


=—2Tr. In G.-5Tr-In G.= —5Tr, In Ġ. (7.2.30) 
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where the chiral (G,) and antichiral (G,) Green’s functions constitute the 
Feynman superpropagator G associated with the operator (7.2.8) 


G. 0 
c=u( 0 =) (7.2.31) 
and satisfy the equations 
HG (2, 2')= —8 ,(2, 2') (7.2,32a) 
HG Az, 2')= —8_(2, 2’), (7.2.32b) 


7.2.3. The chiral d'Alembertian 
Before proceeding further, we would like to discuss the chiral d'Alembertian 


P 1 
o =2°2,+ ; RP +iGD, +4 (Z*R)Z, (7.2.33) 


entering the equation for G™, and related geometric objects. As has been 
already mentioned in subsection 6.3.1, the chiral d’Alembertian is unique in 
the sense that any operator of the form 

2R, + $7" (2)D,2, +f (2)Zat L(DFZa 


which maps the full space of covariantly chiral scalar superfields into itself, 
coincide with O.. Closely related to (J), is an operation of multiplication 
on the chiral space. This operation is defined by associating with arbitrary 
chiral scalars ®; and ®, another scalar superfield 


i ! 
0, 40,=0,+0,=— (Z° —4R\D°O,2,0,) = 2°O, 9,0, +7 RIO, 2,0: 


(7.2.34) 


which is covariantly chiral by construction. The connection between p -~ and 
* reads 


8 E= 8 BA 
d A a d E Tid eh (7.2.35) 


for arbitrary covariantly chiral scalars ®, and ®. 
Similarly to O4, the *-product is uniquely defined in the sense that any 
binary operation 


(® 1s ®,) = 2°, 2,9 +f(2)2"0, 2,0; +f” (A20 1 GP, + FO, 2) 


which maps arbitrary chiral scalars ®, and ®, into a chiral scalar, must 
coincide with ®, +®,. This observation has important consequences. First, 
chiral generalizations of the equations (7.1.21) and (7.1.25) for the geodesic 
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interval and the Van Vieck—Morette determinant, respectively, are of the form 
o +0 =2°02,0 +i R2*062,56 =20 (7,2,36) 

and 
PoDN + R202 NQ =(4- 0,0). (7.2.37) 


Analogously, the equation for an antichiral extension of the geodesic interval 
should have the form 


252,5 +I R223 = (7.2.38) 


From equations (7.2.36) and (7.2.38) we see that there is no universal extension 
of the geodesic interval in curved superspace. Different Green’s functions will 
involve different super-intervals, 

Chirality of the final expression (7.2.34) implies that there is a natural 
chiral supermetric. Let us introduce the complex coordinates 2¥,=e™ zM 
most suitable for operating with covariantly chiral scalars O(z)=e” D(x, #)= 
(y“4), where y@=(x?), 04). Next we re-express the supervierbein in the 
coordinate system introduced, E,“0,,=E%™ 6), Because of the relations 
(5.4.2, 3), in the gauge (5.4.6) we have 


EJM | Ea) [i 1 Ba 
EWM =| — - — |s|- - — | (7.2.39) 
0 | dF 0 | ôF 
A=(a,4)  M=(m,p) 
Now equation (7.2.34) can be rewritten as follows 


ab, cb, 


D, +0, =g DTE EN 


(7.2.40) 


where the supermetric is given by 
gMXa(/7)M n4 (7.2.41) 


n4 a (" 0 
O Re? 


I'T being the supertranspose of the supermatrix | (see equation (1.9.59), The 
sypermetric is seen to be a function of the chiral variables y% only;thoughg™ 

is built in terms of the reduced supervierbein l! ,“ with non-chiral components. 
We note, however, that the Berezinian of t, M is chiral. With the aid of 
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equations (1.11.17), (5.4.19), (5.5.3) and (7.2.39), one can readily prove 
1=Ber(l ,“)=07*, (7.2.42) 


Because of the relations (7.2.35) and (7.2.40), the chiral d’Alembertian can 
be written in the form 


6 ĝ 
T (o? ua) (7.2.43) 
y= y= 
completely analogous to the standard representation 
VV, = eðple t g" d,) 


for the scalar d’Alembertian, 


7.2.4. Covariantly chiral Schwinger’s superkernel 

The structure of the chiral superpropagator G™ can be described in the 
framework of the proper-time technique. As in the case of propagators in 
curved space-time, we introduce the integral representation 


Gz, z)=i Í ds e~ =i) U (z, z'\s) (7.2.44) 
o 
where U,(z, z'|s) is now required to satisfy the equation 
ôU 1 
jee _#u.= -( O4 ~ HOR) + RR), (7.2.45) 
és + 
and the initial condition 


Uz, 2'|s> +0)=6, (z, z). (7.2.46) 


Similarly to Gt", the superkernel U,(z, 2'|s) must be covariantly chiral and 
scalar in both the superspace arguments. 

Due to the explicit form of O4, it is possible to search for a solution of 
equation (7.2.45) by applying the ansatz 


ey ee exp( 2-7?) Š atiz, lis) (7.2.47) 


(47is)? 2s =0 


Where ø and a‘s are chiral bi-scalars. To ensure the fufilment of equation 
(7.2.45), @ must be a solution of equation (7.2.36), whereas the remaining 
bi-scalars must obey the system of equations 


o+a5 +; ((,0—4)aj =0 (7.2.48) 


(n+ ajitosa +5 (0-04a; =a; (7.2.48b) 
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the *-product being defined in identity (7.2.34). The initial condition (7.2.46) 
proves to be fulfilled under the following boundary conditions: 


2,2)=F0(2, 2’) p22 =F,.9G(2Z, 2) \a22-=0 (7.2.49a) 
G,D,D,a(2, 2')\ =r =D? D,a(2, Z)\222=0 
ag(2, 2) = Z,ag(2,2’)| 2-2 = 2280/2, 2')|,-2=0 (7.2.49b) 
and 
F,Da(z, 2’) |252 =Ma (7.2.50a) 
2,7 gao(2z, 2')|2=2 = — Exp- (7.2.50b) 


Equations (7.2.49--50) completely specify all the objects entering the 
right-hand side in equation (7.2.47), Rather than demanding condition 
(7.2.50a), it is sufficient in fact to require det(—Z,Z,o(z))|.-. 40; then 
equation (7.2.50a) is a simple consequence of the master equation (7.2.36), 

There are simple observations which lead directly to the above boundary 
conditions even without careful analysis concerning their compatibility with 
condition (7.2.46). We first note that in the flat superspace limit U,(z, 2’|s) 
should take the form (4.4.21), hence the flat values of g and aĝ read 


1 
a(z, z'ea 3 (X(4) X+ )? a6(Z. z’) =(8— 8’)? 


and are seen to be consistent with the flat version of equations (7.2.49, 50). 
Another remark is that all tensor superfields Z,...%,4,0(z,2')|,-,, and 
Da... Dy a5(z,2')|,-,, where k, n=0, 1, 2,..., should have purely geometric 
origin by their very construction. What is more, they should be polynomials 
of the supertorsion tensors R, R, G,, W,,, and Wg, and their covariant 
derivatives in order to make possible the existence of a flat limit. Then, the 
equalities (7.2.49) follow from considerations of dimension. Dimensions of 
the basic geometric structures are 


[RI=[G,J=1 [Wap]=3/2 [2,]>1/2 


but all objects entering equalities (7.2.49) have lesser dimensions ([o] = —2, 
[ag] = — 1) or their tensor form differs from that of the invariant tensors &,,, 
eap and (o,),,. Finally, the relations (7.2.50) are dictated by the flat limit. 

Equations (7.2.48) can be rewritten in a simpler form if one redefines af 
in the manner 


a(z, z) =Q ?(z, z')a{(z, z’) n=0, 1, 2,... (7.2.51) 


where the chiral bi-scalar 2 is subject to equation (7.2.37) and the boundary 
conditions 


Nz, z)=1 DNAz, z')|p22=9 (7.2.52) 
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Then a°s satisfy the equations 
o*a5=0 (7.2.53) 
(n+1)aS,, +a rā, =Q 2 9¢(0) a5). (7.2.53b) 
By analogy with the terminology of Section 7.1, it is natural to call af or a¢ 
the De Witt supercoefficients. 


7.2.5. a§(z,z) and a§(z, z) 

From the viewpoint of renormalization, of exceptional interest are the 
coefficients aj and a5 at coincident points. To calculate these coefficients, 
one follows the same scheme described in the previous section. Namely, it 
is necessary to make numerous covariant differentiations of the master 
equations (7.2.36) and (7.2.48), with the use of the algebra of covariant 
derivatives (5.5.6), and take account of the boundary conditions (7.2.49-50), 
The immediate consequences of equations (7.2.48—50) are: 


aj(z.z)=—R (7.2.54) 


and 
2a§(z, z)=04a(z,2’)|-<2+ ; (Z*—4R)RR. (7.2.55) 


To find G,a§(z,2')|,-, it is necessary to obtain a number of auxiliary 
relations. Straightforward but tedious calculation leads to 
2,202, 2’) z= = 2 2 2, alz, 2')\ 2-2 =0 
DGD a(z,2')|,2=—16R 
22,2" 2,0/2, 2')\.-»=S8RR+G6'G, -i FR? -5 GR 
B°D,D,,a5(2, z')|; zg = 2,2,2.a9(2, z’) lems =0 
BO, a5 (2,2 ener = — 2,2 a5(2,2')|222=2iG, (7.2.56) 


2°2,2 az, 2')| -= =12RR+2G°G,—Q?R 
DOF, a°(z, 2')|.-=4RR+2G°G,—F?R 


1 
POD D apla z’) pei WPW, py +7 FRIAR + 2G" *G, 
With the help of these identities one readily obtains the final relation 


1 1 1 
aile, 2)= 75 W Wap + zy (2° —4R)G"Ga -z (Z? —4R\D?—4R)R. 
(7.2.57) 


Effective Action in Curved Superspace 611 


At intermediate stages of computing a§(z,z) there appear non-chiral 
expressions, but the final result is explicitly chiral. 
It is worth noting that the superfunctional 


E`’ = 
faz S(z == f dêz ee WH Way (GG, 2RR)} (7.2.58) 


R 


is invariant under arbitrary super Weyl transformations (5.5.13), in 
accordance with the results of subsection 5.6.5. 


7.2.6. One-loop divergences 

Once the proper-time representation for G has been established, the 
effective action (7.2.29) can be handled by the rules given in the previous 
section. We rewrite I in the form 


d 
ee -fg 5 aims Tr, Uds) (7.2.59) 
2 Dp § 
and then improve the behaviour of the proper-time integral at the lower 


limit by applying the prescription of w-regularization. Since a§(z, z)=0, the 
divergent part of the effective action reads 


1 E7-} 
Dimai = 32 w wag |e z — {aS(z, z)—m 7aS(z, z)} 
a [ars eft aS(z, z)+ mè, (7.2.60) 
32n?w Ro 


Because of the explicit form of a§(z,z), the integral (7.2.60) is real modulo 
total derivatives. 

With the aid of equation (7.2.60) it is easy to obtain divergences of the 
effective action (7.2.10). Since Tyy, and Tim are connected as in equation 
(7.2.16), we have 


1 ATA 
Fansa [ate fiaen] (7.2.61) 


where we have accounted for the fact that the functional (7.2.58) is super 
Weyl invariant. Now, equation (7.2.13) tells us that the one-loop divergences 
in the generalized Wess-Zumino model (6.3.7) are 

2 


Or E“O0+> A leee ‘{@(m+ ER) + O(m+ ER)} 
ms |482 E-R+R 
E E { $ } 
l 
gfe fm +ERR+ past.) (7.2.62) 
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with å and č being chosen real for simplicity. To eliminate these divergences 
one must introduce counterterm Seoni = — DLO] a into the classical action 
(6.3.7). 

Let us discuss the final result. As is clear, in the flat limit only the first 
term in equation (7.2.62) survives. In a curved superspace with R #0 integrals 
like f d°z E~*® do not vanish, and there arise linear-in-® divergences. As a 
result, the Wess—Zumino model turns out to be unstable in curved superspace. 
Both the third and fourth terms in equation (7.2.62) show vacuum divergences 
which appear due to non-trivial background supergeometry. Functional 


m$ 


Sa aa OE NRER 
ac, ci t Vno { + } 


8 =$ 2 2 1 tf iy 

or {a zE [m +ë RR+ Faiz } (7.2.63) 
is to be understood as a one-loop counterterm to the classical supergravity 
action in a full supergravity-matter quantum theory. The explicit form of 
the second term in equation (7.2.63) implies that the supergravity action 
should include the standard Einstein term (6.1.3) along with higher-derivative 
R?-terms (6.1.19), Because of the first term in (7.2.63), the supergravity action 
should also involve pathalogical structures (6.1.31) as long as €#0. 


7.2.7. Switching on an external Yang-Mills superfield 
The above results admit a natural extension to the case of a system of 
covariantly chiral scalars ®={®'(z)} coupled to an external Yang-Mills 
gauge superfields V= V'(z)T’, with T' the generators of a real representation 
of the gauge group. The quantum correction in the chiral model 
E`! 

SmL®; V]= faz E "6 eo f fasz TH wore} (7.2.64) 

can be represented in the form 


TiwlVI= > Tr, nG” (7.2.65) 


where the matrix superpropagator Gz, z’) is covariantly chiral in both 
arguments and subjected to the equation 


( ae -; (Z R)+RR- m? èM, z')=— loô (z, 2’). (7.2.66) 
Here Ô, is the Yang-Mills covariantized chiral d'Alembertian, 


Ö,= DeD, +7 RD? +iG"D, +5(2°R)D,— W*D,—3(0"W,) (7.2.67) 


Effective Action in Curved Superspace 613 


where D denote the gauge-covariant derivatives (6.3.35a), and W* is the 
corresponding superfield strength defined in equation (6.3.33), In comparison 
with equation (7.2.47), the Schwinger’s superkernel for Ĝ™ involves the same 
chiral super-interval ø, but all coefficients âf are now matrix-valued. The 
coefficients aj(z,z) and a§(z,z) prove to be given simply by combining 
equations (4.8.25) and (7.2.54, 57); 


a5(z, z)=a{(z, z)l (7.2.68a) 
a5(z, z)=a5(z, z)l + W* Wz. (7.2.68) 


In conclusion, it is necessary to note that the coefficients a{(z, z) and a5(z, z) 
were originally computed by I.N. McArthur with the aid of a normal 
coordinate frame in curved superspace?. 


7.3. Proper-time representation for scalar superpropagators 


In the present section we give an approach to the computation of the quantum 
correction Ty, defined by equation (7.2.10), This approach does not require 
us to make any assumption concerning and is based on a remarkable link, 
between superpropagators arising in special chiral models and in the massless 
vector multiplet model, For the scalar superpropagators of interest we obtain 
the relevant proper-time decompositions. 


7.3.1. Quantization of the massless vector multiplet model 
The massless vector multiplet in a curved superspace is described by the action 


stv]=2 | as E` V242 —4R)2,V (7.3.1) 


where V(z) is a real scalar superfield. The classical properties of this model 
have been discussed in subsection 6.3.2 (in comparison with (6.3.21), S[V] 
contains an additional factor 4 for later convenience). In particular, it was 
shown that S[ V] remains invariant under the following gauge transformations 


VaVS=V+A+A 9,A=0 (7.3.2) 


A being an arbitrary covariantly chiral scalar superfield. As is obvious, the 
gauge generators are Abelian and linearly independent, so the theory can be 
quantized with the help of the Faddeey—Popoy prescription (see Section 4,5). 


ILN. McArthur, Class. Quantum Grav, 1 233; 245, 1984. 
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We fix the invariance (7.3.2) by imposing the gauge conditions 


1 
(V]=——(@7-4R)V+a=0 
K[V] mL \W+a 73:3) 


k[V]= -1 (2> -4RV+ā=0 


where a(z) is an external covariantly chiral scalar superfield. The functions 
x[V] and [V] have been chosen to be covariantly chiral and antichiral, 
respectively, since they should belong to the same functional space where 
the gauge parameters A and A live. Because of the chiral variational rule 
(5.5.28), the Faddeev-Popovy matrix reads 


6x[VA] dx [VA] 


A OR | mN 
ôkV^ sre i 
ôA 6A 


Here H'™) is defined by equation (7.2.7) for ¥=R and is the Hessian of the 

chiral model (7.2.5). As a result, the in-out vacuum amplitude is given by 

t= [ave,] -1a*—aew+a|s_| -104v +a] Det(H®) ets, 
(7.3.5) 


In accordance with the results of subsection 4.5.2, T, does not depend on 
the external superfields a and a. Therefore, one can freely integrate the 
right-hand side of equation (7.3.5) over a and @ with some weight p(a, a) such 
that 


| gaa pla, a@)=1. 
It is useful to choose p(a, a) in the form 
Det! 2H) e7 iSinta) 


the action S) being defined by equation (7.2.2). This leads to the following 
representation 


eT = Det(H") Det! (H) e~ fad: E- voy (7.3.6) 


where 
fh -zag - 4R)2.+— \(Z* —4R), (2? —4R)} -; P(Z?—4R) 


-7 P2? aR), (7.3.7) 
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When acting on scalar superfields, O{*? reads 
OM= G99, -; G™*[F,, 2] -; (27 -4R) -1 P(2?—4R) 


1 


-LZR LRA,- PR -La 
ZRB- (RIZ R- R+2RR (13.8) 


as a consequence of the covariant derivatives algebra (5.5.6), and is a 
curved-superspace extension of the operator A (4.8.30). Let GU}! be the 
Feynman superpropagator associated with }® and defined by 


of Giz, 2’) = —5%(z, 2’), (7.3.9) 


Then, equation (7.3.6) can be rewritten in the form 


itm “3 Trin oma Trin H” —iTr in H”. (7.3.10) 


Remark. Given an operator A acting on some space of unconstrained scalar 
superfields, it is useful to define its superkernel to be bi-scalar: 


A(z, 2’)= Ad®(z, 2’) = AE} (z—z'). (7.3.11) 
Then Tr A is given as 


TrA= {a2 £-*At. z). (7.3.12) 


Equation (7.3.10) contains more interesting information than may appear 
at first sight, The point is that the right-hand side in equation (7.3.10) does 
not depend on 'P, which leads to important consequences. Let us first choose 
‘¥ =0. Then equation (7.3.10) takes the form 


F,=-5Trin G, -$ Trin H—iTr in B®. (7.3.13) 
where G,=G‘°’ and H=H. Choosing Y =R, we obtain 
r= -i Trin Ge Str In H®, (7.3.14) 
Equations (7.3.10, 13, 14) allow us to express I, and Trin H” as follows: 
T,= -F Tein G,+iTrin GS tr in H (7.3.15) 
Tr In H™ =Tr in G, —Tr In G) + Tr In H. (7.3.16) 


In the previous section we saw that Tr In H can be represented according to 
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the rule 
Trin H= —Tr, inG, 


G, being the massless chiral superpropagator defined by equation (7.2.32a). 
As a result, we arrive at the final relations: 


T,=- Trin G, +iTrinG+> Tr, mG, (7.3.17) 


Trin H®=Tr In G,—Tr In G®— Tr. In G. (7.3.18) 


The latter is a by-product of our consideration, and it supplies us with a 
simple expression for the quantum correction (7.2.10): 


T= 3 (Trin GĦ Trin G,) +P (7.3.19) 


where I = [ pis the quantum correction in the massless chiral model (7.2.4). 
The above relations make it possible to compute T, and Ty, in the 
framework of the proper-time technique, For any ¥ the operator oO!" has 
exactly the form (7.2.1), hence the corresponding Green’s functions GI”) 
possess a well-defined proper time decomposition. The proper-time 
representation for G, follows from equations (7.2.44, 47) by setting m=0, 


7.3.2. Connection between G'*) and G” 
Let us consider the Feynman superpropagator 


GG?) Gi? 
1 aon ++ + 
et (Gi iy (7.3.20) 
associated with H”, 
6 (2, 2’) 0 
HYG, 2)= -( ) 7.3.21 
(2.2) 0 6_(z, 2’) 


It turns out that G‘*” is expressed via the scalar superpropagator Gt”, defined 
by equation (7.3.9), in the manner 


QCP) ' POY) ' 
Gi? \(z, Tea G; (z, z’) hh G' (z, z ) 


= as 7.3.22 
hh Gz, z) hh Gz, z’) ( ) 


where 
h= — (GAR) h= — (9? -4R) 


This relation generalizes equation (4.8.31) to the case of curved superspace. 
It can be proved as follows. First, we act with H® from the left on both 
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sides in equation (7.3.21) resulting in 
H® HM GE \(z,2') = -nofi 5 ote z’) 
Oh sors 


Further, we apply H =H from the left to both sides of the relation 


h fh l h h 
CP) — Giz z= — ~ } §8(z, z 
Oy k 3 v (zz) i P) (z, 2’) 
which is a consequence of equation (7.3.9), The result can be presented in 
the form 


HEH, zj)=— x(} r) 5% zz) 


where G'”) is the operator defined by equation (7.3.22), Here we have used 
the identities 


h22? —4R)F, =hZ{F? —4R)F,=0 
h?7==Rh h?=Rh 


which are correct when acting on scalars. Since 


no" 5)=H(t 5] 
0 h h h 
both G'*) and G"’ satisfy the same equation. 


Using equation (7.3.22), it is not difficult to obtain an independent proof 
of the relation (7.3.19), 


7.3.3, Scalar Schwinger’s superkernel 
The proper-time representation for G‘(z, z’) reads 


x 
Gz, 2) =i | ds Uiz, z'|s) (7.3.23) 
(0 
where the bi-scalar superkernel U‘"(z, z’) satisfies the evolution equation 
( z +o, 2) Ute, 2')=0 (7.3.24) 
S 


and the initial condition 
Uz, z |s > +0)=4%(z, z’). (7.3.25) 


We search for a solution of equation (7.3.24) in the form 


Uz, 2'|s)= ; : 


ial t) æ 
Fris exp( 26?) ¥ atiz, z's) (7.3.26) 


2s n=0 
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o') and a” being real bi-scalar superfields. It is easy to see that øl” should 
obey the equation 


1 = 1 
Pog oP) GHG, ANG d) -Y2 dP tal P) 
v avy 2 “Vy x 4 xP y Y 


1 
-g Pa oy" 2,0) = 20, (7.3.27) 
whereas the recurrence relations for a™ are 


Kol), af") +5 (Aol 4a =0 (7.3.28) 


l 
(n+ 1a), +a, att, > + 3 (Aa e- Aa, = a 
where we have introduced a bracket < , > for real scalar superfields, defined by 


(Vi, Va) =9°V,9,)V,—7 GAP V PV- 23V, 2V3) 


A PZV, V: -E PPV IV (7.3,29) 
The operator A“ reads 
AY = og, ; G*[9,, a) yz? -; ya? -IZRAZ (PRI, 


(7.3,30) 


Equation (7.3.27) shows once again that in superspace there is no universal 
generalization of the geodesic interyal, 

The initial condition for U‘* implies that the system of equations 
(7.3.27, 28) must be solved under the following boundary conditions: 


afz, 2) = DOV 2, 2) | 222 = DD Oz, 2')| 2-7 =0 
220/2, 2')\ z= =a (7.3.31) 
B,D 0N, 2") 29 = 2,2 0z 2) = Dol Bu Baa z) 
2*9 al z, z')|,2--=16 
and 
a(z, z)= 21a (z, z')|--- =D, Deas nz, z’)|,-,-=0 
2242az z) -y =0 (7.3.32) 
D, Dga Deas \(z, 2')| «= 2 = — 46g Exp 
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These requirements are grounded in the same considerations as were made 
in subsection 7.2.4. In the flat-superspace limit U,=U‘° takes the form 
(4.8.43). 

Using equations (7.3.27, 28, 31, 32), one readily obtains 


az, 2)=0 


7.3.33) 
al(z, z)= —G°G, + PP. ; 
7.3.4. Divergences of effective action 
Now, it is a trivial task to obtain divergent parts of thè superfunctionals 
(7.3.17) and (7.3.19) with the help of the general algorithm given in subsection 
7.1.3. We rewrite I, in the form 


T,= -; F à {Tr(3U(s) —2U*s)) — 3Tr, U,(s)} (7.3.34) 
90 S 


and modify the integral over proper time by applying, for instance, the 
prescription for w-regularization. This leads to the following divergent part 
of Ty: 


a5(z, z) 


1 = 
Ty atv = no farz ET {ate z)—2a® 2, z)—3 neal (7.3.35) 


Similarly, the divergent part of I? reads 


l = P) a5(z, z) 
TP yiv = Jano fe E73 fas (z, z)—a,(z, z) G oa (7.3.36) 
which coincides, as a result of equation (7.3.33), with our previous result 
(7.2.61). 

In conclusion let us point out that the superfunctional (7.3.35) is invariant 
under arbitrary super Weyl transformations (5.5.13). This is a consequence 
of super Weyl invariance of the corresponding classical theory (7.3.1). 


7.4. Super Weyl anomaly 


In Chapter 6 we met a number of super Weyl invariant models in curved 
superspace. The classical action S[{y;W;@g] in such a theory remains 
unchanged under transformations of the form (5.7.33), the parameter o being 
an arbitrary covariantly chiral scalar. This implies vanishing of the classical 
supertrace T, defined by equation (5.7.15), on the mass shell 6S/6z=0, 
Since equation (5.7.33) presents a supersymmetric extension of ordinary 
Weyl transformations, the super Weyl invariance is potentially anomalous 
at the quantum level (see also subsection 7.1.4). Renormalized effective action 
T[ž; % o] can be chosen to be invariant only under the supergravity gauge 
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transformations, but not with respect to the super Weyl ones. Both 
symmetries cannot be preserved in general, which means that the effective 
supertrace 


ory: W eo 
(ry Tee z 


remains non-zero when imposing the effective equation of motion ôI /d7=0. 
As a result, the condition of general covariance in quantum theory is given 
by the following equation for the effective supercurrent <T,s >; 


2 
Dl Taag = = as) 


which replaces the classical equation (5.7.35). 

In the case when 7=0 is a solution to the effective equations of motion, 
the occurrence of the super Weyl anomaly can be studied by analysing the 
vacuum part T of the effective action, which is related to the in-out amplitude 
<out|in> =exp(il). The breakdown of super Weyl invariance is expressed by 
the fact that T possesses some dependence on the chiral compensator, 


_ oT [We ep] 


7 ôo 


o=0 


7.4.1, Super Weyl anomaly in a massless chiral scalar model 
We are going to calculate anomalous supertrace <T> in the simplest super 
Weyl invariant model with classical action 


sta] fasz Edo fat z(E7'/R)OH,_ =e z(E-'/R)OH_.& 


(7.4.1) 


® being a covariantly chiral scalar superfield. The operators H,- and H_. 
are given by equation (7.2.8), Since ® changes as ®’=e °@ with respect to 
local rescaling of the chiral compensator, the super Weyl transformation 
laws for H,- and H_, read 


H, =e H, e H =e H. 4e", (7.4.2) 
Therefore, the transformation law for #=H,_H_., is given by 
E T 7? A (7.4.3) 


In the framework of the L-regularization scheme, the regularized effective 
action is given by 


T= | e —Tr.U,{s) (7.4.4) 
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where 
U.(z, 2'|s)=exp(is9@)6 (z; z') 


is the chiral Schwinger’s superkernel described in Section 7.2. Then, the 
renormalized effective action reads 


Pren = lim (T+ Scount) (7.4.5) 
L=-0 
the counterterm being chosen as 


l -2 8 i afes è 2,2 8 Et © 
Seount = ~ 3575 L d z-a inz- g) d®z = a3(z, z) >. 


(7.4.6) 


Our goal is to find the variation of [,,,, under an infinitesimal super Weyl 
transformation, 
Let us vary IT, In accordance with equation (7.4.3), we have 


Tr, U{s)= —is Tr.(¢#.U,(s)) —is Tr , (5U .(5)): (7.4.7) 


The first term in this variation can be rewritten with the aid of equation 
(7.2.45), in the form 


—is Tr,(o#.U,(s))=—s 2 Tr, (cU.(s)). (7.4.8) 
To transform the second term in equation (7.4.7), we make use of the operator 
identities 

Xö=H,-H-,ġ=H,-őH-, 
and 
H_.U,(s)=H_., exp(isH, _H_ ,)=exp(isH_ ,.H,_)H_+=U,(s)H - ,- 
Taking into account equation (7.2.26) also, we can write 
Tr (0U (s) =Tr; (H4 -oU,(s)H_ ,)=Tr_(6U,(s) 3) 


which leads to the relation 
isTr,(#.¢U,(s))=—s ir _(¢U,(s)). (7.4.9) 
Equations (7.4.47-9) show that T, varies as follows: 
or,= -5 Tr, (U4 — iL?) -i Tr, GU —iL?)). (7.4.10). 


The proper-time decomposition for U, was described in Section 7.2. As is 
easily seen, an analogous representation for the antichiral Schwinger's 
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superkernel 
U,(z, 2'|s)=exp(is9#,)d _(z, 2’) (7.4.11) 


is of the form 


Uz, 2'|)= exp( 222) y a5(z, z'){is)" (7.4.12) 


(4nis)? 2s J n=0 


with the antichiral bi-scalars ¢ and a° being conjugates of those presented 
in equation (7.2.47). As a result, equation (7.4.10) can be rewritten in the form 


=i 
Ts i — {2 fez E-'o+ favs - aaS(z, a} tee +O(L?). 


(7.4.13) 


where we have used the fact that a§(z,z)=—R. 

Now, let us turn to the counterterm S.oun: As was noted above, the second 
term in the right-hand side of equation (7.4.6) is invariant with respect to 
arbitrary super Weyl transformations. Hence only the first term contributes 
to the super Weyl variation of S.ouq:: 


IE: a [ate Eto + cx. (7.4.14) 
From equations (7.4.13) and (7.4.14) we obtain 
Tren R [eE oa3(z,z)+c.c. (7.4.15) 
32n? R 
Therefore, the anomalous supertrace in the theory under consideration reads 
<T> -a a5(z, 2). (7.4.16) 


Remark. Another example of classically super Weyl invariant theories gives 
the vector multiplet model (7.3.1). Calculation of the anomalous supertrace 
in this theory requires more subtle consideration’. We give only the final 
result: 


1 x . 
(=, ES +1 (8 —4R)(3a,(z, z)—2a'P(z, ap}. (7.4.17) 
322 4 
Here the coefficients a,(z,z) and a®(z, z) are obtained from a$*z, z) (7.3.33) 


by setting ¥=0 and ¥ =R, respectively. 


if.L. Buchbinder and S.M. Kuzenko, Nucl. Phys. B 274. 653, 1986, 
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7.4.2. Anomalous effective action 
The relation defining anomalous supertrace 


Ar _6I[w,ey] 


=(T 7.4.18) 
Ko i ta <T> ( 


can be understood as an equation for the renormalized effective action 
provided we have at our disposal an exact expression for <T) obtained by 
some indirect method. This is just the situation under consideration. 

Substituting the explicit values of a§(z, z), a,(z, z) and a(z, z) into equations 
(7.4.16) and (7.4.17), the anomalous supertrace can be written in the following 
general form: 


(T)=aW? +bP += (G?—4R)9?R (7.4.19) 


where 


W= WFW, gy 
p= W? WP ~4R\G"G, +2RR), 


These are only the numerical coefficients a, b, c which reflect the specific 
features of the initial theory, The chiral superfield P is originated as a density 
for the topological invariant (5.6.61), 


er 
P= az E e W?+G°G,+2RR f= [ate = P. (7.4.20) 


Now, our goal is to obtain a solution of equation (7.4.18). As is clear, the 
renormalized effective action consists, in general, of two parts: 


T = ry, + T; 
where T į generates the anomaly (7.4.19): 


AT, 
AUF 
= <T) 


whereas T; is a super Wey! invariant functional. Only the anomalous part of 
I can be restored by solving the above equation, 
Let us proceed by solving the equation 
ADs aw? +bP+—(G?—4R)2?R, (7.4.21) 
Ag 16 


An important role in our considerations will be played by the covariantly 
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chiral scalar superfield Q and its conguate Q defined by 


Q R 1 d®2' E~'(z')G. _(z, 2’ 
( o)-(i)+e( ral a hi A EG. -i A (7.4.22) 
Üz) l R 1+fd°z E~ {z')G- (23,7 
Here G is the Feynman superpropagator for the massless theory (7.4.1). The 
superfield Q satisfies the massless equation of motion 


(Z*—4R)Q=0 (7.4.23) 
and proves to obey the transformation law 
2 =e" Q (7.4.24) 


with respect to the super Weyl transformations (5.5.13). As an instructive 
exercise, the reader can explicity verify equation (7.4.24). It is worth pointing 
out that the flat-superspace limit for Q is unity, and its dependence on the 
supergravity prepotentials takes the form 


Q=o07'+O(W). (7.4.25) 


In accordance with definition (7.4.22), Q is a non-local functional of # 
and ø. However, in the case of a conformally flat superspace, Q turns 
into the inverse of @ in the gauge W=0, It is necessary to note 
that the chiral scalar Q was introduced by Grisaru, Nielsen, Siegel 
and Zanon? and is a supersymmetric generalization of the conformal scalar 
field 1-4-0 +2/6)7 +2 of Fradkin and Vilkovisky*. 

Using the definition of the variational derivative A/Ag (7.4.18) and the 
super Weyl transformation laws (5.5.14) and (7.4.24), it is extremely simple 
to obtain the following identities: 


~ f at. 
J ATE 2 W7inn=-—W? E fa E Winü=0 
Ag R Ap R 


(7.4.26a) 


x fats E~\(G°G, +2RR) In(QQ) =; (2° —4RXG°G, +2RR) 
Q 


-; (Z? —4R)9G.,F* In Q- RQ, InN) 
(7.4.266) 


? M. T, Grisaru, N. K. Nielsen, W. Siegel and D. Zanon Nucl. Phys. B 247 157, 1984. 
* E, S. Fradkin and G. A. Vilkovisky Phys. Lett. 73B 209, 1978. 
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A 8 -inzi 
— | dëz E~'G*G,(In 02n Q) 
Ao 
= -; (Z* —4R){ — 9G, 2* In O) +iF,,(P(in OF In Q)} (7.4.26c) 


Š f dz E~ +2”(ln Q)2,(ln NF, n H)F*(In 0) 


=Z — 4R) i2, (Z*ln M2 Un Q))— P{RG, In Q)} (74.26da) 
A [ars E> 1RR= (2? —4R)P27R, (7.4,26e) 
Ag 16 
In deriving these relations we have also made use of the equation of motion 


(7.4.23). 
Let us consider the functional 


ry=—a[atee1{'0 yo, k mt. (7.4.27) 
R R 
From equation (7.4.26a) we obtain 
(1) 
AT aw? (7.4.28) 
Ag 
Introduce one more functional 
Ime [ate ERR. (7.4.29) 
Equation (7.4.26e) leads to 
ATS -è 
=— (J? —4R)2?R. 7.4.30 
Ker ra ) ( ) 


It remains to look for a superfunctional generating the term bP in equation 
(7.4.19). With the aid of equations (7.4.26b-d) one finds that the functional 


r@=—b fasz E>} {ne pie pil Gir Fin 02n a)) 
R R 2 8 
x $n O)P,(In ay} (7.4.31) 
solves the problem, 
Ary” 


= bP. (7.4.32) 
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Equations (7.4.27—32) lead to the anomalous effective action 


Py=Ty +r? + r= farz Eod- 88 (aw? + bp- (at? + bP) 


-: G + F*In N\FZ*(In Q) Zn 2)F,(In Q)+ cRR l. (7.4.33) 


One more interesting representation for the anomalous effective action, which 
is based on the use of a natural generalization for Q, can be found in the 
original publication*. 

The non-local functional T, turns into a local one in the case of a 
conformally flat superspace, i.e. when W,,,=0. Then, in the gauge # =0 the 
covariant derivatives and the supertorsions R, G, are given by equations 
(6.5.12, 13), whereas Q coincides with ~+. As a result, T, takes the form 


aim fa fearn 0)é,(In o)+ : (c—b)D*(in @)DIn g) 


x (10. D,J(in o0)-5 D,(ing)D,(in ok (7.4.34) 


where D,=(6,,D,,D*) are the flat global covariant derivatives. This 
functional can be considered as the classical action of some supersymmetric 
theory in flat superspace. 


7.4.3. Solution of effective equations of motion in conformally flat superspace 
It is natural to understand the renormalized effective action T[ 4; 9] as a 
quantum correction, due to vacuum effects, to the classical supergravity 
action Ssg which can be taken in one of two possible forms (6.1.3) or (6.1.17). 
In general, the effective gravity equation of motion 
ôlSsa +T) _ A(Ssg+T)_ 


dH" Ao 
cannot be written explicitly since the calculation of I is an extraordinary 
technical problem. However, the above results supply us with a remarkable 
possibility to obtain exact effective equations in the case of classically super 
Wey] invariant theories. In such a theory the effective action is [=I',+T, 
where T, is given by equation (7.4.33) and T, is some unknown 
superfunctional. Because of the super Weyl invariance of Tj, the effective 
equations read 


0 (7.4.35) 


ô A 
zg Ssot Tat r)=0 (7.4.36a) 


4],L, Buchbinder and S.M. Kuzenko, Phys. Lert, 202B 233, 1988. 
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ASsc | éT>=0. (7.4.36b) 
Ag 
Here the first equation is still unknown. We may suppose, nevertheless, that 
there are conformally flat solutions (W,,,=0) for the full system of equations. 
Then, only the second equation remains essential. 

So, let us consider the equation for the chiral compensator choosing the 
supergravity action with cosmological term (6.1.17) in the role of Ss. With 
W,5, =0, equation (7.4.36b) reads 


A 
Ao (Sse + Fa) = 


5 (R= 1) +319? —4R)] HOG, +2RR)-£9°R} =o (7.4.37) 
K 


A particular solution is obtained by setting G,=0 and R=const, R being 
subject to the constraint 


x? 
R—- 1-5 R'R=0 (7.4.38) 


and corresponds to the anti-de Sitter supergeometry. 


7.5. Quantum equivalence in superspace 


7.5.1. Problem of quantum equivalence 

One of the specific features of superspace, as compared to ordinary 
space-time, is that any on-shell supersymmetry representation admits, in 
general, several off-shell superfield realizations. Of course, there exist 
examples of different field theories possessing equivalent dynamics, but 
superspace provides far more possibilities. The most impressive example is 
the existence of infinitely many superfield formulations for Einstein 
supergravity (minimal (n= — 4), new minimal (n=0), non-mininal (n+ — 4, 0)) 
instead of the unique generally accepted formulation for Einstein gravity. 
All these formulations were shown in Chapter 6 to be equivalent at the 
classical level. So, in supersymmetric field theory we inevitably run into a 
problem of quantum equivalence for classically equivalent realizations. By 
quantum equivalence is meant equivalence of S-matrices. For theories in 
external (super)fields, quantum equivalence can be understood as the 
coincidence of in-out vacuum amplitudes modulo an irrelevant factor 
expressed via boundary values of background (super)fields at infinity. It is 
clear that the problem of quantum equivalence is non-trivial in general and 
deserves special consideration in any concrete case, 

Of principal importance is the study of quantum equivalence between 
different supergravity formulations. Unfortunately this is still an open 
problem because of the non-renormalizability of (super)gravity. In the simpler 
case of renormalizable classically equivalent theories the study of their 
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quantum equivalence can, in principle, be carried out in the framework of 
perturbation theory. 

In the present section we investigate three superfield realizations for the 
so-called non-conformal scalar multiplet which is normally described by a 
covariantly chiral scalar superfield ® on the basis of the action 
superfunctional 


1 
Six [P] =; [at E` (+ 6)?, (7,5.1) 
This model is said to be non-conformal because the action involves the term 
: [ave E` ‘(0 +67) 


which breaks the super Weyl invariance present in the action (7.4.1). Among 
other chiral models based on classical actions of the form 


fez E-*}40+5 07459} 


with €4 +1, the above model is selected because of its equivalence to the 
gauge theory of a covariantly chiral spinor superfield xa, 24X4 =0, which is 
described by the action 


Siyl= -1 | d®2 E (24+ FX. (7.5.2) 


The classical equivalence of these theories has been established in subsection 
6.3.4, One more realization for the non-conformal scalar multiplet follows 
from equation (7.5.1) by expressing ® via a real scalar superfield U in 
accordance with the rule 


= iF —4R)U U=0 (7.5.3) 


Then we obtain the action 
S[U] -> f d®z E` 'U((Z?—4R)+(2?—4R)}U. (7.5.4) 


Thus we have three classically equivalent models realized in terms of (i) 
chiral scalar (CSC), (ii) chiral spinor (CSP), and (iii) real scalar (RSC) 
superfields. 
Let us introduce into considerations the in-out vacuum amplitudes and 
effective actions for the above classically equivalent theories; 
Coutlin csc =explil ogc LW. Y]) 
Coutlin > csp = explil cse[W @]) 


Coutlin esc = exp(il gsc lL, YJ). 
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To have equivalence at the quantum level, the renormalized effective actions 
must possess the same local dependence on the supergravity prepotentials. 
In other words, the average supercurrents as well as the average supertraces 
arising in the theories under examination must coincide. 

The CSC model is non-gauge, and the corresponding effective action 
Posc =i) is formally given by 


ra= Trin H® (7.5.5) 


(see also Sections 7.2 and 7.3). As for the models (7.5.2) and (7.5.4), they are 
gauge theories with linearly dependent generators (see subsection 4,5,1), The 
action (7.5.2) is invariant under the gauge transformations 


u> = iat (Z° —4R)2,V v=P (7.5.6) 


the gauge parameter being an unconstrained real scalar superfield defined 
modulo arbitrary shifts of the form 


VoV4aV+A4A = G,A=0. (7.5.7) 


Next, the action (7.5.4) remains unchanged under gauge transformations 
U=-U"=U + (2*h + 27) Fn. =0 (7.5.8) 


as a consequence of equation (5.5.11). Here the gauge parameters ną is a 
covariantly chiral spinor superfield defined modulo arbitrary shifts of the 
form (7.5.6), and in its turn V is defined modulo arbitrary shifts (7.4.7). So, 
the CSP and RSC models are reducible gauge theories with the first and 
second, respectively, stages of reducibility. Hence, it is required to give proper 
definitions for I csp and gsc before proceeding further. 

As is known, the Faddeev—-Popov approach is inapplicable to quantize 
reducible gauge theories. It is the Batalin-Vilkovisky quantization method’ 
which leads to correct Feynman rules in the Lagrangian approach for 
arbitrary finitely reducible gauge theories. In the case of Abelian finitely 
reducible gauge theories, the Batalin-Vilkovisky method turns out to be 
equivalent to the quantization procedure of A. Schwarz’, the latter being the 
first known technique developed to quantize reducible theories. Since the 
CSP and RSP models are Abelian gauge theories, their quantization can be 
fulfilled in the framework of the Schwarz procedure. In order to illustrate 
this technique, we first discuss the quantization of the more familiar gauge 
theory of a second-rank antisymmetric tensor field in a curved space-time. 


1LA. Batalin and G.A. Vilkovisky, Phys. Lert. 120B 166, 1983; Phys. Rev. D 28 
2567, 1983. 
2A.S. Schwarz, Lert. Math. Phys. 2 247, 1976; Commun. Math, Phys. 67 1, 1979. 
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7.5.2. Gauge antisymmetric tensor field 
The gauge theory of antisymmetric tensor field A,,(x) coupled to an external 
gravitational field is determined by the action 


a[s]=5 | d*x e“ LYA)L (A) (7.5.9) 


LAA) =o Age 


This theory is known to be classically equivalent to the theory of a scalar 
field g(x) minimally coupled to gravity 


S{e]= -5 [ats e` VoVo- (7.5.10) 


Both models are of interest to us since the former arises at the component 
level in the model (7.5.2) and the latter in the model (7.5.1). 
The action S[A] is invariant under the following gauge transformations 


An Ab, = Aas +V iao (7.5.1 1) 


the gauge parameter being defined modulo arbitrary shifts of the form 
64,=V,'¥. So, the model under consideration is a reducible gauge theory 
with the first stage of reducibility. In the role of gauge-fixing functions we 
choose 


K({A)=V°A,, (7.5.12) 
which is a transversal vector field, 
V°K(A)=0 (7.5.13) 
and transforms under (7.5.11) according to the law 
ÔK (A)=V'V bA =F 0 Ap: (7.5.14) 
Adding to S[A] the gauge-breaking term 
Sosl4]= -5 | d*x e~'K%{A)K,(A) (7.5.15) 
we arrive at the non-gauge action 
SLA] + Senla] =: | dixe“ lA Aab (7.5.16) 
where 
O2 Aub = VV Ag, + 2B Arye we: 2R as Aca (7.5. 1 7) 


O, being an antisymmetric tensor field d’Alembertian, 
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Now, it is worth making some general remarks concerning the Schwarz 
quantization prescription. Let us recall that the central idea in the 
Faddeev-Popov construction was separation of the gauge group volume 
from the naive path integral. From the technical point view, this was done 
by attracting the delta-function of a gauge-fixing function. The chief 
observation made by Schwarz was that basic elements of the Faddeey—-Popov 
construction can be preserved, but must be properly modified, in the case 
of Abelian reducible gauge theories. First, it is necessary to modify the notion 
of gauge group volume, since some of the gauge parameters do not appear 
in the transformation law of the gauge fields. Second, one must extend the 
notion of functional delta-function to the case when its argument is a 
constrained field. The point is that admissible gauge-fixing functions in 
reducible gauge theories should obey some constraints. 

We proceed to the quantization of the theory (7.5.9). Because of the 
constraint (7.5.13), the delta-function 6*[K,(A)] is ill-defined (6*[K,(A)] ~ 6[0], 
where ô*[...] and 6[...] denote the vector and scalar functional delta- 
functions). As a result, the standard Faddeey—Popov construction does not 
work. 

Let us try to define a generalized delta-function 5*[B,], where B,(x) is an 
arbitrary transyerse vector field, V°B,=0. We start with the formal 
Fourier-representation 


[B= | OV exo( i fas eV). (7.5.18) 


Owing to the transversality of B,, the exponential in equation (7.5.18) is 
invariant under the transformations 


V> Vi=V,+V,¥ (7.5.19) 


with arbitrary ¥, hence the path integral is ill-defined. However, making use 
of the Faddeey—Popoy prescription allows us to extract from (7.5.18) the 
integral over the gauge group (7.5.19) in the same fashion as in 
electrodynamics. Then one arrives at the following well-defined object 


5*(B,J= f 2 vexp(i [os e`! v's, ) 6[V*V,]Det(Oo) (7.5.20) 
where O)=V'°V, is ascalar field d’Alembertian. With the help of the identity 
[vy] = [20 exp fass gmt vvo) 
6*[B,] can be rewritten in the form 


$*(B,]= f Bo ôt[B, + V,o]Det( Oo): (7.5.21) 
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Next, we turn to finding a proper integration measure 2u; for the group 
of gauge transformations (7.5.11). Let T[A] be a functional of the gauge field. 
Naive path integral [[A]=| 2A F [A*] over the gauge group is seen to be 
degenerate, since A*=A* for 4 =4,+V,¥, Y being arbitrary. In order to 
extract the Y-group volume from /[A], we can again make use of the 
Faddeev—Popov prescription. This leads to the following definition of 
integrals over the 4-group: 


I[A]= | Du;F[A*] Dp, =6[V*2,]Det(o,)@2. (7.52) 
Once 5*[K,(A)] and Zu, have been defined, we can follow the standard 


Faddeev—Popov procedure to quantize the theory (7.5.9), First, we introduce 
the Faddeev—Popov determinant A: 


Ao tes fan S*EK (A+. (7.5.23) 
This can be expressed in the form 

A=Det(),)Det~*(a,) (7.5.24) 
where D, is the vector field d’Alembertian defined by 

0,V,=V°V,V,—2,°V;. (7.5.25) 


To prove equation (7.5.24), we rewrite the right-hand side of equation (7.5.23) 
as follows: 


[ousttK aan = {2 VOO[V*V,—pls[V*4,—7] 
x Det*(O) ep(i fas e'V%{K(a)+F 2) (7.5.26) 


for #, the operator given in (7.5.14). By construction, this expression does 
not depend on external scalar fields p and y, so we can integrate the right-hand 
side of equation (7.5.26) over p and y with the weight exp(—i f d*x e~'py). 
Making also the shift 24, + 2,—(1/00,)K,(A) in the path integral, one obtains 
(7.5.24). 

With the aid of the representation (7.5.21), it is possible to rewrite equation 
(7.5.23) in one more useful form: 


Ate | Bu, Zo 6*[K,(A*)+V,% —6,)JDet( Oo) (7.5.27) 
where ¢, is an arbitrary external vector field. This expression does not depend 


on the transversal part of {, by its very construction. The longitudinal part 
of č, arises in expression (7.5.27) as a result of the shift p+ o—V*(1/0,)¢,. 
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The next step in the Faddeev—Popoy construction is to extract the gauge 
group volume, In our case this consists of inserting into the naive path integral 


[aac 
the following unit 
1=A [2u20 5*[K,(A*)+V,¥ —C,]det( Oo) 


along with the replacement of the integration variable A—+ A~+. This leads 
to the effective action 


eae | DAD 5*[K,(A)+V, 9 —C,JADet(Oo) expliS[A]). (7.5.28) 


Since I’, does not depend on £,, it is in our power to integrate over (, with 
the weight exp(— 4 | d*x e~*¢?). Then we obtain 


else | DAD A Det( Oo) exp} WSTA] +Sos[A]) = [as e` tyo vao}. 


(7.5.29) 


Now, equations (7.5.15) and (7.5.23) allow us to obtain the final expression 
for the effective action 


Ta=To+5 {Trin O2—2Trin p, +2Trin Oo} (1:5.30) 
where 
r,=5Tr In Do (7.5.31) 


is the effective action of the scalar field model (7.5.10). 


7.5.3. Quantization of the chiral spinor model 
We proceed by constructing the effective action for the gauge superfield 
theory with classical action (7.5.2) on the basis of the quantization technique 
described above. 

An admissible gauge-fixing function in the theory under consideration can 
be chosen in the form 


KW=5(" a— B%) (7.5.32) 
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K(z) being a covariantly linear real scalar superfield, 
(Z-4R)K(y)=0 K(x) =K(y), (7.5.33) 


The transformation law 


K(y") = K( ù- BD? —4R)D,V (7.5.34) 


tells us that the requirement K(y”)=0 fixes V modulo aribitrary shifts (7.5.7). 
Adding the gauge-breaking term 


Ssalx] = [ats E~ HK)? (7.5.35) 


to the classical action S[7], we obtain the following non-gauge superfunctional 


SEx] +SeslxJ = fe E~!y*(2* —6R)y,+0.0. 


SA 
E- Ne 
= fe R Cat fe Ea gD (7.5.36) 
where 


(Z= (Z° - ARVO? Rp 
be hoes sree alte Fn 
=) P 2,+7 R2? +iOD,+=(R)Dp—- (FARR hi 
1 A, 
=| Wh B Wa i (7.5.37) 


The operator ¥, is a d'Alembertian on the space of covariantly chiral spinor 
superfields. 

Let d[...], 6. [...] and 6_[...] denote the functional delta-functions on 
spaces of unconstrained real scalar, covariantly chiral and antichiral scalar 
superfields, respectively. Because of constraint (7.5.33), the expression ĉô[K(x)] 
turns out to be ill-defined, 5[K[7]]~6,[0]6_[0]. Following the Schwarz 
approach, we must look for generalized delta-functions J. .] for covariantly 
linear real scalars. Let L be such a superfield, (2? —4R)L=0, L=L. Then the 
path integral 


ô[L] = fan epi [ors ETI r) (7.5.38) 


is seen to be degenerate, since the exponential remains unchanged under the 
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gauge transformations 
TI+T4=M1+A+A 8 G,A=0. (7.5.39) 


This is exactly the gauge invariance of the massless vector multiplet model. 
Therefore, the gauge group volume can be extracted from equation (7.5.38) 
in the same fashion as was done in subsection 7.3.1. As a result, we obtain 
the following well-defined superfunctional 


ŝL]= f 2T ali -ann |o- E (ann | Det(H'™) 


x exp [are em) (7.5.40) 


which can be called a functional delta-function of a covariantly linear scalar 
superfield, Using the identity 


5.| 5@*—seur lo- (48n |- f DEDO ilM EMO +H) 


where the integration is performed over chiral (©) and antichiral (®) variables, 
equation (7.5.40) can be rewritten in the form 


STL] - | 2320 d[lL+0+6] Det(H™), (7.5.41) 


The next major step is to define an integration measure Duy over a group 
of gauge transformations (7.5.6). Let F[y] be a functional of the gauge 
superfields y,, 73. The naive path integral [2 V F[y"] is degenerate, since 
F [x] does not change under arbitrary A-transformations (7.5.7). Extracting 
the A-group volume from the above path integral, with the aid of the results 
of subsection 7.3.1, we arrive at 


fow Fly] (7.5.42) 


Dpy=5, E (7 -ary |o; (2°—4R) v| Det(H™)2V. 


We set up equation (7,5,42) as the definition of integration over the gauge 
group (7.5.6). 

Further consideration is a simple repetition of the Faddeev—Popov 
prescription, One introduces the Faddeev—Popoy determinant A defined by 


A= f Puy STK”) = fw GOZO S[K(y") ++ 6—U] Det(H) 


(7.5.43) 
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U being an external real scalar superfield (as is readily seen, A does not 
depend on U). Then one inserts the unit 


1=A~? | 2 uy SEK”) 
into the naive path integral 
| BDz èst 
and separates the gauge group volume faw This leads to the effective action 


eese = | 27212020 A Det HPK) + 0+ B— Ue, 


(7.5.44) 

It remains to integrate the right-hand side over U with the weight 
exp(ifd°z E~*U7), As a result, one obtains 

e'Tesr = A Det(H'*)) [2121020 eisir] + Sos[x]+2SwCOD, (7,5,45) 


Direct calculation of the Faddeev-Popov determinant gives 
A = Det( D‘) Det~ 7(H) (7.5.46) 


D% being the scalar superfield d’Alembertian (7.3.8) with ¥ =R. Now, using 
equations (7,5.1) and (7.5.36), the effective action can be expressed in the form 


ee eT (7.5.47) 


where 


X= -5 r, in %,4Tr_ In %,+2Tr ln o™—4Tr in H™) (7.5.48) 


Tosc being the effective action (7.5.5) of the chiral scalar model (7.5.1). 

As for the real scalar model (7.5.4), its quantization requires more tedious 
consideration. Omitting details, which can be found in our paper*, we present 
the final expression for the effective action 


Tasp = Tese = 2X (7.5.49) 


where X is exactly the superfunctional given by equation (7,5,48). 


3LL. Buchbinder and S.M. Kuzenko, Nucl. Phys. B 308 162, 1988. 
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7.5.4. Analysis of quantum equivalence 

Comparing equations (7.5.47) and (7.5.49) we see that the effective actions 
Teese: I csp abd gsp do not coincide. However, this fact does not yet mean 
absence of equivalence at the quantum level. It may appear that X is a 
constant locally independent of the supergravity prepotentials. If this is the 
case, 


—=—=(0 (7.5.50) 
then the models under consideration will remain equivalent in the quantum 
theory. In this subsection, we are going to give a proof of equation (7.5,50). 
We show first of all that X has no divergent part. 


We begin by rewriting equation (7.5.48) in terms of Green's functions. Let 
us introduce the Feynman superpropagator G,,”, 


Dilat (2, 2')= 256,27 (z 2’) =0 
associated with the chiral spinor d’Alembertian #, (7.5.37), 
F Gz, 2')= —06 (2, 2’). (7.5.51) 


Its antichiral analogue will be denoted by G,. Taking into account equations 
(7.2.30) and (7.3,18), the superfunctional X can be rewritten as follows: 


X=5 (Irs inG,—2Tr. inG,+Tr_InG,—2Tr_inG, 
+4Tr In G, —2Tr in G®). (7.5.52) 


The structure of the Green's functions G, and G‘*) were discussed in 
Sections 7.2 and 7.3. In complete analogy with our previous consideration 
of G, one can develop a proper-time representation for the chiral spinor 
superprogator G, and calculate the corresponding coefficients ã$ and af at 
coincident points. 

Then one obtains 


tr a}(z, z)=2a{(z, z) (7.5.53) 


tr ai (z, z)=2a5(z, 2) —W**’ Wap, +; (2*—4R)RR. 


In the framework of the L-regularization scheme, the divergent part of X 
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div = 327? 


2,2 
, In(L*z") 
32n? 


-2 -i 
= f fas a [2aS(z, 2)— tr a§(z, z)] + ca} 
d®z E`! la [tr à$(z, z)— 2a$(z, z)]+ cc. 


+ 4a,(z, z)—2a'PX(z, at (7.5.54) 


Making use of equations (7.3.33), (7.5.53) and omitting obvious total 

derivatives, one arrives at 

In(L? p?) 
327? 


P being the topological invariant (5.6.61). As a result, Xaş is a constant 
with respect to arbitrary infinitesimal displacements of the supergravity 
prepotentials. 

Now, we give a formal proof of equation (7.5.50). Let us consider the local 
non-degenerate change of variables 


(P+P) (7.5.55) 


diy > — 


U=O+B+ (P+ Dil) (7.5.56) 


V= Y+ +i aZ) 


where U and V are real scalar superfields, ® and ¥ covariantly chiral scalar 
superfields and x, a covariantly chiral spinor superfield. It turns out that the 
corresponding Jacobian is equal to 


J(U, VQ, ¥, x) =Det(H Det > HAR )Det="/2(9%,), (7.5.57) 


This relation can be proved by making the above change of variables in the 


path integral 
[avavers(;|atse-“u2—v9)), 


Then we consider the inverse change of variables 


l z 3d 
O=- (Z —4R) KĒ — 4R) + (@? — 4ŘR)] mU 


0 
l 1 
P= (9? —4R\[(F? —4R) + (9? —4R)] z5 V (1.5.58) 


i 1 . 
Za = i ii a Aa 
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The corresponding Jacobian reads 
J(®, Y, yU, V)=Det(H®)Det~(Q!) (7.5.59) 


which can be proved by carrying out the replacement of variables (7.5.58) 
in the path integral 
Det(H'®)= | 2szo0veva;2 x apl fa E- l —( +0) sa (0+) 


l ae 
HP +E) Sal Pt Pte e nt pit e 


It follows from equations (7.5.57) and (7.5.59) that the superfunctional (7.5.48) 
must vanish modulo boundary terms at infinity, the latter being always 
ignored in (super)field redefinitions. 

The above analysis gives strong grounds in defence of equation (7.5.50) 
and, hence, quantum equivalence of the three superfield models under 
consideration. 

As an instructive exercise, we suggest that the reader find a field analogue 
of the superfield definition (7.5.56), which makes it possible to establish formal 
coincidence of the effective actions (7.5.30) and (7.5.31). 
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